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TRANSLATOR'S PREFACE. 



The following translation was iindertaken at tbe instance 
of Dr T. Archer Hirst, F.R.S., the translator of the first 
collected edition (mentioned in the Author's Preface below) 
of Professor Clausius' papers on the Mechanical Theory of 
Heat. The former work has however been so completely re- 
written by Professor Clausius, that Dr Hirst's translation has 
been found scarcely anywhere available ; and I must there- 
fore accept the full responsibility of the present publication. 
I trust it may be found to supply a want which I have 
reason to believe has been felt, namely, that of a systematic 
and connected treatise on Thermodynamics, for use in 
Universities and Colleges, and among advanced students 
generally. With the view of rendering it more complete for 
this purpose, I have added, with the consent of Professor 
Clausius, three short appendices on points which he had left 
unnoticed, but which still seemed of interest, at any rate 
to English readers. These are, (1) The Thermo-elastic j.ro- 
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perties of Solids ; (2) The application of Themao-dynanucal 
principles to Capillarity ; (3) The Continuity of the Liquid 
and Gaseous states of Matter. My best thanks are due to 
Dr John Hopkinson, F.R.S., both for the suggestion of these 
three points, and also for the original and very elegant 
investigation from first principles, contained in the first 
Appendix, and in the commencement of the second. My 
thanks are also due to Lord liayleigh, F^S., £• J. Eouth, 
Esq., and Professor James Stoart, for kindly looking through 
the first proof of the translation, and for various valuable 
suggestions made in connection with it. 

WALT£E K. BB0W2(£. 

10, ViOIOBU CHAVBF.ItS, WsSTMIirtTIB, 

Novembert 1879* 
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AUTHOR'S PREFACE. 



Many representations having been made to the author from 
different quarters that the numerous papers " On the Me- 
chanical Theory of Heat/' which he had published a^ different 
times dorixig a series of years, were inaccessible to many who, 
from the widespread interest now felt in this theory, were 
anxious to study them, he undertook some years back ti) 
publish a complete collection of his papers relating to the 
subjectw 

As a fresh edition of this book has now become necessary, 

lie has determined to give it an entirely new furm. Tlie 
Mechanical Theory of Heat, in its present development, forms 
already an extensive and independent branch of science. 
But it is not easy to study such a subject from a series of 
separate papers, which, having been published at different 
times, are unconnected in their form, although they agruo 
in their contents. Kotes and additions, however freely used 
to explain and supplement the papers, do not wholly OY&tr 
come the difficulty. The author, therefore, thought it best 
80 to re-model the papers that they might form a connected 
whole, and enable the work to become a text-book of the 
science. He felt himself the more bound to do this because 
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viii author's preface. 

his long experience as a lecturer on the Mechanical Theory 
of Heat at a Polytechnic School and at several Universities 
had taught him how the subject-matter should be arranged 
and represented, so as to render the new view and the new 
method of calculation adopted in this somewhat difficult 
theory the more readily intelligible. This plan also enabled 
him to make use of the investigations of other writers, and 
by that means to give the subject greater completeness and 
finish. These authorities of course have been in every case 
duly recognized by name. During the ten years which have 
elapsed since the first volume of papers appeared, many fresh 
investigations into the Mechanical Theory of Heat have been 
published, and as these have also been discussed, the contents 
of the volume have been considerably increased. 

Therefore in submitting to the public this, the first part 
of his new investigation of the Mechanical Theory of Heat, 
the author feels that, although it owes its origin to the second 
edition of his former volume, still, as it contains so much 
that is fresh, he may in many respects venture to call it a new 
work. 

R. CLAUSIUS. 

BoNX, December, ISlo, 
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ON THE MECHANICAL THEORY OF HEAT. 



MATHEMATICAL U^TEODUCTION. 

« 

OK MECHANICAL WORK, ON ENERGY, AND ON THE 
TBEATUENT OF KON'INTBOBABLB PIFFEBBNTIAL 

BQXJATION& 

§ 1. DefinxtMn and Measwremmut of Mechanical Work. 

Evenr force tends to give motion to tbe body on which 
it acta; but it may be prevented from doing so by other 
opposing forces, so that equilibrium results, and the body 
remains at rest. In this case the force performs no work. 
But as soon as the body moves under the influence of the 
force. Work is performed. 

In order to.investi^te the subject of Work under the 
simplest possible conditions, we may assume that instead 
of an extended body the force acts upon a single material 
point If this point, which we may call j^, travels in the 
same straight line in which' tbe force tends to move it, 
then the product of the force and the distance moved 
through is the mechanical work which the force performs 
during the motion. If on the other hand the motion of 
the jDoint is iu any other direction than the line of action 
of the force, then the work performed is represented by 
the product of the distance moved through, and the com- 
ponent of the force resolved in the direction of motion. 

This component of force in the line of motion may be 
positive or negative iu sign, according as it tends in the 

C. " . ' 1 ' 
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2 ON THE MECHANICAL THEORY OF HEAT. 

same direction in wliich the motion actually takes place, 
or in the opposite. The work likewise will be positive ia 
the first case, negative in the second. To express the 
difference in words, which is for many reasons convenient, 
recourse may be had to a terminology proposed by the 
writer in a former treatise, and the force may be said to 
do or ferform work in the former case, and to destroy work 
in the latter. 

From the foregoing it is obvious that, to express quan- 
tities of work numerically, we should take as unit that 
quantity of work which is performed by an unit of force 
acting through an unit of distance. In order to obtain a 
scale of measurement easy of application, we must choose, 
as our normal or standard force, some force which is 
thoroughly known and easy of measurement. The force 
usually chosen for this purpose is that of gravity. 
I Gravity acts on a given body as a force always tending 
aownwards, and which for places not too far apart may be 
taken as absolutely constant. If now we wish to lift a 
weight upwards by means of any force at our disposal, 
we must in doing so overcome the force of gravity; and 
gravity thus gives a measure of the force which we must 
exert for any slow lifting action. Hence we take as oar 
unit of work that which must be performed in order to 
lift a unit of weight through a unit of length. The units of 
weight and length to be chosen are of course matter of indif- 
ference; in applied mechanics they are generally the kilo- 
fpram and the metre respectively, and then the unit of work 
IS called a kilogram metre. Thus to raise a weight of a 
kilograms through a height of 6 metres ah kilogrammetrea 
of work are required ; and other quantities of work, in cases 
where gravity does not come directly into play, can also be 
exprasMd in kilogrammetres, by com^mring the forces em« 
ployed with the standard force of gravity. 

§ 2. Mathematical determination of the Work dom hy 
ffariable components of Force, 

In the foregoing explanation it has been tacitly assumed 
that the active component of force has a constant value 
throughout the whole of the distance traversed. In reality 
this is not usually true for a distance of finite length. On 
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fint das8 belong the cases, in wbudi the jEbnotioitf X and Y 
fulfil the feUawing: condition : 



dX dY 



dy dx 



The second class comprises all cases^ in which this condition 
is not fulfilled 

If the condition (4) is fulfilled, the expression on the 
right-hand side of equation (3) or (3a) becomes immediately 
integrable ; for it is the complete differential of some fuocr 
tion of X and in which these may be treated as indepen- 
dent TaziaUes^ and which is formed from the equaticms 

dF(ssy) dF(a;y) ^ 

dx dif 

Thus we obtain at once an equation of the fonn 

w^F {pcjj) +ooiist (5). 

V eondition (4) is not fulfilled, the right-hand side of the 
equation is not integrable ; and it follows that W cannot be 
expressed as a function of a and y, considered as independent 
wiables. For» if we could put F (sy)^ we should have 

^_dW^ dF{a;y) 
dot dx * 

^ dy dy * 

•whence it follows that 

dX^ d'Fjs^) 
dy dxdy ' 

dY^ d^Fja^ ) 
2» dydx 

But since with a function of two independent variables the 
order of differentiation is immaterial, we may put 



dxdy dydx * 
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whence it follows ih&i-^ = ^ , condition (4) is fulfilled 

for the fimotionB X and Y*, which is contrary to the assump- 
tion. 

In this case then the inte^ation is impossible, so long as 
te and ?/ are considered as independent variables. If however 
we assume any fixed relation to hold between these two 
quantities, so that one may be expressed as a function of the 
other, the integration again becomes possible. For if we 
put 

/(3y) = o (6), 

in which /ezpiesses any fanction whatever, then bv meand 
of this equation we can eliminate one of the variables and 
its differential from the differential equation. (The general 
form iu whicii equation (6) is given of course comprises the 
special case in which one of the variables is taken as 
constant ; its differential then becomes zero, and the variable 
itself only appears as part of the constant coefficient). Sup- 
posing y to be the variable eliminated, the equation (3) 
takes the form dW= <f> (x) dx, which is a simple differential 
equation, and gives on integration an equation of the form 

+ const (7). 

The two equations (6) and (7) may thus be treated as form- 
ing together a solution of the differential equation. As the 
form of the function / (^) may he anything whatever, it is 
clear that the number of solutions thus to be obtained is 
infinite. 

The form of equation (7) may of course b& modified. 
Thus if we had expressed x in terms of y by means of equa- 
tion (6)| and then eliminated x and dx from the differential 
equation, this latter would then have taken the form 

and on integrating we should have had an equation 

F-i?;(y) +const, (7a). 

This same equation can be obtained from equation (7) by 
substituting y for x in that equation by means of equation (6). 
Or, instead of completely eliminating x from (7), we may 
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prefer a partial elimination. For if the function F (x) con- 
tains X several times over in different terms, (and if this does 
not hold in the original form of the equation, it can be easily 
introduced into it by writing instead oi x an expression sucL 

as (1 — a) a; + oflf, &c.) then it is possible to sabstitute 

y for X in some of these expressions, and to let « remain in 
others. The equation tiien takes tiie form 

IT- FJix, y) + const (76), 

which is a more general form, embracing the other two as 
special cases. It is of course understood that the three equa- 
tions (7), (7a), (76), each of which has no meaning except 
when combined with equation (6), are not different solutions, 
but different expressions for one and the same solution of 
the differential equation. 

Instead of equation (6), we may also employ, to integrate 
the differential equation (3), another equation of less simple 
form, which in addition to the two variables x and y also 
contains Wf and which may itself be a differential eqimtion; 
the simpler form however suffices for our present purpose, 
and with this restriction we may sum up the^results of this 
section as follows. 

When the condition of immediate integrability, expressed 
by equation (4), is fulfilled, tiien we can obtain directly an 
intend equation of the form: 

W^F{x, y) + const ;....(A). 

When this condition is not fulfilled, we must first assume 
some relation between the variables, in order to make inte- 
gration possible; and we shall thereby obtain a system of 
two equations of the following form : 

Tr«J'(a?,y) + const) ^ 

in which the form of the fnnetum F depends not only on 
that of the original differential equation, but also on tbiat of 
the function which may be assumed at pleasure, 

■ 
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§ 4. Geometrical interpretation of the foregoing results, 
and observations on partial differential coefficients. 

The important difference between the results in the two 
cases mentioned above is rendered more clear by treating 
them geometrically. In so doing we shall for the sake of 
simplicity assume that the function F{x,y) in equation (A) 
is such that it has only a single yalue for any one point in 
the plane of co-ordinates. We shall abo assume that in the 
movement of the point p its original and final positions are 
known^and given by the co-ordinates iToi 3/o> ^i* Vi I'^speo- 
tively. Then in the first case we can find an ezmession for 
the work done by the effective force during the molion, 
without needing to know the actual path traversed. For it 
is clear, that this work will be expressed, according to con- 
dition (A), by the difference Fipc^y^ — F{x^y^, Thus, while 
tlie moving point may pass from one position to the other 
by very different paths, the amount of work done by the force 
is wholly independent of these, and is completely known as 
soon as the original and final positions are given. 

In the second case it is otherwise. In the system of 
equations (B), which belongs to this case, the first equation 
must be treated as the equation to a curve ; and (since the 
form of the second depends upon it) the relation between 
them may be geometrically expressed by saying that the 
work done by the effective force during the motion of the 
point p can only be determined, when the whole of the 
curve, on which the point moves, is known. If the original 
and fhud positions are given, the first equation must ii^eed 
be so chosen^ that the curve which conesponds to it may pass 
dirough those two points ; but the number of such possible 
curves is infinite^ and aoooidingly, in q>ite of their coinci* 
denoe at their extremities, they will give an infinite number 
of possible quantities o^ work done during the motion. 

If we assume that the point j> describes a dosed curve, so 
that the final and initial positions coincide, and thus the oo- 
ordinates a;^,^^ have the same value as x^.y^, then in the 
first case the total work done is equal to zero: in the second 
case, on the other hand, it need not equal zero, but may have 
any value positive or negative. 

The case here examined also illustrates the fact that a 
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quantity, which cannot be expressed as a function of x and y 
(so long as these are taken as independent variables), may 
yet have partial differential ooefficients accoiding to x and y« 
which are expressed b^ determinate functions of those Ysn- 
ables. For it is manifest that, in the strict sense of ' the 
words, the components X and Y must be termed the partial 
differential coefficients of the wotk W according to w and y: 
fflnce, when » increases by dx^ y xemaining constant^ the 
work^ increases by Xim\ and when y increases by dy, m re- 
maining constant, the work increases by Ydy, Now whether 
TP be a quantity generally expresdUe as a function of x and 
y, or one which can only be determined on knowing the path 
described by the moving point, we may always employ the 
ordinal^ notation for &e partial differential coeffioieats of W, 
and write 



(8). 



Using this notation we may also write the condition (4), the 
fulfilment or non-fulfilment of which causes the distinction 
between the two modes of treatii^ the dififerential equationi 
in the following form: 

dy\dx)''dM\dy) 

Thus we may say that the distinction which has to be 
drawn in reference to the quantity W depends on whether 

the difference ^^^^j ~<&(^~) ^^"^ zero, or has 
a finite valoa 



§ 6. BsAmtium of the abait$ to Aree dmmmoM. 

If the point p be not restricted in its movement to one 
plane, but left free in space, we then obtain for the element 
of work an expression very similar to that given in equation 
(3). Let a, 5, c be the cosines of the angles which the direc- 
tion of the force acting on the point, makes with three 
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10 ON THE nCHANIGAL THEORY OF HEAT. 

rectaDgular axes of co-ordinates; then the three components 
Xb Yf Zot this f(»rce will be given by the equations 

X^aP, Y^hF, Z:=^cP. 

Again, let cr, A 7 be the oosines of the angles, which the 
element of space da makes with the axes ; then the three 
projections dx^ dif, ds of this element on those axes are given 
by the equations 

dx^ada, dy^^ds, dz^fda* 

Hence we have 

Xdx'^Ydy^Zdz^(fla'¥iP'¥oi)Bi8. 

But if ^ be the angle between the direction of P and ds^ 
then 

a2 -f + 07 = cos ^: 

hence Xdx + Ydy 4- Zdz = cos 0 x Pds. 

Comparing this with equation (2), we obtain 

dW^Xds6-\-Ydy + Zdz (lO). 

This is the differential equation for determining the work 
done. The quantities X, Y, Z may be any functions what- 
ever of the co-ordinates y, z ; since whatever may be the 
values of these three components at different points in space^ 
a resultant force P may always be derived from them. 

In treating this equation, we must first consider the fol- 
lowing three conditions : 

dX^dY dY^dZ dZ^dX 

dy cto' da'^dy* dm'^ ds ^ '* 

and must enquire whether or not the functions X» Y^ Z 

satisfy them. 

If these tliree conditions are satisfied, then the expression 
on the right-hand side of (11) is the complete differential of 
a function of in which these may all be treated as 

independent vanables. The integration may therefore be at 
once effected, and we obtain an equation of the form 

F«=-F(^«)+ const (12), 



* 
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If we now conodye tiie point p to mcfve from a giyen 
initial position (x^, y^, to a given final podtion {x^, y^, 
the wofk done by tli^ force during the motion will be repie- 
tented by 

If then we suppose F{x,fffg) to be such tliat it has only a 
smgle value for any one point in space, tlie work will be 
completely determined by the original and final positions; 
and it follows that the work done by the force is always the 
same, whatever path may have been followed by the point 
in passing from one position to the other. 

If the three conditions (1) are not satisfied, the integra- 
tion cannot be effected in the same general manner. If, 
however, the path be known in which the motion takes place, 
the integration becomes thereby possible. If in this case 
two points are given as the original and final positions, and 
?arioii8 carves are conceived as drawn between these points, 
along any of which the point p maj move, then for each of 
these paths we may obtain a deteimmate value for the work 
done; but the values corresponding to these different paths 
need not be equal, as in the first case, but on the contrary 
arsin genend different. 

§ 6. On the Ergal 

In those cases in which equation (12) holds, or the work 
done can be simply expressed as a function of the co-ordinates, 
this function plays a very important part in our calcdations. 
Hamilton |pve to it the special name of "force fanction'*; a 
name apphcable also to the more general case where, instead 
of a single moving point, any number of such points are 
conndered, and where the conoition is fulfilled that the work 
done depends only on the position of the points. In the 
later and more extended investigations with regard to the 
quantities which are expressed by this function, it has become 
needful to introduce a special name for the negative value of 
the function, or in other words for that quantity, the sub- 
traction of which gives the work performed ; and Rankine 
proposed for this the term * potential energy.' This name 
sets forth very clearly the diaracter of the quantity ; but it 
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IB somewhat long, and the author has yentured to propose 
in its plaoe the term " EigaL" 

Among the cases in which the force acting on a point has 
an Ergal, the most prominent is that in which the force 
orijp;inates in attractions or reDnUon^ exerted on the moving 
pomt from fixed p<nnt8, and tne valiie of which depends only 
on the distance ; in other words the case in which the force 
may be classed as a central force. Let us take as centre of 
force a fixed point tt, with co-ordinates f, 77, ^ and let p be 
its distance from the moving point j?, so that 

■ p = Jis-^y+iv-i/r+is-^y. (is). 

Let ns express the force which v exerts on p by <}> (p), in 
which a positive value of the function expresses attraction^ 
and a negative value repulsion; we then nave for the com- 
ponents of the force the expressions. 

X-fO')i^; r^fO*)^; Z=4,'(p)^. . 

But by (13) ^ = -^7^: tence Z=-f (p)^, aad nmi- 

larly for the other two axes. If ^(p) be a iiinctiou such 
that 

* o») - jm dp (1*). 

we tnay write the last equation tiius : 

^-^1-^ (1^). 

aadsimilariy Y^-^'^^^, ^— ^ (Ite). . 

Hance we have 

But^ nnce in the expression for p given in equation (13) the 

![uaatitie8 x, y, z are the only variables, and <^ (p) may there- 
oce he treated as a function of those three quantities, the 
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eipresaioQ in bra^ets Ibnna a perfeet diffinential, and we 
may mite: 

Xdx.-h Ydy!tZdz^^d4i{p) (16). 

The element of work is Uios given by tbe negative differen- 
tial of ^{p)\ whence it follows that ^ (p) is in this case the 
Ergal. 

Again, instead of a single fixed point, we may have any 
number of fixed points tt^, tt,, tt,, &c., the distances of which 
from p are p^, p^, p^, &c., and which exert on it forces 
^'(Ps)' ^'(pa)* Then if, as in equation (14), we as- 
sume <;6ifp), <^a(p), fiip)^ &c. to be the integrals of the above 
functions^ we obtain^ exactly as in equation (15), 

dx da (ia? 

— ^ [*. W + W + *.0».) + ...]. 

* 

or X-.^S^(p) (17). 

"'^^ (17a). 

whence Xifo+r<7y + 23f JS^(p) (18). - 

Thns the sum S ^(p) is here the EigaL 

§ 7. General Extension of the foregoing. 

Hitherto we have only considered a single moving point ; 
we will now extend the method to compnse a system com- 
posed of any nnmber of moving points, which are in part 
acted on by eztomal forces, and m part act mutnally on each 

other. 

If this whole system makes an indefinitely small move- 
ment, the forces acting on any one point, which forces we 
may conceive as combined into a single resultant, will per- 
form a quantity of w^ork which may be represented by the 
^expression {Xdx + Ydy + Zdz), Hence the sum of all the 
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work done by all the foioes acting in the system may be 
represented by an 6zpressi<m of the form 

in which the summation extends to all the moving points. 
This complex expression, like the simpler one treated 
above, may have under certain circumstances the important | 
peculiarity that it is the complete dififerential of some func- [ 
tion of the co-ordinates of all the moving points ; in which 
case we call this function, taken negatively, the Ergal of the 
whole system. It follows from this that in a finite move- 
ment of the system the total work done is simply equal to 
the difference between the initial and final vakies of tho 
Ergal ; and therefore (assuming that the function which 
represents the Ergal is such as to have only one value for one 
position of the points) the work done is completely deter- | 
mined by the initial and final positions of the points, without 
its being needful to know the pathiB, by which these haTe 
moved £rom one position to the other. 

This state of thinss* which, it is obvious, simplifies greatly 
the determination of the work done, occurs when all the 
forces acting in the system are central forces, which either 
act upon the moving points from fixed points, or are actions 
between the moving points themselves. i 

First, as regards central forces acting from fixed points, 
we have already discussed their effect for a single moving 
point ; and this discussion will extend also to the motion of 
the whole system of points, since the quantity of work done 
in the motion of a number of points is simply equal to tho 
sum of the quantities of work done in the motion of each 
several point. We can therefore express the part of the 
Ergal relating to the action of the fixed points, as before, by 
S (j) (p), if we only ^ve such an extension to the summation, 
that it shall compnse not only as many terms as there are 
fixed points, but as many terms as there are combinationB of 
one fixed and one moving point 

^ext as regards the forces acting between the moTing 
points themselves, we will for the present oonsider only two 
pdnia p and p\ with co-ordinates w, y, m, and a/, jif, 
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lespectiTely. If r be the distance between these poiats, we. 
httve 

r = Jix'^wy + iy'-^yy-hiz'^zy (19X 

We may denote the farce which the points exert on each 
other by /'(r)» a positive yalue being used for attraction, and 
a negative for repokion. 

Then the componente of the force which the point p 
exerts in this mntoal action are 

/'(.r)^, f{r)'^; 
and {he components of {he opposite foroe exerted by p are 

But by (19), differentiating 

dr X* — X dr x — x 



dm r * dm 



9 



SO tliat the components of force in the direction of x may 
also be written 

and if / (r) be a function such that 

/ir)=j/'(r)dr (20), 

the foregoing may also be written 

dx ' dx' ' 

Similarly the components in the duection of y may be 
written 

dy ' dy' ' 

and those in the direction ,of % 

dt * <U ' 
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That part of the total work done in the indefiniteJj small 
motion of the two pointy which is due to the two opposite 
forces arising from their mutual action, may. theren>re be 
expressed as follows : 

But as r depends only on the six quantities x, y, z, x, y\ 
and /(/') can thcrufore be a function of these six quantities 
only, the expression in brackets is a perfect differential, and 
the work done, as far as concerns the mutual action between 
the two pointsi may be simply expressed by the faction 

In the same way may be expressed the work due to the 
mutual action of every other pair of points ; and the total 
work done by all the forces which the poiirts exert among 
themselves is expressed by the algebraical sum 

-df{r)-df{T')-df[r")-...; 

or as it may be otherwise written, 

-d[f{r)^m+f{r ) + ...] or -(iS/(r); 

in which the summation must comprise as many terms as 
there are combinations of moving points, two and two. This 
sum ^ /(r) is then the part of the Ergal relating to the 
mutual and opposite actions of all the moying points. 

If we now finally add the two kinds of forces together, 
we obtain, for the total work done in the indefinitely small 
motion of the system of points, the equation 

Ydy^Zdz)r=-^d:l<^{p)^d^f{r) 

— <itS«0>) + S/(r)] (21), 

whence it follows that the quantity S<^(/9) + S/(r) is the 
Ergal of the whole of the forces acting togduierin the system. 

The assumption lying at the root of the foregoing analy- 
sis, viz. that central forces are ^e only ones acting, is of 
cuui^su only one among all the assumptions mathematically 
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possible as to the forces ; but it forms a case of peculiar 
importance, inasmuch as all the forces which occur in iiatuxe 
may apparently be. classed as central forces. 

§ 8. Bdaiion between Work and Vie Ftno. 

Hitherto we have only considered the forces which act on 
the points, and the change in position of the points them- 
selves; their masses and their velocities have oeen left out 
of account We will now take these also into consideration. 

• The equations of motion for a freely moving point of 
mass m are well known to be as follows : 

. If we multiply these et^uations respectively by 

St^' dt^ Ik^' 

and then add, we obtain 

The left-hand bide of this equation may be transformed 
into 

. ii[(S"Hi)'K2> 

or, if V be the velocity of the point, 

% di U 

and the equation becomes 

If, instead of a single freely moving point, a whole system 
of freely moving points is considered^ we shall have for every 

G. 2 
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point a similar equation to the above] and by summation 
we shall obtain the following: 

dsj^«=2(z|+r|+^|)* (25). 

Now the quantity X -^v^ i&* the vis viva of the whole system 

of points. If we take a simple expression for the via viva, 
ana put 

r-SgV' (26), 

then the equation becomes 

But the right-band side of this equation is the expression 
for the work done during the time dt Integrate the equa- 
tion from an initial time to a time t, and call the via 
viva at time t^: then the resulting equation is 

^-^.=/>(^'S+^l+^S)'» 

the meaning of which may be expressed as follows: 

The Work done during any time hy the forcea acting upon 
a system ia equal to the inorecue of the Vis Viva of the ayatem 
during the aame time. 

In this expression a diminution of Vis Viva is of course 
treated as a negative increase. 

It was assumed at the commencement that all the points 
were moving freely. It may, liowin^cr, linppon that the points 
are subjected to certain constraints in reference to tlieir 
motion. They may be so connected with each other that 
the motion of one point shall in part determine the motion 
of others ; or there may be external constraints, as for in- 
stance, if one of the points is compelled to move in a giveu 
fixed plane, or on a given iixed curve, whence it will natur- 

* Tramlator^i Note, The vis viva of a partiole Is liere dciiDed as balC 
the mass multiplied hy the square of the Tefod^, and not the whole maas. 
as was fozmerlj the onstom. 



Digitized by Google 



MATHEMATICAL INTKODUCTION. 



19 



aUy follow that all those points, which are in any connection 
with it, will also be to some extent constrained in their 
motion. 

If these conditions of constraint can be expressed by 
equations which contain only th'e co-ordinates of the points, 
it may be proved, by methods which we will not here con- 
sider more closely, that the reactions, which are implicitly 
comprised in these conditions, perform no work whatever * 
dnruig the motion of the points ; and therefore the principle 
given above, as expressing the relation between Vis Viva and 
Work done, is true for constrained, as well as for free motion. 
It is called the FrincipU of the £qmvalenc$ of Work and 
Vi$ Viva, , 

§ 9. On Energy. 

In equation (28), the work done in the time from t^iot 
k expressed by 

in which t is considered as the only indei)cndent variable, 
and the co-ordinates of the points and the components of the 
forces are taken as functions of time only. If these functions 
are known (for which it is requisite that we should know the 
whole course of the motion of all the points), then the inte- • 
gration is always possible, and the work done can also be 
determined as a function of the time. 

Cases however occur, as we have seen above, in which it 
is not necessary to express all the quantities as fiinctidns of 
<me variable, Imt where the integration may still be effected, 
by writing the differential in the form 2 {Xdx + Ydy + Zdz), 
and considering the co-ordinates therein as independent vari- 
ables. For this it is necessary that this expression should 
be a perfect differential of some function of the co-ordinates, 
or in other words the forces acting on the system must have 
Jin Ergal. This Ergal, which is the negative value of the 
above function, we will denote by a single letter. The letter 
^ is generally chosen for this purpose in works on Me- 
ciiauics: but in the Mechanical Theory of Heat that letter 

needed to express another quantity, which will enter as 

2—2 
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20 ON THE MECHANICAL THEORY OF HEAT. 

largely into the diacnBsion; we will therefore denote this 
Ergal by /. Hence we pnt: 

2(iaaj + Ydy + Zdz)^^ dJ. (29), 

whence if be the value of the Ergal at time t^, we have: 

l*X{Xdx-^ Ydi/+Zdz) ^J^-J. (30), 

^'hich expresses that the work done in any time is ecjual to 
the decrease in the Ergal. 

If we substitute Jo— J* for the integral in equation (28), 
we have: 

2»-2;-j;-/or + (31); 

whence we have the following principle: The mm of ike Via 
Vim and of the Ergal remains constant during toe motion. 
This sum, which we will denote by the letter IT, so that 

'U'^-T+J. (32), 

is called the Energy of the system ; so that the above prin- 
ciple may be more shortly expressed by saying: The Energy 
rmnaina constant during the motion. This principle, which in 
recent times has received a mudi more extended application 
than formerly, and now forms one of the chief foundations of 
the whole structure of physical philosophy, is known by the 
name of The Principle of the ConaerwJtwn of Energy, 
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CHAFTEB L 

FIRST MxVIN PRINCIPLE OF THE MECHANICAL THEORY OF 
HEAT, OB PJaiNCIPLE OF THE EQUIVALENCE OF HEAT 

ANi> WORK. 

§ h Ifatwre of HeaL 

Until recently it was the c^enerally accepted view that 
Heat was a special substance, which was present in bodies in 
greater or less quantity, and which produced thereby their 
higher or lower temperature ; which was also sent forth 
from bodies, and in that case passed with immense speed 
through empty space and through such cavities as ponder- 
able bodies contain, in the form of what is called radiant 
heat. In later days has arisen the other view that Heat is 
in reality a mode of motion. Aocording to this view, the 
heat found in bodies and determining their temperature is 
treated as being a motion of • their ponderable atoms, in 
which motion the ether existing within the bodies may also 
participate; and radiant beat is looked nponasanundulatory 
motion propagated in that ether. 

It is not proposed here to set forth the &cts, experiments, 
a&d inferences, thronffh whidi men have been raought to 
this alteied view <« we subject ; tiiis would entail a refer* 
enoe here to much which vokj be better described in its own 
{dace during the conrse of the biook. The conformity with 
experience of the results deduced from this new theoiT will 
probably serve better than anything else to establish the 
foundations of the theory itself. 

We will therefore start with the assumption that Heat 
consists in a motion of the ultimate particles of bodies and 
of ether, and that the quantity of heat is a measure of the 
Vis Viva of this motion. The nature of this motion we 
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shall not attempt to determine, but shall merely apply to 
Heat the principle of the equivalence of Vis Viva and Work, 
which applies to motion of every kind ; and thus establish 
a principle which may be called the first main Principle of 
the Mechanical Theory of Heat. 

§ 2. Positive and negative values of Mechanical Work. 

Tn § 1 of the Introduction the mechanical work done in 
the movement of a point under the action of a force was 
defined to be The product of the distance moved through and 
of the component of the force resolved in the direction of 
motion. The work is thus positive if the component of 
force in the line of motion lies on the same side of the 
initial point as the element of motion, and negative if it falls 
on the opposite side. From this definition of the positive 
sign of mechanical work follows the principle of the equiva- 
lence of Yis Yiva and Work, viz. The increase in the Yis 
Viva is equal to the irork done, or equal to the increase in 
total work. 

The question ma^ also be looked at from another point 
of view. If a material point has once been set in motion, it 
can continue this movem^t, on account of its momentum, 
even if the force acting on it tends in a direction opposite to 
that of the motion ; though its velocity, and therewith its 
Vis Viva, will of course be diminishing all the time. A 
material point acted on by gravity for example, if it has 
received an upward impulse, can continue to move against 
the force of gravity, although the latter is contiiuially 
diminishing the velocity given by the impulse. In such a 
case the work, if considered as work done by the force, is 
negative. Conversely however we may reckon work as 
positive in cases where a force is overcome by the momen- 
tum of a previously acquired motion, as negative in cases 
where the point follows the direction of the force. Applying 
the form of expression introduced in § 1 of the Introduction, 
in which the diistinction between the two opposite directions 
of ihe component of force is indicated by different words, we 
may ezjpiess the foregoing more simply as follows : we may 
detennme that not the work done, but the work destioyedC 
by a force shall be reckoned as positive. 

On this method of denotii^ work done^ the prindple of 
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the equivalence of Vis Viva and Work takes the following 
form : The decrease in the Vis Viva is equal to thi increase in 
the Work done, or The sum of the Vis Viva and Work done is 
constant This latter form will be found very couveiuent in . 
what follows. 

In the case of such forces as have an Ergal, the meaning 
of that quantity was defined (in § 6 of the Introduction) in 
such a manner that we must say, * The Work done is equal 
to the decrease in the ErgaL' If we use the method of denot- 
ing work just described, we must say on the contrary, ' The 
work done is e(|uai to the increase in the Ergal ; ' and if the 
constant occumng as one term of the Ergal be determined 
in a particular way, we may then regard the Eigal as simply 
an expression for the work done. 

§ 3. Expression for the first Fundamental Principle, 

Having fixed as above w hat is to be the positive sign for 
work done, we may now state as follows the first main 
Principle of the Mec^iianical Theory of Heat. 

In aU caeea where work is produced by heat^ a quantity of 
heat is consumed proportioned to the work done; ana invereelf/, 

the expenditure of the same amount of work the same 
quantify of heat may be produced. 

This follows, on the mechanical conception of heat, from 
the equivalence of Vis Viva and Work, and is named The 
Principle of the Equiwdence of Heat and Work, 

a heat is consumed, and work thereby produced, we may 
say that beat has transformed itself into work; and con- 
veraely, if work is expended and heat thereby produced, we 
may say that work has transformed itsdf into neat Using 
this mode of expression, the foregoing principle takes the 
following form : Work iimy transform t&ie^f tti^o am4 and heat 
C(nifoeredy into work, the quantity of tike one bearing always a 
fiased proportion to Aat of the otiker. 

This j^nciple is established by means of many pheno- 
mena which have been long recognized, and of late years 
has been confirmed by so many experiments of different 
kinds, that we maj accept it, apart from the circumstance of 
its forming a special ease of the general mechamoal prindple 
of the Conservation of Energy, as being a principle directly 
derived from experience and ol;N3ervation. 
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§ 4f. Numerical Relation between Heat and Work. 

While the mechanical principle asserts that the changes 
in the Yis Viva and in the corresponding Work done aie 
actually eg^l to each other, the principle which expresses 
the relation between Heat and Work is one of Proportion 
only. The reason is that heat and work are not measured 
on the same scale. Work is measured by the mechanical 
umt <^ the kilc^grammetre, whilst the unit of heat^ chosen 
for Gonyenience of measurement, is HuU amount of heat 
whikk is required to raiee one kilogram of imxter from (f4o 
V {Centigrade). Hence the relation existing between heat 
and work can be one of proportion only, and the numerical 
Yalue must be spedally determined. 

If this numerical value is so chosen as to give the work 
corresponding to an unit of heat, it is called the Mechanical 
E(^uivalent of Heat ; if on the contrary it gives the heat 
corresponding to an unit of work, it is called the Thermal 
Equivalent of Work. We shall denote the former by and 

thelatter by ^. 

The determination of this numerical value is effected in 
different ways. It has sometimes been deduced from already 
existing data, as was first done on correct principles by 
Mayer (whose method will be further explained hereafter), 
alldioughy from the imperfection of the then existing data, his 
result must he admitted not to have been* very exact At 
other times it has been sought to determine the number by 
experiments specially made with that view* To the dis* 



credit of having established this value vdth the greafeeft dr* 
cumspection esSi care. Some of his eneriments, as well as 
determinations carried out at a later date by othere, will 
more properly find their place after the development of the 
theory ; and we will here confine ourselves to stating those of 
Joule's experiments which are the most readily understood, 
and at the same time the most certain as to their results. 

Joule measured, under various circumstances, the heat 
generated by friction, and compared it with the work con- 
sumed in producing the friction, for which purpose he 
employed descending weights. As accounts. of these experi- 
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moitB are giym in many hookn, thej need not liere be 
desenbed ; and it will sufBoa to state the leaiiltB as gkwEt in 
bis paper, published in the PhU. Trans, for 1860. 

In the first series of experiments, a very extensive one, 
water was agitated in a vessel by means of a revolving paddle 
wheel, which was so airanged that the whole quantity of 
water could not be brought into an equal state of rotation 
throughout, but the water, after being set in motion, was 
continually checked by striking against fixed blades, which 
occasioned numerous eddies, and so produced a large amount 
of friction. The result, expressed in English measures, is 
that in order to produce an amount of heat which will raise 
1 pound of water through 1 degree Fahrenheit, an amount 
of work equal to 772 695 foot-pounds must be consumed. 
In two other series of experiments quicksilver was agitated 
in the same vay; and flave a resolt of 774 088 foot-pounds. 
Lastly, in two series of experiments pieces of cast iron were 
rubbed against each other under qnidcsilver, by which the 
heat ffiyen .out was absorbed. The lendt was 774*987 foot-' 
pounds. 

Of all his results Joule considered those mven fay water 
as the most aocHurate; and as he thought wbat erai this 
%nre should be slightly reduced, to allow for the sound pro- 
duced hj the motion, he finally gave 772 foot-pounds as the 
Biost probable value for the nunwer sought. 

Tiansfoiming this to IVench measures we obtaui the 
result that, To produce the quantity of heai required to raise 1 
hOofframme of water trough 1 degree Centigrade, work miist he 
consumed to the amount q/423*55 kiloijmmmetres. This appears 
to be the most trustworthy value among those hitherto 
determined, and accordingly we shall henceforward use it as 
the mechanical equivalent of beat, and write 

^=423-65 (1). 

In most of omr calculations it will be sufficiently accurate 
to use the even number 424. 

§5. T%e Me(Aamoal Dfde of Heat 

Having established the principle of the equivalence of 
Heat and Work, in consequence of which these two may be 
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opposed to each other in the same expreflsioni we are often 
in the poeition of having to sum up quantities, in which 
heat and work enter as tenns to be aaded together. Ab, 
however^ heat and work are measured in different ways^ we 
cannot in such a case say amply that the quantity is the 
sum of the work and the heat^ but either that it U Ae sum 
of the heai and of Ae hsai-eqidvaknt of the work, or the mm 
of the work and of the worh-equivaHient of the heat. On 
account of this inconvenience Rankine proposed to employ a 
different unit for heat, viz. that amount of heat which is 
equivalent to an unit of work. This unit may be called simply 
the Mechanical Unit of Heat. There is an obstacle to its 
general introduction in the circumstance that the imit of 
heat hitherto used is a quantity wliich is closely connected 
with the ordinary calorimetric methods (which mainly 
depend on the heatiug of water), so that the reductions 
required are slight, and rest on measurements of the most 
reliable character ; while the mechanical unit, besides need- 
ing the same reductions, also requires the mechanical 
equivalent of heat to be known, a re<^uirement as yet only 
approximately fulfilled. At the same time, in the theoretical 
development of the Mechanical Theoiy of Heat, in which the^ 
relation between heat and work ofteu occurs, the method of 
expressing beat in mechanical units effects such important 
simplifications, that the author has felt himself bound to 
dropiiis former objections to this method, on the occasion <^ 
the preset more connected exposition of that theoiy. Thus 
in wWt foUows, unless the contnu^ is expressly stated* it will 
be always understood that heat u expressed in mechanical 
units. 

On this system of measurement the above motioned 
first main Principle of the Mechanical Theory of Heat takes 

a yet more precise form, since we may say that heat and its 
corresponding work are not merely proportional, but equal to 
each other. 

If later on it is desired to convert a quantity of heat 
expressed in mechanical units back again to ordinary heat 
units, all that will be necessary is to divide the number 
given in mechanical units by the mechanical equivalent of 
heat. 
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§ 6. Development of the Jirst main Principle, 

Let any body whatever be given, and let its condition aa 
to temperature, volome, &o. be aasumed to be known. If an 
indefinitely smaU qoantity of heat dQ is imparted to this body, 
the question arises what becomes of it, and what eflbct it 
prodace& It may in part serve to. increase the amount of 
heat actually existing m the body ; in part also, if in conse- 
quence of tiie imparting of this heat the body changes its 
condition, and that change includes the overcoming of some 
force, it may be absorbed in the work dmie thereby. If we 
denote the total heat existing in the body, or more briefly 
the Quantity of Heat of the Iwdy, by H, and the indefinitely 
small increment of this quantity by dH, and if we put dJj 
for the indefinitely small quantity of work done, then we can 
write • 

dQ^dH-^dL (I). 

The forces against which the work is done may be 
divided into two classes: (1) those which the molecules of 
the body exert among themselves, and which are therefore 
dependent on the nature of the body itself, and (2) those 
which arise from external influences, to which the body is 
sabjected. According to these two classes of forces, which 
have to be overcome, the work done is divided into internal 
and external work. If we denote these two quantities by 
dJ and dW^ we may put 

dL = dJ-^dW (2), 

and then the foregoing equation becomes 

dQ^dH^dJ-¥dW (II). 

§ 7. IHffmmt eonditums oftke Quantities J, W, and H, 

The internal and external work obey widely different 
laws. As regards the internal work it is easy to see that if 
a body, starting from any initial condition whatever, goes 
through a cycle of changes, and finally returns to its original 
condition again, then the internal work done in the whole 
process must cancel itself exactly. For if any definite 
amount, positive or negative, of intmud work remained over 
at the end, there must have been produced thereby either an 
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equivalent quantity of external work or a change in tlie 
body's quantity of heat ; and as the same process might be 
repeated any number of times it would in the positive case 
be possible to create work or heat out of nothing, and in tbe 
negative case to get rid of work or heat without obtaining 
any equivalent for it; both of which results will be at once 
admitted to be impossible. If then at every return of the 
body to its original condition the internal work done becomes 
zero, it follows further that in any alteration whatever of the 
body's condition the internal work done can be determined 
firom its initial and fibial conditions, without needing to know 
the way in which it has passed from one to the ouier. For 
if we suppose the body to be brought snccessivelj from the 
first condition to the second in several different ways, bat 
always to be brought back to its first condition in exactly 
the same way, then the various quantities of internal work 
done in different ways in the first set of changes must all be 
equivaleut to one and the same quantity of internal work done 
in the second or return set of changes, which cannot be true 
unless they are all equal to each other. 

We must therefore assume that the internal forces have an 
Ergal, which is a quantity fully determined by the existing 
condition of the body at any time, without its being requisite 
for us to know how it arrived at that condition. Thus the 
internal work done is ascertained by the increment of the 
Ergal, which we will call J ; and for an indefinitely small 
change of the body the differential dJ of the Ergal forms the 
expression for the internal work, which agrees with the nota- 
tion employed in equations 2 and XL 

If we now turn to the external work, we find the state of 
tilings wholly different. Even when tiie initial and final 
conditions of the body are given, the external work can take 
veiy different forms. To show this by an example, let \is 
choose for our body a Oas, whose condition is detmnined by 
its temperatmre t and volume and let ns denote the initial 
values of these by t^, v^y and tiie final values by t^, tL; let us 
also assume that > t^, and ^^>v^, Now if the change is 
carried out in the following way, viz. that the gas is first ex- 
pandedy at the temperature t^, from to v,, and then is 
heated, at the volume v^y from <^ to t^, then the external 
work will consist in overcoming the external pressure which 
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conespODids to the temperature . On the other hand, if the 
change is carried out in the following way, viz. that the gas 

is first heated, at the volume v^, from to t^, and is then ex- 
panded, at the temperature f.^, from to v^, then the ex- 
ternal work will consist in overcoming the external pressure 
which corresponds to the temperature t^. Since the latter 
pressure is greater than the former, the external work is 
greater in the second case than in the first. Lastly, if we 
suppose expansion and heating to succeed each other in 
stages of any kind, or to take place together according to any 
law, we continually obtain fresh pressures, and therewith an 
endless variety in the quantities of work done with the same 
initial and hnal conditions. 

Another simple example is as follows. Let us take a 
given quantity of a liquid at temperature t, and transform it 
into saturated Tapour of the higher temperature f,. This 
change can he carried out either hy heatmg the liquid, as a 
liquid, to t^^ and then vaporizing it; or by vaporizing it at t, 
and then heating the vapour to t^f oompressing it at the 
same time sufficiently to keep it saturated at temperature t^; 
or finally by allowing the vaporization to take place at any 
iotenneaiate temperature. The external work, which again 
AowB itself in oveicoming the external pressure during the 
alteration of volume, has mfferent values m all these different 

The difference in the mode of alteration which, by way 

of example, has been thus described for two special classes 
of bodies, may be generally expressed by saying that the 
hody can pass by different jpaths from one condition to the 
other. • 

Another difference, besides this, may come into play. If a 
body in changing its condition overcomes an external resist- 
ance, the latter may either be so great that the full force of 
the body is required to overcome it, or it may be less than this 
amount. Let us again take as example a given quantity of 
a f(as, which at a given temperature and volume possesses 
a certain expansive force. If this gas expands, the external 
resistance which it has to overcome in so doing must clearly 
be smaller than the expansive force, or it would not over- 
come it ; but the difference between them may be as small as 
we please, and aa a limiting case we may assume them to be 
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equal These may also bawerer be cases in wbiob ibis differ- 
enoe is a finite quantity more or less considerable. If e,g, 
tbe yessel^ in wbich tbe gas is at first confined wiib a given 
force of expansion, is suddenly put in communication with 
some space in which a smaller pressure exists, or with a 
vessel which is entirely empty, then the gas in its expansion 
overcomes a less external resistance than it has the power of 
overcoming, or in tlie second case no external resistance at 
all; and it performs in so doing a smaller amount of external 
work than it might perform^ or in the second case no external 
work whatsoever. 

In the original case, where pressure and reaction are at 
each instant equal, the gas may be compressed back again by 
exactly the same force which it has overcome in expanding.' 
If however the resistance overcome is less than the force of 
expansion, the gas cannot be compressed back again by the 
same amount of force. Tbe distinction may be expressed by 
saying that the expansion is revernUe in the first case, and 
not reversible in the second. 

This mode of expression may be employed in other cases, 
where changes of condition take place in tbe overcoming of 
any kind of resistance, and tbe dic^ction just mentioned in 
relation to tbe external work may be generally described as 
. follows: with a given ckamge of condition the eoftemal work 
may differ in amount, according as the tJiange takes place «» 
arheriibleoranon-^eibleLnner. ^ ^ 

§8. Energy of ihe Body. 

In addition to the two differentials dJ and (ZTT, which 
depend on the work done, we haye on the right-band side of 
equation (II) a third, which is the differential of H, the total 

heat actually existing in the body, or its (quantity of Heat. 
This (|uantity // has clearly tbe projierty, also mentioned as 
belonging to J, that it is known as soon as the condition of 
the body is given, without needing to know the way in which 
the body has arrived at that condition. 

Since the heat existing in the body and the internal 
work are on the sanu^ footing as regards the above most 
important property, and since further, on account of our 
ignorance as to the internal work, we generally do not know 
the several amounts of these two quantities but only their 
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sum, the author, in his first Paper on Heat, published in 
1850, combined the two under one designation. Following 
the same system, we will put 

ir«j5r+/. (3), 

wluch changes equation (II) into 

dQ^dU+BW (III). 

The function U, first introduced by the author in tlie above- 
mentioned paper, has been since adopted by other writers 
on Heat, and as the definition given by him — that starting 
from any given initial condition it expresses the sum of the 
increment^ of the heat actually existing and of the heat con- 
sumed in internal work — is somewhat long, variouB attempts 
haye been made at a shorter designation. Thomson, in niB 
paper of 1851*, called it the mecJumical energy o f a body in 
a given state: Kirchoff has given it the name 'Function of 
Activity' (Wirkungsfuncti(>n)f : lastly Zeuner, in his *Grund- 
zuge des mechanischen Warmetheorie/ published 1860, has 
called the quantity CT, when multiplied by the heat-equi- 
valent of work, the 'Interior Heat* of the body. 

This last name (as remarked in the author s former work 
of 1864) does not seem qaite to correspond with the meaning 
of U ; since only one part of this quantity stands for heat 
actually existing in the body, i.e. for vie viva of its molecular 
moticm, while the other part consists of heat which has been 
consamed in doing internal work, and therefore exists aa 
heat no lonser. In his second edition, published 1866, Zeu- 
ner has made the alteration of calling U the/n^ema^ Work of 
the body. The author however is unable to accept this name 
any more than the other, inasmuch as it appears to be just 
as objectionably limited on the other side. Of the oth^r 
two names, that of Energy, employ^ by Thomson, appears 
very appropriate, since the quantity under consideration cor- 
responds exactly with that which is denoted by the same 
word in Mechanics. In what follows the quantily U will 
therefore be called the Energy of the body. 

There still remains one special remark to be made with 
reference to the complete determination of the Ergal, and of 

* Tram. Boyal Soc, of Edinburyht Vol. xx., p. 475. 
+ Pogg. Ann. Vol. ciu., p. 177. 
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the Energy which comprises tlie Ergal. Since the Ergal 
expresses the work which tlie internal forces must have per- 
formed, while the body was passing from any initial condition, 
taken as the starting point, to its condition at the moment 
under consideration, we can only determine completely the 
value of the Ergal for the present condition of the body, 
when we have previously ascertained once for all its initial 
condition. If this has not been done, we must conceive 
the function which expresses the Ergal as still contain- 
ing an indeterminate constant, which depends on the initiaL 
condition. It will be obvious that it is not always necessary 
actually to write down this constant^ but that we may con- 
ceive it as indttded in the function, so long as this latter is 
designated by a general symboL Similarly we must conceive 
another such indeterminate constant as included in the other 
symbol which expresses the £neigy of the body, 

§ 9. Equations for Finite changes of condition — Cyclical 
processes. 

If we conceive tlie equation (III), which relates to an 
indefinitely small change of condition, to be integrated for 
any given finite change, or for a series of successive finite 
changes, the integral of one term can be determined at once. 
For the energy U, as mentioned above, depends only on the 
condition of the body at the moment, and not on the way in 
which it has arrived at that condition. If then we put 
and for the initial and final values of we may write 

Hence the equation obtained by integrating (III) may be 
written: 

jdQ~U,-U,+jdW. (4); 

or if we denote by Q and TFthe two integrals j dQ and 

which ooenr in this equation^ and which represent reiqpect- 
ively the total heat imparted to the body dunng the change* 
or series of diaiiges, sod the estemal work don^ then &e 
equation will be 

Q^U^^U,+ W. (4a). 
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As a special case, we may assume that the body under- 
irocs a series of chan<^es such that it is finally brought round 
to its initial conditiou. To such a series the author gave the 
name of cyclical process. As in this case the initial and 

• • linal conditions of the body are the same, CT, becomes equal 
to U^, and their difference to zero. Hence for a cyclical pro- 

j cess equations (4s) and (4a) become : 

jdQ^jdW. (6), 

0=Tr. (5a). 

i Thus in a cyclical process the total heat imparted to the 

body (Le. the algebraical sum of all the several quantities of 
heat imparted in the coarse of the cyde, which quantities 
may be partly positive, partly native) is simply equal to 
the total amount of external work performed. 

§10. TaUU Eeai-^Laimt and Sj^ecijio EeaL 

In former times, when heat was considered to be a sub- 
stance, and when it was a^umed that this substance might 
exist in two different forms, which were distinguished by the 
terms free and latent, a conception was introduced which was 
often made use of in calculations, and which was called the 
total heat of the body. By this was understood that quantity 
of heat which a body must have taken up in order to pass 
from a given initial condition into its present condition, and 
which is now contained in it, partly as free, partly as latent 
heat. It was supposed tliat this quantity of heat, if the 
initial condition of the body was known, could be completely 
determined from its present condition, without taking into 
account the way in which that condition had been reachedL* 

Since, however, we have obtained in equation (4a) an 
expression for the quantity of heat received by the body in 
passing from its initial to its final condition, which expression 
contains the external work we must conclude tiiat* this 
quantity of heat, like the external work, depends not only on 
the initial and final conditianfl^ but also on the way in which 
the body has passed firom the one to the other. Theconception 
of the total heat as a quantity depending only on the present 
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condition of the body is therefore, under the new theory, no 
luiJger allowable. 

Tl)e (lisai)})earance of heat during certain special changes 
of condition, e.g. fusion and vaporization, was formerly ex- 
plained, as indicated ahove, by supposing this heat to pass 
i into a special form, in which it was no longer sensible to our 

touch or to the thermometer, and in which it was therefore 
called Latent Heat. This mode of explanation lias also been 
op])osed by the author, who has laid down the principle that 
all heat existing in a body is appreciable by the touch and 
by the thermometer; that the heat which disappears under 
the above changes of condition exists no longer as heat, but 
luis been converted into work ; and that the heat which 
makes its appearance under the.opposite changes (e.g« solidi- 
fication and condensation) does not come from any concealed 
aoorce, but is newly prodnced by work done on the bodv. 
Accordingly he has proposed the tenn Work-heat as a sub* 
stitute for Latent heat in general casea 

This work, into which the iieat is converted, and which 
in the opposite class of changes produces heat, may be of two 
kinds, internal or eztemaL If e.g. a liquid is vaporized, the 
cohesion of its molecules must be overcome, and, since the 
vapour occupies a larger space than the liquid, the external 
pressure must be overcome also. In accordance with these 
two divisions of the work we also may divide the total woi^- 
heat, and call the divisions the intenial and external work- 
heat respectively. 

That quantity of heat which must be imparted to a body 
in order to heat it simply, without making any change in its 
density, was formerly known under the general name of /ree 
heat, or more properly, of heat actually exitiUfig in the body; 
a great part or this, however, fidls into the same cate|;ory as 
tbAt which was formerly called latent heat, and for which the 
term work-heat has been proposed. For the heating of a body 
involves as a general rule a cnange in the arrangement o£ its 
molecules, wmch change produces in general an externally 
perceptible alteration of volume, but still may take place 
apart from such alteration* Thk ehan^ of anangement 
requires a certain amount of work, which may be partly 
internal, partly external; and in doing this, work-heat is 
again consumed. The heat applied to the body thus serves 
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in part only to increafie the heat actually eziatiog, the other 
part serving as work-heat 

On these prinoiples the author attempted to explain (by 
way of example) the unusually great specific heat of water, 
which is much beyond that either of ice or of steam*: the 
assumption .heii^ that of the quantity of heat, whidi each 
receives from without in the proceijBs of heating, a larger 
portion is consumed in the case of water in diminishing the 
cohesion of the particles, and thus serves as work-heat. 

From the foregoing it is seen to be necessary that, in 
addition to the various specific heats, which shew how much 

\ heat must be imparted to oiie unit-weight of a body in order 
to warm it through one degree under dufferent circumstances 
(e.g. the specific heat of a solid or liquid body under ordinary 
atmosphenc pressure, and the specific heat of a gas at con* 
stant volume or at constant pressure), we must ali^ take into 

i' consideration another quantity whi<4 shews hy haw much the 
heat actually eadsting in one unit-weight of a substance (i.e. 

I the vis viva of the motion of its vltimoite particles) is increased 

^ when the substance is heated through one degree of temperature. 
This qiKiutity we will name the body's true heat-capacity. 
' It would be advantageous to confine this term 'lieat-capa- 
city * (even if the word * true ' be not prefixed) strictly to the 

, heat actually existing in the body; whereas for the total heat 

' which must be imparted for the purpose of heating it under 
any given circumstances, and of which work-heat forms a 
pai*t, the expression 'specific heat' might be always em- 
ployed. As however the term 'heat-capacity' has liitherto 
been usually taken to have the same signification as ' s])ecific 

I heat' it is still necessary, in order to afiix to it the above 

' simplified meaning, to add the epithet ' true/ 

I § 11. Expression for the External Work in a particular 
case. 

In eciuation (III) the external work is denoted generally by 
dW. No special assumjjtion is thereby made as to the nature 
of the external forces which act on the body, and on which 
I the external work depends. It is, however, worth while to 
consider one special case which occurs frequently in practice, 

* Pogg. Ann, Yd. TiTHX., p. 875, and CfoUeeUon of Mmoin, Vol. i.» V* ^• 

8—2 
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and which leads to a very Bimple determination <^ the eztenkat 
work, viz. the case where the only external force acting on the 
body, or at least the only force which needs to be referred to 

in tne determination of the work, is a pressure acting on the 
exterior surface of the body ; and in which this pressure (as 

is always tlie case with liquid and gaseous bodies, provided 
no other forces are acting, and which may be tlie case even 
with solid bodies) is the same at all points of the surface, 
and everywhere normal to it. In this case there is no need, 
in order to determine the external work, that we should 
consider the body's alterations in form and its cxiKinsiou in 
particular directions, but only its total alteration in volume. 

As an illustrative case, let us take a cylinder, as shewn 
in Fig. 1, closed by an easily moving piston F, and containing 
some expansible substance, e.g. a gas, under a 
pressure per unit-area represented by p. The 
section of the cylinder, or the area of the piston, 
we may call a. Then the total pressure which 
acts on the piston, and which must be overcome 
in raising it, is pa. Now if the piston stands 
originally at a height h above the bottom of 
the cylinder, and is then lifted throun^h an 
indefinitely small distance dh, the external work 
perfonned in the lifting will be expressed by 
the equation 

dW^padh. 

But if V be the Tolunie of the ^as we have 

v^ak, and therefore dv^adhi whenoe the above equation 

beoomes 

dW^pdv (6). 

This same simple form Is assumed by the differential g£ the 
external work for any form 
of the body, and any kind 
of expansion whateyer, as 
may be easily shewn as fol- 
lows. Let the full line in 
Fig. 2 represent the surface 
of the body in its original 
condition, and the dottea line 
its surface after an indefi«» F2g.s. 
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nitely small change of form and volume. Let us consider 
any element day of the original surface at the point A. 
Let a normal drawn to this element of surface cut the 
second surface at a distance du from the first, where du 
is taken as positive if the position of the second surface 
is outside the space contained within the original surface, 
and negative if it is inside. Now let us suppose an inde- 
finite number of such normals to be drawn through every 
point in the perimeter of the surface-element €U» to the 
second sur£BU»; there will then be marked out an indefi- 
nitely small prismatic space, which has (2a» as its base, and 
du as its height, and whose volume is therefore expressed by 
dadu. This indefinitely small volume forms the part of the 
increase of volume of the body corresponding to the element 
of ^ur&oe dcD. If then wc integrate the expression dadu all 
over the surface of the body, we shall obtain the whole 
increase in volume, <b, of the body, and if we agree to 
emess integration over the surface by an integral sign with 
sumz 0, we may write 

dv= j dud^i ( (7). 

Now if, as belbre, we denote the pressure per unit of 
surface by j9, the pressure on the element dw will be pdm. 
Therefore the part of the external work, which corresponds 
to the element dao, and is described by saying that the 
element under the action of the external force pda is pushed 
oatwards at right angles through the distance du, will be 
expressed by the product pdcodu. Integrating this over the 
whole surface, we obtain for the total external work, 

dF« j pdudn. . 

A& p h equal over the whole surface, the equation may be 
written : 

dW^pj d»d», 

or, by equation (7), 

dW^pdv, 

which is the same as equation (6) given above. 
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Adopting this equation, we may give to equation (III), 
for the case in which the only external force is a umform 
pressuxe normal to the suiface, the following form : 

dQ = dU-^j>dv (IV). 

This last equation, which forms the mathematical expres- 
sion most in use for the first main principle of the Mediaiucal 
Theory of Heat, we will in the next place apply to a class of 
hodies, which are distinguished for the simplicity of their 
laws» and for which the equation takes accordingly a pecu- 
liarly simple form, so that the reqmred oalculations can be 
easily performed. 
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CHAPTER IL 

ON PSBVBCT OASR 

« 

§ 1. The Gcueoui condition of bodies. 

Among the laws which chaiacterize bodies in the gaseous 
condition the foremost place must be given to those of 
Mariotte and Qay Lussac, which may be expressed together 
in a single equation as follows. Given a unit-weight of a 
gas, whidi at fireeadng tempeiBtoie, and nnder any standard 
pressure (e,ff. that of the abnosphere) has tiie volume 
then if p and v be its pressure and volume at any tempera* 
tore t (in Centigrade measure) the following equation will 
hold: 

pv^p^v^{l + at) (1), 

liriierein the quantity a, which is usually termed the coeffi- 
cient of expansion, although it really relates to the change 
of pressure as well as the change of volume, has one and the 
same value for every kind of gas. 

Regnault has indeed recently proved by careful experi- 
ment that these laws are not strictly accurate; but the 
deviations are for permanent gases very small, and become of 
importance only for gases which are capable of condensation. 
It seems to follow that the laws are the more nearly exact, 
the further a gas is removed, as to pressure and temperature, 
from its point of condensation. Since for permanent gases 
under ordinary conditions the exactness of the law is already 
so great, that for most purposes of research it may be taken 
as perfect, we may imagine for every gas an ultimate condi- 
tion, in which the exactness is really peifect ; and in what 
follows we wiU assume this, ideal condition to be actually 



$ 
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reached, calliog for brevity's sake all gases, in which this is 
assumed to hold, Perfect Oases. 

As however the quantity a, according to B^nault's deter* 
xninations, is not absolutely the same for all the gases which 
have been examined, and has also somewhat different values 
. for one and the same gas under different conditions, the 
question arises, what value we are to assign to a in the case 
of perfect gases, in which such differences can no longer 
appear. Here we must refer to the values of a which have 
been found to be correct for various permanent gases. By 
experiments made on the system of increasing the pressure 
while keeping the volume constant, Regnault found the fol- 
lowing numbers to be correct for various permanent gases : 



The differences here are so small, that it is of little im« 
portance what choice we make ; but as it was with atmo- 
spheric air that Regnault made the greatest number of 
experiments, and as Magnus was led in his researches to a 
precisely similar result, it appears most fitting to select the 
number 0*003665. 

Begnault, however, by ezpetimenta made on the other 
system of keeping the pressure constant and increasing the 
volume, has obtained a somewhat different value for a in the 
case of atmospheric air, vis. 0O03670. He has further 
observed that rarefied air gives a somewhat smaller, and com* 
pressed air a somewhat la^er, coefficient of expansion than 
air of ordimay density. This latter circumstance has led 
some physicists to the conclusion that, as rarefied air is nearer 
to the perfect gaseous condition than air of ordinary density, 
we ought to assume for perfect gases a smaller value than 
()003()65. Against this it may be urged, that Regnault 
observed no such dependence of the coefficient of expansion 
on the density in the case of hydrogen, but after increasing 
the density threefold obtained exactly the same value as 
before ; and that he also found that hydrogen, in its devia- 
tion from the laws of Mariotte and Gay Lussac, acts altogether 
differently, and for the most part in exactly the opposite 



• Atmospheric Air 

H^rdrogen 

Nitrogen 

Carbonic Oxide 



0003665. 
0003667. 
0*003668. 

0-003667. 
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way, from atmosphoric air. In these circumstances the 
author considers that additional weight is given to the re- 
sult taken above' from the figure for atmospheric air; 
siBce it will hardly be questioned that hydrogen is at least 
as near as atmospheric air to the condition of a perfect gas, 
and therefore in drawing conclusions relative to that condi- 
tion the behavionr of the one is as much to be noted as that 
of the other. 

It appears therefore to be the best course (so long as 
firesh observations have not furnished a more satisfactory start- 
ing point for wider conclusions) to adhere to the figure which, 
under the pressure of one atmosphere, has been found to 
agree almost exactly for atmospheric air and for hydrogen ; 
and thus to write: 

a=0003GG5 = 5|5 (2). • 

If we denote the reciprocal ^ by a we may also write the 
equation thus ; 

And if for brevity we put ; 



(3). 



ii=^ (4), 

r«a + <.... (5). 

we then obtain the equation in the form 

iw« JBr.,. (6)- 

R is here a constant which depends on the nature of the gas 
and is inversely proportional to its specific gravity*. T 
represents the temperature, provided this is measured not 
from the freezing pointy but from a zero point lying a degrees 
lower. The temperature tiius measured from * a we shall 
term the Absolute Temperature^ a name which will be more 

• For 72 is proportional to the Tolnme of a tinit of weight of the gaa at 
Ptandard pressure and temperature ; and is therefore inversely proportional 
to the weigjht of a unit of yolomei i«e. to the speoifio grayitj. (2 /u/td^utur.) 
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fully explained further ou. Taking the value of a given 
in equation (2) we obtain 

a«l«273 
• a 

273 + 1 

§ 2. Approximate Principle as to Heat absorbed by Gases, 

In an experiment of Gay Luisac's, a vessel filled with air 
was put in communication with an exhausted receiver of 
equal size, so that half the air from ^e one passed over into 
the other. On measuring the temperature of each half, and 

comparing it with the original temperature^ he found that 
the air which had passed over had become heated, and the. 
air which remained behind had become cooled, to exactly the 
same degree; so that the mean temperature was the same 
after the expansion as before; He thus proved that* in this 
kind of expansion, in which no extennal work was done, no 
loss of heat took place. Joule, and after him Begnault, 
carried out similar experiments .with greater care, and both 
were led to the same result 

The principle him involved may also be deduced, without 
reference to special experiments, pom certain properiieb of 
gases otherwise ascertamed, and its accuracy may thus be 
checked. Gases shew so marked a regularity in their beha- 
viour (especially in the relation between volume, pressure, 
and temperature, expressed by the law of Mariotte and Qay 
Lussac), that we are thereby led to the supposition that 
the mutual action between the molecules, which goes on in 
the interior of solid and lii^uid bodies, is absent in the case 
of gases ; so that heat, wliich in the former cases has to over- 
come the internal resistances, as well as the external pressure, 
in order to produce expansion, iu the case of gases has to do 
with external pressure alone. If this be so, then, if a gas 
expands at constant temperature, only so much heat can 
tlierL'by be absorbed as is required for doing the external 
Work. Again, we cannot suppose that the total amount of 
heat actually existing in the body is greater after it has 
expanded at constant teini)erature than bLture. On these 
assumptions we obtain the following prinriiile: a permanent 
gas, if it expaiuJs at a oomUmt temperature, absorbs oid}^ 
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* 

SO muoh heat as is rsqwrsi for ihs sa/tsmal work whiok it 
^performs in so doing. 

We cannot of course give to this principle any greater 
validity than that of the principles from which it springs^ 
but must rather suppose that for any given gaa it is true to 
the same extent only in which the law of Muiotte and Qay 
Lussac IB trua It is only for perfect gases that its absolute 
accuracy may be assumed. It is on this understanding that 
the author brought this principle into application, combined 
it as an approximate assumption with tne two main |>iinci- 
jdes of tne Mechanicsl Theory of Heat, and used it for 
establishing more extended conclusions. 

More recently Mr, now Sir William Thomson, who at first 
did not agree with one of the conclusions so deduced, under- 
took in conjunction with Joule to test experihientally the 
accuracy of the principle * ; and for this purpose instituted 
with great care a series of skilfully conceived experiments, 
which, on account of their importance, will be more fully and 
exactly discussed further on. These have completely coii- 
I ■ firmed the truth not only of the general principle, but also of 
I the remark added by the author as to its degree of exactness. 

In the permanent gases on which the}'" experimented, viz. 
J atmospheric air and hydrogen, the principle was found so 
nearly exact that the deviations might for the purpose of 
most calculations be neglected; while in the non-])ermauent 
gas selected for experiment (Carbonic Acid) somcwliat greater 
deviations were observed, exactlv as misfht have been ex- 
; pected from the behaviour of that gas in other respects. 
I After this we may with the less scruple apply the princi- 

j pie, as being exact for actually existing gases in the same 
degree as the law of Mariotte and Gay Lussac, and abiiiolutely 
exact in the case of perfect gases. 

§ 3. On ike Form wMeh Hhe Fetation expressing ihe 
Jirst main Principle assimes, in the case of perfect gases. 

We now return to equation (IV), viz. ; 

! • dQ^dU-^-pdv, 

in order to apply it to the case of a perfect gas, of which we 
: assume as beibre one unit of weight to be given. 

• Phil. Tram. 1868, 1864, 1882. 

1 
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The condition of the gas is completely determined, when 
its temperature and volume are known ; or it may be deter- 
mined by its temperature and pressure, or by its volume and 
jKresaure. We wiU at present choose the iust-named q[uaa- 
titles temperature and volume, to determine the condition^ 
and accordingly treat T and i; as the independent variables^ 
on which all other quantities relating to the condition of the 
gas depend. If then we regard the enexgy U of the gas as 
being also a function of these two variaMes, we may write 

di dv 
whence equation (lY) becomes 

dU . /dU 



'^Q'ji'^^^{t^p)<^ («)• 



This equation, which in the above form holds not only 
for a gas, but for any body whose condition is determined 
by its temperature and vulume, may be considerably simpli- 
fied fur gaiioous bodies, on account of their peculiar proper* 
ties. 

The quantity of heat, which a gas must absorb in ex- 
panding at constant temperature through a volume dv, is 

generally denoted by dv. As by the approximate assump- 
tion of the last Secti<ni this heat is equal to the work done 
in the expansion, which is expressed by pdv^ we have the 
equation ; 

■^dv^pdv. or^=i;. 
jbut irom equation (8) 

dv dv ^' 

» 

hence from the laat two equations we obtain 

f-o- 
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Hence we condade that in a perfect gas the energy U is 
independent of the Yolnme^ and can only be a function of 
the temperature. 

dU 

If in equation (8) we put ^ = 0, substitute for 

dU 

the symbol (7„ it becomes 

dQ-^ C,dT+pdv (10). 

From the form of this equation we see that 0^ denotes 
the Specific HetU of the Om ui comUuU volume, since C^dT 
expresses the quantity of heat which must be imparted to 
the gas in <nder to heat it from T to Xi-dT, when dv is 

equalto.«o. ^ this Specific a»t=g. La iB the differ- 

ential coefficient with respect to temperature of a function of 
the temperature only, it can itself also be only a function of 
temperature. 

In equation (10) all the three quantities jT, v, and p are 
found ; but since by equation (6) pv = it is easy to 
eliminate one of tlicm ; and by eliminating each in succession 
we obtain three diiierent forms of the equation. 

Eliminating p we obtain, 

dQ^O^T^—dv (11). 

RT 

Agaio, to eliminate v we put v =» — ; whence we have 

dv=- dT =-ifo. 

p ^ 

If we substitute this value of dv in equation (10), and 
then combine the two terms of the equation which contain 
dT, we obtain 

dQ = {C, + B) dT-—dp (12). 

P 

Lastly, to eliminate we obtain from equation (6), by 
differentiation. 
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Substituting in equation (10) 

dQ = vdp + pdv. (13). 

§ 4. Deductions as to the tivo Specific Ileats, and 
transformation of the foregoing equations. 

Id tbe same way as we see from equation (10) that the 
quantity (7„ which appears as &ctor of dTf denotes the 
specific heat at constant temperature, we may see from 
equation (12) that the fiictor of dTin that equation, yiz. 

+ expresses the Spedfio Beat at comtani pressure'. If 
therefore we denote this Specific Heat by Cp we may put 

+jB (14). 

which equation gives the nelation between the two Specific 
Heats. 

Since i? is a constant, and C„, as shewn above, is a func- 
tion of temperature only, it follows from equation (14) that 
Cf also can only be a function of temperature. 

When the author first drew in this manner from the 
Mechanical Theory of Heat the conclusion that the two 
Specific Heats of a permanent gas must be independent of 
its density, or in other words of the pressure to which it is 
subjected, and could depend only on its tempexatuie; and 
when he added the further remark that they were thus in all 
probability constant; he found himself in opposition to the 
then nrevailinff yiews on the subject At tnat time it was 
considered to be established from the experiments of Suer- 
mann, and from those of de la Roche and B^rard, that tiie 
specific heat of a gas depended on the pressure ; and the 
cucumstance that the new theory led to an opposite conclu- 
sion produced mistrust of the theory itself, and was used by 
A. von Holtzmann as a weapon of attack against it. 

Some years later, however, followed the first publication 
of the splendid experiments of Regnault on the specific 
heat of gases*, in which the influence of pressure and tem- 
perature on the specific heat was made a subject of special 

* C<mpt$$ Rendw, YoL nxn., 1S68; also Relation det experiences, 
YoLn. 
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investigation. Regnault tested atmospheric air at pressures 
from 1 to 12 atmospheres, and hydrogen at from 1 to 9 at- 
mospheres, but could detect no difference in their specific 
heats. He tested them also at different temperatures, fiz, 
between - 30° and + 10^ between 0" and 100^ and between 
0^ and 200° ; and here aJso he found the specific heat always 
the same *. The result of his experiments may thus be ex- 
pressed by saying that, within the limits of pressure and 
temperature to which his observations extended, the specific 
heat of permanent gases was found to be constant 

It is true that these direct explanatory researches were 
confined to the spedfio heat at 'constant pressure; but thm 
will be little scruple raised as to assuming the same to be 
correct for the other specific heat, which by equation (14) 
differs from the former only by the constant B. Accordini^^ly 
in what follows we shall treat the two specific heats, at leabt 
for perfect gases, as being constant cjuantities. 

By help of equation (14) we may transform the three 
equations (11), (12) and (13), which express the first main 
principle of the Mechanical Theory of Heat as a})plied to 
gases, in such a w^ay that they may contain, instead of the 
Specific Heat at constant volume, the Specific Heat at con- 
stant density; which may perhaps appear more suitable, since 
the latter, as being determined by direct observation, ought 
to he used more frequently than the former. The resulting 
equations are ; 

dQ = (a,'-B)dT-j-~dv 

' dQ^G^dT^^ dp 

C —R C 
dQ = -^^vdp -{r^pdv 

Lastly, we may introduce both Specific Heats into tlie 
equations, and eliminate £, by which means the resulting 

* The numbers obtained for atmospheric air {Meh des Exp. Vol. u., p. 108) 
9X% ae ftdlows in ordiuary heat units : 

Mween ~80»atid + lO^ 0*38771, 

„ • ©• „ 1000 0-23741, 
0<» ,, 20f)o 0-23761, 
which maj be taken as practically the same. 



(15). 
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e(^uatioD3 become symmetrical as to ^ and v, as follows : 



(16). 



G G 

In the above equations the speciric heats are expressed 
in mechanical units. If we wish to express them in ordinary 
heat units, we have only to divide these values by the 
Mechanical Equivalent of Heat, Thus if we denote the 
specific heats, as expressed in ordinary heat unitS| by c, and 
Cp, we may put 

^=§. 

Applying these equations to equation (14), and diyiding 
by E, we have 

(18). 

§ 5. Belation between tke two Spedjun Heate, and He 
aj^jHteatwn to.calctilate (he Meekanicdl Equivaient of Heat 

If a system of Sound-waves spreads itself througli any gas, 
e.g. atmospheric air, the gas becomes in turn condensed and 
rarefied ; and the velocity with w^hich the sound spreads 
depends, as was seen by Newton, on the nature of the changes 
of pressure produced by these cliauges of density. For very 
small changes of density and pressure the relation between 
the two is expressed by the differential coefficient of the 
pressure with respect to the density, or (if the density, i.e. the 
weight of a unit of volume^ is denoted by p) by the differential 

coefficient ^ . Applying this principle we obtain for the 

yelodty of sound, which we will call the following equa- 
tion 

• »=\/4 

in which g represents the accelerating force of gravity. 
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Now in order to determine the value of the differential 
coefficient ^ Newton used the law of Hariotte*, according to 
which preasuxe and denaity are proportional to each othen 

He therefore put ^ = constant, whence by differentiation : 

(^»>> 



and therefore 



whence (19) becomes 



(21). 



The yelocil^ calculated by this formula did not however agree 
with ezpenment^ and the reason of this diveigence, after it 
had been long wught for in tud. waa at lut diaoOTeted by 
Laplace. 

The law of Mariotte in &ct holds only if the change of 
density takes place at constant temperature. But in sound 
vibrations this is not the case, since in every condensation 
a heating of the air takes place, and in everv rarefaction a 
cooling. AccorduQigly at each condensation the pressure is 
increased, and at each rare&ction diminished, to a greater 
extent than accords with Mariotte's law. The question now 

ariaea how. under theae circomatanoes, can the value of 

be determined. 

Since the condensations and rarefactions follow each other 
with great rapidity, the exchange of heat that can take place 
during each short period between the condensed and rarefied 
parts of the gas must be very small. Neglecting this, we 
have to do with a change of density, in which the quantity of 
gas under consideration receives no heat and gives forth nniie; 
and we may thus, in applying to this case the differential ec^ua- 

• This law is commonly known in Esfilsnd as * Boyle'i law,' as ))euig 
originally due to Boyle. {'I raimlator.) 

c 4 
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tions of the last section, ])ut clQ = 0. Hence, e.g. from the last 
of equations (16)> we obtain: 

or Cjodp'\'C,pdio^Q* 
Now, since the volume v of one unit of weight is the re- 
ciprocal of the denatjy we may put and l&ereforo 

1^ • whence the equation becomes 



or 



This value of the Differential Coefi^cient -~- diffeis from that 

ap 

deduced from Mariotte's law, and given in (20), by containing 
as factor the ratio of the two Specific Heats. If for simplicity 
we put 

*=§..... (28), 

the latt equation beocmieB 

■ l-'f w 

Sabstituting this value of ^ in equation (19), we get instead 
of (21) ^ 



J (25). 

Trom this equation the velocity of sound u can be calculated 
if A; is known ; or, on the other hand, if the velocity of sound 
is known by experiment, we can apply the equation to calcu- 
late k, chaDging it firs!; into the form 

'■ii » 
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The yelocil^of flotuid iu air has been several times deter* 
xnbed with great caie hy Tarioas physicists, whose results 
agree with each other very closely. According to the experi- 
ments of Brayais and Marten^ the velocity at fireezn^ tern- 
peratore is 382*4 m. per second (1090*6 feet). We mil in- 
sert this value in equation (26). We may also give its 
recognized value 9 '801) m. (82"2 feet). To determiiie the 

qnotient ^ we may give the pressore p any value we please, 

but we must then assign to the density p the value corre- 
sponding to that pressure. We will assume p to be the 
pressure of 1 atmosphere. This must be expressed in the 
formula by the amount of weight supported per unit of 
surface. As this weight is equu to that of a column of 
quicksilver, whose base is 1 sq. m. and height 760 mm., and 
which therefore has a volume of 7G0 cubic decimetres, and as, 
according to Eegnault, the Specific Weight of quicksilver at 
V, as compared with water at 4\ is 13*596, we obtain 

p->l atmosphere s 760 X 13*596 B 10333 kg. per sq. metre. 

Lastly, p is the weight of a cubic metre of air under the 
assumed pressure of 1 atmosphere and at temperature 0\ 
which, according to Eegnault, is 1*2932 kg. Substituting; 
these values in equation (26) we obtain 

(332*4)' X 1*29 32 
9-809x10388 

Having thus determined the quantity i for atmospheric 
air, we can now use equation (18) to calculate tike quantity L\ 
La the Mechanical Equivalent of Heat, as was first done by 
Mayer. Fint we have from (18) 

and, if we again denote by k the quotient ^, which is the 

* Ann, de Chim. m., 18, 5; and Fogg. Ann, YoL lzvz., p. 351. 

4—2 
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C c 
Bame as ^ , and aoooidingly substitute ^ for we have 

Here we may substitute for k its value 1*410 just found, 
and for its value as given by Begnault, 0*2375. It then 

remains to determine E, or . To do this, let us again 

take as the pressure of 1 atmosphere, which, as seen above» 
is equal to 10333^ and we then have for the volume in 
cubic metres of 1 kg. of air under the above pressure of 
1 atmosphere and at temperature 0^ which according to 
B^ault is 0*7733. LasUy we have already assumed the 
value of a to be 273. The value of JB for atmospheric air 
'^will therefore be given by the equation 

10333^ 0-7788 , ^.^y 

•Substituting these values for e,^ and JS in equation (27) 
'we obtain 

1-410 X 29*27 _ 
"0-410 X 0*2375 

This figure agrees very closely with that determined by 
Joule from the friction of water, viz. 423*55. In fact it 
must be admitted that the agreement is more close than, 
considering the d^ee of uncertainty as to the data used in 
the calculation, we could have had any right to expect; so 
that chance must have assisted in some degree to produce it 
In any case, however, the agreement forms a striking con- 
firmation of the equations deduced for permanent gases. 

§ 6« Various Formvlod rdaiing to the Specific Heais of 
Oaaes. 

If in equation (18), p. 48, we consider the quantity E as 
known, we may apply that equation to calculate the specific 
heat at constant volume from that at constant pressure, which 
is known from experiment. This application is of special 
importance^ because the method of deducing the ratio of the 
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two specific heats from the Telocity of sound is only prac- 
ticable in the case of the v&rj few gases for which that 
▼elocity has been experimentally determined. For all others, 
equation (18) offers the only means as yet discovered of 
calculating the specific heat at ccmstant volume from that 
at constant pressure. 

It must here be observed that equation (18) is exactly 
true only for pericct gases, although it gives at least approxi- 
mate results i\)V other ^asus. The circumstance has also to 
he considered, that the determination of the specific heat of 
a gas at constant pressure is the more difficult, and therefore 
the value determined the less reliable, in proportion as the 
gas is less permanent in its character, and thus diverges 
more widely in its behaviour from the laws of a perfect gas ; 
therefore, as there is no need to seek in our calculations a 
greater accuracy than the experimental values themselves 
can possibly possess, we may treat the mode of calculation 
employed as suflSciently complete for our purpose. 

A<^rdingly we begin by putting equation (18) in the form 

(28). 

Here for E we shall use the value 423*55. H is determined 
by equation (4) 

a 

where j^o^^, are the pressure and volume at the temperature of 
freezing. Should it be difficult to make observations on the 
gas at this temperature (as is the case with many vapours) 
we may also^ by equation (6)j give H the value 

H-? (29). 

where p, v, and T are any three corresponding values of 
pressure, volume, and absolute temperature. 

This quantity R, as already observed, is only so far depen- 
dent on the nature of the gas, that it is inversely proportional 
to its specific gravity. For if we denote by v the volume 
of a unit of weight of air at temperature T and pressure jp, 
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and by IP Hie correspondiDg value otB, we have 
Combining this with equation (29), 

V 

But ^ is the ratio of the volumes of equal weights of the two 

gases, and is therefore the reciprood of the ratio of the 
weights of equal volumes, which ratio is called the Specific 
Gravity of the gas, as compared with common air. if we 
cadi this specific gravity the last equation becomes 

= J (30). 

Substituting this value of £ in (28) we obtain 

The quantity here denoted by R\ i.e. the value of R for 
atmospheric air, has been already determined in § 5 to be 
equal to 29*27. Hence further, 

:]^^ 423 55"*^^^' 

whence the equation, which serves to determine the Specific 
Heat at constant volumoj takes this simple form : 

25691 

If in the next place we apply this equation to the case of air, 
for which d = l, and for th^ sake of distinction denote by 
accented letters the two specitic heats for air, we get the 
following equation : 

e'-c^,- 0-0691 (38), 
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and substituting for c'^ its value according to Eegnftult, 
which is 0'237o» we obtain the result # 

c\ = 0-2375 - 0069JI » 01684 (34) 

# 

For the other gases the equation may be given in the 
following form : 

,,^sAz^ (3.^^ 

which, as will be seen later, is specially convenient for the 
application of the values .given by B^gnault for specific 
heats at constant pressure. 

The specific heats denoted by and relate to a unit 
of weight of the gas, and have for unit the ordinaiy unit of 
heat, i.e. the quantity of heat required to raise a unit of 
weight of water from the temperature 0^ to 1^. We may 
thus say that the gas, in relation to the heat wludi it 
requires to raise its temperature either at constant pressure 
or constant volume, is referred as regards weight to the 
standard of water. 

With gases however it is desirable to refer to the 
~ of air as regards volume ; i.e. so to determine the 
spedfic heal^ as to compare the quantity of heat^ which 
we gas requires to raise its temperature through with the 
quantity of heat which an equal volume of air, taken at the 
same temperature and pressure, requires to raise its tempo* 
lature to the same extent We msy use this kind of 
c<»nparison in the case of both the specific heats, inasmuch 
as we assume in the one case that both the gas under con- 
sidendaon and the atmo^heric air are heated at constant 
pressure, and in the other that they are both heated at 
constant volume. The specific heats thus determined may 
be denoted by 7^ and 7^ 

As we denote by t; the volume which a unit weight of gas 
assumes at a given pressure and temperature, the quantity of 
heat, which a unit-volume of the gas absorbs at constant 

pressure in being heated through T, will be expressed by , 

* It vfll be ieen thai e/ and e,' iolfil the condition found above for 
perfect gases; -^sbI'IIO. {TramkOor.) 

Cm 
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c 

or ill the case of atmospheric air by The specific heat 
7; is foiLDd by dividing the former quantity by the latter, or, 

7, = ^ X -^5^ X - «^-ci (36). 

Similarly "I^^J^ 

In the first of these two equations we may give to c'^ its 
value as found by Hegnault, 0*2375; the ecjuation then 
becomes 

In the second we may put for c'„, according to (34), the 
value 0'1684iy and for the expression given in (35); whence 
we have 

c^d- 00691 

§ 7. Nimmool Oalculatian of the Qpedjic Heat at eon- 
stant Vobme, 

The formulae developed in the last section have been 
apphed by the author to calculate from the values which 
Eegnault has determined by his researches for the Specific 
HfiHKt at constant Pressure of a large number of gases and 
vapours, the corresponding values of the Specific Heat at 
constant Volume. In so doii^ he has in some sort recal- 
culated one of the two series of numbers given by Begnault 
himself; who has expressed the Specific Heat at constant 
Pressure in two different ways, and has brought together the 
resoltinff numbets in two series, one of whi(£ is supevacribed 
'en poids,' and the other 'en volume.' The first series con* 
tains the values which result^ if the gases in question are 
compared weight by weight with water, in relation to the 
quantity of heat required to warm them through 1*; in other 
words, the values of the quantities denoted abc^ by Cp. The 
numbers in the second series are simply obtained firom those 
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in the first by multiplying them by the corresponding specific 
gravity, i. e. they are the values of the product Cpd. 

These latter numbers were no doubt those most easily 
calculated from the observed values of c^; but their signi- 
fication is somewhat complicated. With them the quan- 
tity of heat has for its unit the ordinary unit of heat, whilst 
the volume to which they refer is that which a unit-weight 
of atmospheric air ftflmimftBj, when under the same tempera- 
ture and pressure as the gas under consideration. The tedious- 
ness of the verhaL description thus required makes the 
numbers troublesome to understand and to apply ; moreoyer 
this mode of expressing the Specific Heat of gases has been 
used, so fiur as toe author knows, by no previous writer. In 
considering gases ¥dth reference to volume, it has in all other 
cases been customary to compxe the quantity of heat, whicli 
a given gas requires to raise its temperature through I*', with 
the quantity of heat which an equal volume of atmospheric 
air requires under the same conditions for the same purpose, 
or, as briefly expressed above, by comparing the gas, volume 
for voltme, wi^ air. The numbers thus obtained are re- 
markable for their simplicity, and allow the laws which 
hold as to the specific heats of the gas to be treated with 
special clearness. 

It will therefore, the author believes, be found- an ad- 
vantage that he has calculated, from the values given by 
Bqpoault under the heading 'en volume' for the product 
c,d, the values of the quantity 7,, defined above. All that 
was required for this, by (38), was to divide the values of cjsf 
by 0-2875. 

. Hd has further calculated the values of and 7,; calcula- 
tions which by equations (35) and (39) could be very simply 
performed, by taking from the values of the product c^d the 
number 0'0691, and dividing the remainder by d, or by 
0*1684, respectively. 

The numerical values thus calculated are brought together 
in the annexed table, in which the different columns have the 
following signification : 

Column L gives the name of the gas. 

Column II. gives the Chemical composition, and this 
expressed in such a way that the diminution of volume pro- 
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duced by the combination can be immediately observed For 
in each case those volumes of the simple gas are given^ which 
must combine in order to give Two Yoiumes of the oompound 
gas. Thus we assume for Carbon, as a gas, such an hypothec 
tical volume as we must assume, in order to say that one 
volume of Carbon unites with one volume of Oxygen to make 
Carbonic Oxide, or with two volumes to make Carbonic 
add. Affain, when, e.g. Alcohol is denoted in the Table by 
CJIfi, this means that two voltmies of the hypothetical car* 
bon gas, six volumes of Hydrogen, and one volume of Oxygen, 
make up together two volumes of Alcoholic vapour. For 
sulphur-gas the specific gravity used to determine its volume 
is that found by Sainte-Claire Deville and Troost for very 
high temperatures, viz. 2'23. In tlie live last combinations 
in the Table, which contain Silicon, Phosphorus, Arsenic, 
Titanium, and Tin, these simple elements are denoted by 
their ordinary chemical signs, without reference to their 
volumes in the gaseous condition, because the gaseous 
volumes of these elements are partly still unknown, partly 
hampered with certain irregularities not yet thoroughly cleare4 
up. 

Column III. gives the Density of the gas, using the values 
given by Regnault. 

Colunm lY. gives the Specific Heat at constant Pressure 
as compared, weight for weight, with water, or in other words 
referred to a unit-weight of the gas and expressed in ordinary 
units of heat These are the numbers given by Begnauft 
under the heading ' en poids.' 

« 

Column V* gives the Specific Heat at constant Fressuxe 
compared, volume for volume, with air, calculated by divid- 
ing Dy 0*2375 the numbers given by Begnault under the 
heading ' en volume.* 

Colunm VI. gives the Specific Heat at constant Volume 
compared, weight for weight, with water, calculated by equar 
tion (3o). 

Column VII. gives the Specific Heat at constant Volume 
compared, volume for volume, with air, calculated by ecj^uation 
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Ktme of the Gaa. 



Chemical 
Composi- 



Atmospheno Air 

Oxygen 

Vitrogtti 

Hydrogen. 

Clilorine 

Bromine 

Nitric Oxide 

Carbooie Oxide 

Hydrochloric Aidd..... 

Carbonic Acid 

Kitrio Acid 

Steam 

Sulphuric Acid 

Hydro- sulphuric Acid. 
Carbonic di-sulphide . 
Carburetted Hydrogen 

GUoNiosm 

OlefianlGM 

Ammonia 

Benzine 

Oflof Turpentine 

Wood Spirit 

Alcohol 

Ether 

Ethyl Sulphide 
Sfhyl Gbkirida 
Bthyl Bromidt, 
Batch Liqiiid.. 

Aceton 

Butyric Acid... 
Tri-chloride of Silicon 
Tri- chloride ol PluM- 

phorus 

Tri-ohlorideof Arsenic 
Tetm-«iiloiride dTi 

tauium 

letn^diloride of Tin. 



NO 

CO 

HCl 

CO, 

N.O 

H,0 

SO, 

H,S 

CS, 

CH, 

OHCI3 

C, 

NH.J 

OH.U 
CjHgO 

C,H,oO 

CjH^ CI 
C,H,Br 

SiOl, 
PCI, 

As CI3 
Ti Cl^ 
SaGl4 



IV. 



y. 



Specific hfiat at con- 
stant Pressure 



TO. 



Specific boat at 
stant Volume 



Denaitgr. 


compareu 
weight for 

weight 
with 

Water. 


1 compared 
1 volume for 
volume 
with Air. 


compfin'd 
weiirht fur 

weight 
wilh 

Water. 


, compared 

volume for 

TUlUIDv 

wfthAlr. 


1 


0*2375 


1 


0-1 C84 


1 


1*1056 


0-21751 


1-013 


01551 


1018 


0*9713 


0*94880 


0*997 


0-1727 


0*996 


0 0692 


3-40900 


0-998 


2-411 


0-990 


2-4502 


0-12099 


1-248 


0-0928 


1-350 


5-4772 


0-05552 


1-280 


00429 


1-395 


1*0384 


0-2317 


1-013 


0-1652 


1-018 


01M73 


0-3450 


0*998 


0*1788 


0*997 


1*2596 


0-1852 


0-982 


0-1304 


0-975 


1*5201 


0*2169 


1-39 


0-172 


1-55 


1*5241 


0*2262 


1-46 


0-181 


1-64 


0*6219 


0*4805 


1*26 


0-870 


1-86 


2*2113 


0*1544 


1*44 


0*123 


1*62 


1*1747 


0-2432 


1-20 


0-184 


1*29 


2 -6208 


01509 


1-74 


0-131 


2-04 


0-5527 


0-5929 


1-38 


0-468 


1*54 


4*1344 


0*1567 


2*79 


0*140 


8*48 


U JO 1 £t 






U 00 J 


^ U'l 


0-5894 


0-5084 


1-26 


0-391 


1-37 


2-6942 


0-3754 


4-26 


0-350 


6-60 


J..CQ7Q 






n.j.Qi 

U 'ivl. 




1'1066 


0-4580 


213 


0*395 


2*60 


1*5890 


0-4534 


303 


0-410 


3*87 


2-5573 


0-4797 


516 


0-453 


6-87 


O.1 1 ni 

o'llOl 


0*40Uo 




O*o79 


o-9i> 




0*9788 


2*57 


0-248 


8*21 


3*7058 


0-1896 


2*96 


0*171 


3-76 


3-4174 


0-2293 


3-30 


0*209 


4-24 


2-OOSG 


0-4125 


3-48 


0*378 


4-50 


8'0400 


0*4008 


6-13 


0*378 


6-82 


6*8888 


0*1882 


8*27 


0120 


4*21 


47464 


0*1847 


9*69 


0190 


8*89 


6-2667 


0-1122 


2 -96 


O-lOl 


3-77 


G-6402 


0-1290 


3-Gl 


0-119 


4-67 


8-9654 


0-0989 


3-54 


0086 


4-59 
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§ 8. Integration of the Differential Equations whiok 
preee the first ma/in Principle in the coue of Octaes, 

The differential equations deduced in sections 3 and 4, which 
in various forms express the first main principle of the Mechani- 
cal Theory of Heat in the case of gases, are not immediately 
integrable, as can be seen by inspection; and must therefore 
be treated after the method developed in § 3 of the Introduc- 
tion. In other words, the integration becomes possible as 
soon as we subject the variables occurring in the equation to 
some one condition, thus determining the path of the change 
of condition of the body. We shall here give only two very 
simple examples of the process, the results of which are 
important for our further investiii^tions. 

Example 1. The gas changes its volume at Constant 
Pressure, and the quantity of heat required for such change is 
known. 

In this case we select from the above equations one which 
contains p and v as independent variables, e.g. the last of 
Equations (15), which is 

dQ^^^vdp-^^pdn. 

As the pressure jp is to be constant, we put p^^p^, and 
dp^O; the equation then becomes 

dQ m ^p^dv, 

which gives on intq^tion (if we call i^^ the original value 
of v) 

m 

Swample 8. The gas changes its volume at Constant 
Temperature, and the quantity of heat required for such 
change is known. 

In this case we select an equation which contains T and v 
as independent vaiiables, e.g. Equation (11), which is 

dQ^C,dT+ — do. 
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As ris to be constoat^ we put T» T^, and dT^O; whence 
we have 



IntegfBting^ 



V 



Q^RT.log^ m 



Hence is derived the Principle that if a Oas changes its 
volume without change of temperature, the quantities of heat 
absorbed or given off form an arithmetical series, while the 
volumes form a geometrical series. 

Again, if we put for JB its value*^^ , we have 

Q^P^%log^^ (42). 

If we suppose this equation to refer, not directly to a unit 
weight of the gas, but to a quantity of it such that at pressure 
]) it assumes a volume v^, and then suppose that this volume 
changes under constant temperature to v, then the equation 
contains nothing which depends on the special nature of the 
gas. Therefore the quantity of heat absorbed is independent 
of the nature of the gas. Further, it does not depend on the 
temperature, but omy on the pressure, being proportionaL to 
the original prearaie. 

Another application of the differential equations deduced 
in sections 3 and 4 consists in making some assumption as 
to the heat to be imparted to the gas during its change 
of condition, and then enquiring what course the change of 
condition will take under such circumstances. The simplest 
and at the same time most important assumption of this kind 
is that no heat whatever is imparted to or taken from the gas 
during its change o f condition. For this purp<^se we may 
imagine the gas contined in a vessel impermeable to heat, or 
that the olinnge is so rapid that no appreciable heat can pass 
to or hom the gas in the time* 



I 
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On this assumption we must put dQ = 0. Let us do 
tbis fi)r the thiee Equations (16). Then the fiist of these 
becomes 

Q 

Dividing by Tx 0^, and as before denoting ^ by i, we have 

Integrating^ 

log r + (A? - 1) log i; = Const 
or TiT' Const. 

If z;^ are the original values of v, we may diminaie the 
Oonstant, and obtain 

' (43). 



If this equation be applied for example to atmospheric air, 
then, writing A;= 1*410, we can easily calculate the change of 
temperature which corresponds to any given change of 
volume. If e.g. we assume a certain quantity of air to be 
taken at fteesi^g temperature and at any pressure whatever, 
and to be oompareMed, either in a vessel impermeable to 
beat, or with great rapidity, to half its volume, then T^m 273 

(absolute temperature) and ^ 2 ; hence the equation be- 
comes 

^.2-*-im 

whence T - 278 x 1*329 - 363, 

or if t be the temperature measured in degrees above freezing 
point, 

f-r-278-9iy. 

If a similar calculation is made for the compression of the 
gas to i and of its original voliune, results are obtained. 
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wHcb, combined witk the former, are presented in the follow- 
ing Table. 



Value of 

• 1^ 


1 
8 


1 
i 


1 

10 


T 

878 


1*839 


1*766 


8*570 


T 


363 


482 


702 


1 


900 




429» 



Again, if in the second of equations (IG) we put dQ = 0, 
we get ; 

This equation is of the same form as the last, except that 
jp 18 in Hie place of v, and that and 0, have their places 
mterchanged. Henoe in exactly the same way we shall- 
obtain, 

2; Kp) ' 



whence 



©■-(tr («'• 



Finally the last of Equations (lQ),i£ dQ be put « 0, passes 
into the form already treated in § 5 : 

which may he wntten 

p V 

and gives on integration 

i-e)' w 
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§ 9. jDeter^nination of the External Wiyrk done during 
Ihe change of voltme of a gas. 

There is one quantity connected with the expansion of a 
gas which still requires to be specially considered, viz. the 
External Work done in the process. The element of this 
work, as determined in Equation {Q), Ch. I, is 

ir == pdv. 

This work may be ver}' clearly set forth by a graphic 
representation. We will adopt a rectangular system of co-or- 
dinates, in which the abscissa represents the volume v, and the 
ordinate the pressure p. If we now suppose p to be expressed 
as a function of say p = f (v), then this equation is the 
equation to a curve, w^iose ordinates express the values of ^9" 
corresponding to the different values of v, and which for 
brevity we will call the Pressure-curve. In Fig. 3 let re be 
this curve, so that, if.oe repre- 
sent the volume v existing at 
a certain instant, the ordinate 
ef drawn at e will represent 
the pressure at the same in- 
stant. If further eg represent 
an indefinitely small element 
of volume dv, and the ordinate 
ah is drawn at g, then we shall 
nave an indefinitely smaU para- 
lellogram efhg, whose area re- 
presents the external work 
done in an indefinitely small 
expansion of the body; and 
which differs from the product pdv only by an indefinite ly 
small quantity of the second order, which may be neglected* 
The same holds for any other indefinitely small expansion; 
and hence in the case of a finite expansion (say from the 
volume Vj, represented by the abscissa oa, to that of v., repre- 
sented by the abedssa oc) the external work, for wnich we 
have the equation 




Fig. a* 



W 



^jpdv 
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is represented by the quadrangular figure abdc^ which is 
bounded by the difference of abscissae ac, the ordinates ab 

and cd, and the portion of tlio pressure-curve bd. 

In order actually to j)crfurm the integration in equation 
(4G) we must know tlie function of v which expresses the 
pressure p. On tliis point we will select as examples the cases 
already treated in § 8. 

First, let us assume that the Pressure is constant. 
Then the curve of pressure is a straiirht line parallel to the 
axis of a:, and abdc is a rectangle (sec i'ig. 4) whoso area is 





Fig. 4. 

equal to the product of ac and ab. In this case then we 
obtain from denoting the constant pressure by 

F-p, (»,-».) (47). 

Secondly, let us assume that the Tem^jeraturc^ remains 
constant during the expansion of the gas. Then tlie law of 
Alariotte holds for the relation between pressure and volume, 
and is expressed by the equation 

From the form of this equation wc see that the curve of 
pressure is an equilateral hyperbola (Fig. 5) having the axes 
of co-ordinates as asymptotes. A pressure- curve of this kind^ 
which involves the special condition that the temperature is 
constant, is usually called an Isothermal Curve. 

To effect the integration in this case we may write for p 

C 6 
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the value , where p^v^^ is anj value obtained fur the con- 
stant in the above equation ; we then get from (46): 




We observe that this value of TT coincides irith that given 
in equation (42) for Q ; the reason for this beii^ that the gas, 
while expanding at constant temperature, araorbs only so 
much heat as is required for the external work. 

Joule has employed the equation (48) in one of his deter- 
minations of the ^k'chanical Equivalent of Heat. For this 
puipt se he forced atmosplieric air into a strong receiver, up 
to ten or twenty times its nomial density. The receiver and 
pump were meantime kept under water, so that all the heat 
which was developed in pumpini^ could be measured in tlie 
water. The a})puratus is represented in Fig. (i, in which 7* is 
the receiver, and C the pump. The vessel G, as will be 
easily undei*st(jud, was used for the drying of the air, and the 
vessel with the spiral tube served to give to the air, before its 
entrance into the pump, an exactly known temperature. 
From the total quantity of heat given in the calorimeter 
Joule subtracted the part due to the friction of the pump, 
the amount of which he determined by working the pump 
for exactly the same length of time, and under the same 
mean pressure, but without allowing the entrance of air, and 
then observing the heat produced The remainder, after this 
was subtracted, he took as being the quantity of heat de- 
veloped by the compression of the air; and this he compared 
with the work required for the compression as given by equa- 
tion (48). By this means he obtained as the mean of two 
series of experiments the value of 444 kilogrammetres as tlie 
Mechanical Equivalent of Heat 

This value, it must be admitted, does not agree veiy well 
with the value 424 obtuned by the Motion of water; the 
reason of which is probably to be found in the fiur larger 
sources of error attending experiments on air. Keverthefess 
at that time, when the &ct that Ihe work required for 
developing a given quantity of heat was equal under all cir- 
cumstances was not yet placed on a firm basis, the agreement 
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of the values found by such wholly different methods was 
close enough to aid considerably in the establishment of the 
principle. 

As a third case of determination of work done, we may 
assume that the gas changes its volume within an envelope 



c 




impermeable to heat ; or, which comes to the same thing, 
that the change of volume takes place too rapidly to allow of 
tbe passing of any appreciable quantity of heat to or from the 
body during the time. 

5—2 
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In this case the relation between pressure and volume is 

iven by equation (45), viz.: 



E 
P 



The curve of pressure corresponding to this equation 
(Fig. 7) falls more steeply than that delineated in Fig. 6. 
Bankine has given to Uiis 
special class of pressure- 
curves, which correspond to 
the case of expansion within 
an envelope impermeable to 
heat^ the name of Adiabatic 
curves (from Stafiaivetp, to 
pass through). On the 
other hand Oibbs {Trana. 
Oarmeeticut Academy, voL 
IL p. 809) has proposed to 
namethemlsentropiccnrves, _ 
because in this kmd of ez- * 
pansion the Entropy, a quan- ^* 
tity which will be discussed further on, remains constant This 
latter form of nomenclature is the one which the author pro- 
poses to adopt, since it is both usual and advantageous to 
designate curves of this kind iiccurdiug to that quantity 
which remains constant during the action tliat takes place. 

To effect the integration in this case, we may put, accord- 
ing to the above equation, 

1 




w hence (-i^G) becomes 



or 
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CHAPTER III. 



SBCOND MAIN PBINCIPLE OF THE lUBCHAJIICAL THSOBY 

OF HEAT. 



§ L Duoriptum of a special form of Cydioal Proem. 

In order to prove and to make intelligible the second 
Principle of the Mechanical Theory of Heat, we shall com* 
mence by following out in all its parts, and graphically repre- 
senting in the manner already described, one special form 
of cyclical process. For the latter purpose we will assume 
that the condition of the variable body is determined by its 
▼(dume V and its pressure and will employ, as before, a 
rectangular system of co-ordinates, in which the absdsse 
represent Tdlumes, and the ordinates pressnrea Any point 
on the plane of co-ordinates will then correspond to a certain 
condition of the body, in which its volume and pressure have 
the same volumes as the abscissa and ordinate of the point 
Further, eveiy variation of the body's condition will be 
represented by a line, whose extreme points determine the 
imtial and final condition of the body, and whose form shews 
the wav in which the i»resBure and volume have simul- 
taneously varied. 

In Fig. 8 let the initial condition of the body, at which 
the eydi^ process commences, be ^iven by the point a> so 
tiiat the abscisBa oe^v^ and the orainate ea=^p^ represent, 
the imtial volume and pressure respectively. means of 
these two ouantities the initial temperature, which we will 
call T^, is also fixed. 
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Now let the body in the first place expand, while retain- 
ing the same temperature If no heat were imparted to it 




during expani^ion^ it would necessarily become cooler: we 
will therefore assume that it is put in communication with a 
body jST, acting as a leservoir of heat, which body has the 
same temperature T^, and does not appreciablv yary from Hob 
during the cyclical process. From this body the TaiiaUe 
body IS supposed to draw during the expansion just sufficient 
heat to keep itself also at the temperature 

The cunre, which during this expansion expresses the 
change of pressure, is part of an iaoAermal carve. In order 
that we may give definite forms to the graphic repre- 
sentations of this curve, and of others yet to be described^ 
we win, without limiting the investigation itself to any 
particular bodies, draw' the figure as it would appear in the 
case of a perfect gaa Then the isothermal curve, as ex- 
plained above, will be an equilateral hyperbola ; and, if the 
expansion take place from the volume oe^v^io the volume 
o/^ K|, we shall obtain the part ab of such an equilateral 
hyperbola. 

When the volume has been reached, let us suppose the 
body A"^ to be withdrawn, and let the variable body be left 
to continue its expansion by itsel f, without any heat being 
imparted to it. The temperature must then fall, and we 
obtain as curve of pressure an xsentropic curve, which descends 
more steeply than the isothermal curve. Let this expansion 
continue till the volume is reached, giving iis the portion 
of an i. sen tropic curve 6c. The lower temperatuie thus 
fittaiucd Wti may call T,. 
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From lienoeforwaard let the body be compressed, so as ta 
bring it back to its original Tolume. Let the compression 
first take place at the constaiirtemperature T^, for which 
purpose we may suppose that the body is connected with a 
body at temperature acting as a reservoir of heat, and 
that it gives uj) to /l.^ just so much heat as suffices to keep 
itself also at temperature 1\. The pressure-curve correspond- 
ing to this compression is again an isothermal curve, and in 
the special case of a perfect gas is another equilateral hyper- 
bola, of which we obtain the portion cd during the reduction 
of volume to oli = v^. 

Finally, let the last compression, whicli brings the varia- 
ble body back to its initial volume, take place without 
the presence of the body K^, so that the temperature rises, 
and the pressure follows the line of an isentrupic curve. 
We will assume that the volume oh = v^, up to whicli the 
compression went on according to the first mode, is so chosen, 
that the coniprcssion which begins from this volume and 
continues to volume oe = is just sufficient to raise the 
temperature again from to T^. If then the initial tem- 
perature is thus regained at the same time as the initial 
volume, the pressure must also return to its initial value, and 
the last curve of pressure must therefore exactly hit the 
point a. When the body is thus brought hack again to the 
original condition, expressed by the point a, the cyclical pro- 
cess is complete. 

§ 2. Result oftlie Cyclical Process. 

During the two expansions which take place in the course 

of the cychcai process the ez<* 
temal pressure must be over- 
come, and tlierefore external 
work must be perfortned; 
whereas conversely during the 
compressions external work 
is absorbed to perform them. 
These quantities of work are 
given directly by the figure, 
which is here reproduced. 
The work performed during 
the expansion ab is represented by the quadrangle eabf, and 




Fig. 9. 
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that performed during the expansion be by the quadrangle 
/bog. Again, the work abeorbed for the compression cd is 
represented by the quadrangle ffodh, and that absorbed for 
J. [fj^ the compression da by the quadrangle hdae. The two latter 
^44^- i^iian titles, onaccount of the lower temperature which obtains 
Of during the compression, are smaller thi^~^e two fotmer: 
Ct. ^^^ cl and, if we subtract them from these, there remains an over- 
4 plus of external work performed, which is represented by the 

quadrangle abed, and which we will call W. 
■T'k^ ^ external w<Mrk thus gained must correspond, ac- 

^ J,^M;ording to equation (5a} of Chapter L, a quantity Q, equal to 
x/t"^/^ ^pt in value, which is required fox its production. Now the 
i ' Tariable body, during the first expansion, expressed by ab, 
which took place in connection with the body K^, received 
from this latter a certain quantity of heat, which we may call 
; and again during the first compression, expressed by cd, 
which took place in connection with the body K^, it im- 
parted to this latter a certain quantity of heat, which may be 
called Q^. During the second expansion be and the second 
compression da the body neither imparted nor received heat. 
Now, since in the course of the whole cyclical process a certain 
quantity of heat Q is absorbed in work, it follows that the 
quantity of heat Q^, received by the variable body, is larc^er 
than the quantity of heat Q,, which it gives out, so that the 
difference — is equal to Q, , 
We may accordingly put 

= Q (1), 

and can then distintrnish in the quantity of heat Q^, which 
the variable body has drawn from the body jK",, two parts, of 
which one Q is converted into work, whilst the other Q is 
given back as heat into the body K^. Since in all the ouier 
relations of the body the original condition is restored at Uie 
end of the cyclical process, and accordingly eveij variation 
which takes place at one part of the |»rocess is counter- 
balanced by an equal and op|x>site variation whidi takes 
place at some other part of the process, we may finaUy de* 
scribe the result of the cyclical pocess in the foUowing terms : 
Tht one qmnHtif of heat Q, denved from Mtf hody K, is tram" 
formed tnto work, and the o^er quantiti/ Q, has j^tassed ovfn' 
from the hotter body iiUo the colder K^. 
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The whole of the cyclical process just described may also 
be suf^posed to take place in the reverse order. If we again 
begin with the conditions represented hy the point a, in 
which the wiahle hody has the volume and the tempera- 
ture T^, we may suppose that it first eaqpands, without any 
heat being imparted to it, to the volume v,, thus describing 
the curve ad, in which its temperature sinks from to ; 
that it is then connected with the body K^, and expands at 
eoDstant temperature firom 9, to V^, describingthe curve 
dc, dionpst wiuoh it draws heat from the bocfy a^; that it 
then, witihoat parting wiUi its heat^ iscompfesBed from to 
Fj, describing the curve cb, during which its .temperature rises 
&om to if; finally that it is connected with the body K^, 
at the constant temperature T^, and whilst imparting its heat 
to JT. is again compresBed from to the initial Tdume w^, 
describing the curve ha. 

In this reversed process the quantities of work represented 
by the quadrangles eadh and hdccf are work performed or 
positive, those represented by gcbf and fbae are work absorbed 
or negative. The latter amount is larger than the former, and 
the remainder, as represented by the quadrangle abed, is iu 
this case work absorbed. 

In addition the variable body has drawn the quantity of 
heat from the body K^y and has given out to tliu body 
the quantity of heat = Q.^ -f Q. Of the two parts of which 

consists, the one Q corresponds to the work absorbed, and 
is generated from it, whilst the other Q,^ has passed over as 
heat from the body K„ to the body A'. Hence the result of 
the cyclical process may here be described as follows: the 
quantity of heat Q is generated out of work, and is given off 
to the body K^y and the quantity of heat has passed over 
ftmsk the colder body to the hotter body K^. 

§ S. Cj^dical process in the case of a body composed 
partly of liquid, partly of vapour. 

In the fixregoing aeoticafl^ although in describing the 
cyclical process ire made no assumptions limiting the nature 
<s the variable body, yet the graj^ic representation of the 
moesB nfBB made to conrespond to the case of a perfect gas. 
it is perhaps as well therefore to »amine the cyclical process 
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over again in the case of a body of a different kind, in order to 
see how its appearance may vary with the nature of the body 
operated on. We will select for this examination a body 
which has not all its molecules in one and the same state in 
all its parts, but consists partly of liquid, partly of vapour at 
the maTimum density. 

Let us suppose a liquid contained in an expansible en-* 
velope, bat only filling a part of it, and leaving the remainder 
free for vapour haying the maximum density corresponding 
to the existing temperature T^. The combined volumes of 
liquid and vapour aie represented in Fig. 10 by the abscissa 
0$, and the pressure of the 6 
vapour by the <»dinate ea. 
Now supnose the envelope to 
yield to tne pressure and en- 
large, while at the same time 
the liquid and vapour are 
oonnected with a body iT, of 
constant temperature T^. As 
the volume increases, more 
li(^uid becomes vaporised, but 
the heat consunicd in the 




Fig. 10. 



vaporisation is coiitinuall}'^ replaced from the body /v^, so that 
the temperature, and with it the pressure of the vapour, 
remains unaltered. The isothermal curve corresponding to 
this expansion is therefore a straight line parallel to the 
abscissa. When the combined volume has increased in this 
way from oe to ofy a quantity of external work has been 
thereby performed, which is represented by the rectan»j:le 
eahf. Now withdraw tlie body A',, and let the envelope 
enlarge still further, without any passage of heat inwards or 
outwards Then there will be partly an expansion of the 
vapour already existing, partly a generation of new vapour; 
in consequence the t^^mperature will fall, and the pressure 
widi it. Let this go on until the temperature has changed 
from T to at which time the volume og has been 
attained. The Mi. of pressore, which has taken place dming 
this expansion, will be represented by the isentropio curve 
bo, and the external work nerfonned hy f beg. 

Now let the envelope be ccmipressed, so as to bring the 
liquid and vapour back again to theur original combined 
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volume oe ; and let this compression take place, partly in con- 
nection with the body K^, of constant temperature 7\, to which 
all the heat produced by condensation of vapour passes over, 
so that the temperature remains unaltered: partly apart 
from this body, so that the temperature rises. Let it also be 
arranged, that the first compression shall extend only so far 
(to oh) as that the decrease of volume he then remaining may 
be just sufficient to raise the temperature again from to 
During this first compression the pressure remains unaltered, 
at the value gc ; the external work thus absorbed is therefore, 
represented by the zeotangle ffodk, Duiinig the last compres- 
sion the pressure increases, and is represented by the 
iaentropic curve da, which must end exactly at the point a, 
since with the oiigmal temperature we must also have the 
original pressure 00. The external work absorbed in this 
last operation is represented by Mae. 

At the end of the operation the liquid and vapour are 
again in their original condition, and the cyclical process is 
complete. The surplus of the positive above the n^;atiye 
external work, or the external work W which has been gained 
on the whole in the course of the })rocess, is represented as 
before by the quadrangle abed. To this work must correspond 
the absorption of an equivalent quantity of heat Q ; and if we 
denote by the heat imparted during the expansion, and by 

the heat given out during the contraction, we may put 
Qt'^Q+ Q^f and the final result of the cjrdical process is 
again expressed by saying, that the quantity of neat Q is 
converted into work, and the Quantity has passed over from 
the hotter body K^ to the colder K^. 

This cyclical process may also be carried out in the reverse 
direction, and then the quantity of heat Q will be generated out 
of woork, and given off to the body K^, while the quantity 
will jpassi over from the colder body to the hotter 

In a similar manner cydical pix)cesses of this kind may 
be carried out with other variable bodies, and graphically 
lepvesented by two isothermal and two isentropic Imes; in 
which cases, while the form of &e curves depends on the 
nature of the body, the result of the process' is always of the 
same kind, viz. that one quantity of heat is convdrted into 
work, or generated out of work, and that another quantity 
passes over firom a hotter to a colder bpdy,.or.vice.ven&. 
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The question now arises, Whether the quantity of heat 
converted into work, or generated out of work^ stands in a 
generally constant 2^roportion to the quantity which parses ovei- 
from the hotter to the colder body, or vice versd ; or whether 
the proportion ewiating between them varies axicordtng to the 
natiire of ike varioMe bod^^ vfhich ie the medium of the 
fremfer, 

§ 4. Camo^e view ae to the work pevfonned during a 
Cydioal Prooeee. 

Oamot^ who was the first to mnirk that' in the produc- 
tion of mechanical work heat passes llrom a hotter into a 
colder body, and that ocmyersely in the consumption of 
mechanical work heat can be brought from a colder into a 

hotter body, and who also conceived the simple cyclical process 
above described (which was first represented graphically by 
Clapeyron), took a special view of his own as to the funda- 
mental connection of these processes*. 

In his time the doctrine was still generally prevalent that 
heat was a special kind of matter, which might exist within 
a bi)(ly in greater or lesser quantity, and thereby occasion 
differences of temperature. Tn accordance with this (hx^trine 
it was supj)o?e(l that heat might cliange the character of its 
distribution, in passing from one body into another, and 
further that it could exist in different conditions, which were 
denominated respectively 'free* and 'latent'; but that the 
whole quantity of heat existing in the universe could neither 
be increased nor diminished, inasmuch as matter jpt^ neither 
be created nor destroyed. : A/f' Ikji. U V / ? '*«> ' - V/' ^' ' 

Camot shared these views,\and accordingly treated il as^ ) 
self-evident that the Quantities of heat, wmch the variable 
body in the course of tne cyclical process receives from and 
gives out to the surrounding space, are equal to each other, 
and consequently cancel eadi <^er. He lays this down very 
distinctly in § 27 of his work, where he says: ''we shall 
ajsnme that the quantities ot heat absorbed and emitted in 
these difiPerent transformatiims compensate eadi other ezactfy. 
This &ct has never been held in doubt ; admitted at first witb- 
out reflection, it has since been verified in many instances by 

* B^/UsUm m»Ui§elimmaewoMee imjee- Fikris, 1S81 
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ezpeiimentsmth the calorimeter. To deny it would be to sab- 
vert the whole theory of heat, which reete on it as its basis." 

Now smce on this assumition 'the Quantity of heat exist- . 
ing in the body waa the same after the cydical piooess as 
before it, and yetacerCain amonnt of work had been achieved, 
Gamot sought to enlfdn tiiis laitter &et from the droum- 
stance of ike heat railing from a higher to a lower tempera- 
ture. He drew a comparison between this descending passage 
of heat (which is especially striking in the steam-engine, 
where the fire gives off heat to the boiler, and conversely the 
cold water of the condenser absorbs heat) and the falling of 
water from a higher to a luwer level, by means of which a 
machine can he set in motion, and work done. Accordingly 
ill § 28, after making use of the expressi(m ' fall of water,' he 
applies the corres|Hiiuiing expression 'fall of caloric' to the 
Sinking of heat from a higher to a lower temperature. 

Starting from these premises, he laid d<jwn the principle 
that the quantity of work done must bear a certain constant 
relation to the 'passage of heat,' i.e. the quantity of heat 
passing over at the time, and to the temperature of the bodies 
between which it passes ; and that this relation is indepen- 
dent of the nature of the substance which serves as a 
medium for the peifbrmanoe of work and passage of heat. 
His proof of the necessary existence of this constant relation 
rests on the principle " That it is impossible to create moving 
force out of nothing,'' or in other words, " That perpetucd 
motion is an impossibility." 

This mode of deaiu^ with the question does not accord 
with our present views, masmueh as we rather assume that 
in the production of w<Nrk a corresponding quantity of heat 
is consumed, and that in consequence the quantity of heat 
given out to the surrounding space during the €vclic»l process 
is less than that received from il Now if for tne production 
of woric heat is consumed, then, whether at the same time 
with this consumption of heat there takes place the passage 
of another quantity of heat from a hotter to a colder body, 
or not, at least tibere is no ground whatever for saying that 
the work is created out of nothing. Accordmgly not only 
must the principle enunciated by Camot receive some modifi- 
cation, but a different basis of proof from that used by him 
must be discovered. 
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§ 5, JS'ew Fundamental Principle concerning Heat, 

Various consideiatioiis as to the conditions and nature of 
heat had led the author to the conviction that the tendency 
of heat to joass from a wanner to a colder body, and thereby 
equalize existing differences of temperature (as prominently 
shewn in the |menomena of conduction and ormnary radia- 
tion), was so intimately bound up with its whole constitution 
that it must have a predominant influence under all conceiv- 
able circumstances. He thereupon propounded the following 
as a fundamental principle : ** Heat oannofc, of itsdf, pass from 
a colder to a hotter body." 

The words ' of itself/ here used for the sake of brevity, 
require, in order to be completely understood, a further ex- 
planation, as given in various parts of the author's papers. 
In the firiBt place they express the fact that heat can never, 
through conduction or radiation, accumulate itself in the 
warmer body at the cost of the colder* *This, which was 
already known as respects direct radiation, must thus be 
farther extended to cases in which by refraction or reflection 
the course of the ray is diverted and a conoentnttion of rays 
thereby produced. In the second place the principle miist 
be applicable to processes which are a combination of several 
different steps, such as e.g. cyclical processes of the kind 
described above. It is true that by such a process (as we 
have seen by going through the original cycle in the reverse 
direction) heat may be carried over from a colder into a 
hotter body: our principle however declares tiiat simul- 
taneously with this passage of heat from a colder to a hotter 
body there must either take place an opposite passage of heat 
from a hotter to a colder body, or else some change orotlier 
which has the special property that it is not reveisuile, except 
under the concliti0n that it occasions, whether directly or 
indirectly, such an opposite passage of heat. This simul- 
taneous passage of heat in the opposite direction, or this 
special change entailing an opposite passage of heat, is then 
to be treated as a compeneation for tne passage of heat from 
the colder to the warmer body ; and if we ap|)ly this concep- 
tion we may replace tlie words " of itself" by without com- 
pensatioTi," and then enunciate the principle as follows: 

** A ]>assage of lieat from a colder to a huttcr body cannot 
take place without compensatiun, '* 
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This proposition, laid down as a Fundamental Principle 
by the author, has met with much opposition ; but, having 
repeatedly had occasion to defend it, he has always been able 
to shew that the objections raised were due to the £BMst that 
the phenomena, in which it was believed that an uncompen- 
sated passage of heat fiom a colder to a hotter body was to 
be found, had not been oorreotly understood. To state these, 
objections and their answers at this place would interrupt too 
seriously the course of the present treatise. In the discus* 
slons which follow, the principle, which, as the author beKeres, 
is acknowledged at present by most physicists as being correct, 
will be simply used as a fundamental principle; but the 
author proposes to return to it further Qn> and then to consider 
more closely the points of discussion which have been raised 
upon it. 

§ 6. Proof that the relation between ilie quantity of heat 
carried over, and that converted into work, is independent of 
the nature of the matter which forme the medium of the 
change. 

Assuming the foregoing principle to be correct, it may be 
proved that between the (^^uantity of heat Q> whidi in a cydical 
process of the kind described above is transformed into work 
(or, where the process is in the reverse order, generated by 
work), and the quantity of heat Q,, which is transferred at the 
same time from a hotter to a colder body (or vice venA), Ihere 
exists a relation independent of the nature of the variable 
body which acts as the medium of the transformation and 
transfer; and thus that, if several cyclical processes are pei> 
formed, with the same reservoirs of heat and K^, but with 

dijSerent variable bodies, the ratio ^ will be the same for 

all. If we suppose the processes so arranged, according to 
their magnitude, that the quantity of heat Q, which is trans- 
formed into work, has in all of them a constant value, then 
we have only to consider the magnitude of the quantity of 
heat which is transferred, and the principle which is to be 
proved takes the following form : ** If where two different 
variable bodies are used, the quantity of heat Q transformed 
into work is the same, then the quantity of heat i^^, which 
is transferred, will also he the same." ,\ p ^. ,^,Jlx. a • < 
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Let there, if possible, be two bodies C and C (e.g. the 
perfect gas and the comT)ined mass of liquid and vapour, 
desGribed above) for which the values of Q are equal, but 
those of the transfeired quantities of heat are different, and 
let these different values be called Q, and respectively : 

being the greater of the two. Now let us in the first 
place subject the body (7 to a cyclical process, such that the 
quantity* of heat Q is transformed into work, and the quantily 
0, is transferred from to K^. Next let us subject C to a 
cyclical process of the reverse description, so that the quantity 
of heat Q is generated out of work, and the quantity Q\ la 
transferred from to K^, Then the above two changes, 
from heat into work, and work into heat, will cancel eehch 
other ; since we may suppose that when in the first process 
the heat Q has been taken from the body and transformed 
into work, this same work is expended in the second process in 
producing the heat Q, which is then returned to the same body 
K^. In all other respects also the bodies will have returned, 
at the end of the two operations, to their original condition, 
with one exception only. Tlie quantity of heat Q\, trans- 
ferred from to , has been assumed to be greater than 
the quantity Q,^ transferred from A", to K^. Hence these two 
do not cancel each other, but there remains at the end a 
quantity of heat, represented by the ditferente Q\ — Q^, which 
has passed over from to K^. Hence a passage of heat will 
have taken place from a colder to a warmer b(*(ly without any 
other compensating change. But this contiiidicts the funda- 
mental principle. Hence the assumption that is greater 
than must be fiBdse. 

Adiin, if we make the opposite assumption, that Q\ is 
less than Q,, we may suppose the body C to undeigo the 
cyclical process in the first, and C in the reverse direction. 
We then airive similarly «t the result that a quantity of heat 

- Q\ has passed from the colder body to the hotter ifj, 
which is again contrary to the principle. 

i^nce uien ^.can be neither greater nor less than it 
must be equal to Q,; which was to be proved. 

We will now give to the result thus obtained the mathe- 
matical form most oonveni^t for our subsequent reasoning. 

Since the quotient ^ is independent of the nature of the 
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variable body, it can only depend on the temperalme of the 
tmo bodies and K^, which act aa heat mervoiii. Ihe 
Mune will of ooazse be true ^ the aom 

This last ratio, which is that between the whole heat received 
and the heat transferred, we shall select for further oonsiden^ 
tion; and shall ezpross the result obtained in thia aecti 

follows : " the ratio can only depend on the temperatures 

T^bdAT^." This lewis to the equati 



9^ 



(2), 



in which cf) ( is some function of the two temperatureSy 
which is independent of the nature of the variable body* 

§ 7. Determination of Uie Function <f) (T^T^). 

The circumstance that the function given in equation (2) 
is independent of the nature of the variable body, offers a 
ready means of determining this function, since as soon as we 
have found its form for anj sis^e body it is known for all 
bodies whatsoever. 

Of all classes of bodies the perfect gases are best adapted 
for such a determination, since their laws are the most aeon- 
rately known. We will tlierefore consider the case of a per- 
fect gas subjected to a cycHcal process, similar to that graphi* 
call y expressed in Fig. 8, § 1 ; which figwe may be here repto- 
duced (Fig. 11), inasiftuch as a peifect gas was there taken as 
* an example of the variable 

body. In this process Hbe 
gas takes up a quantity of 
neat Q during its expansion 
(A, and gives out a quantity 
of heat during its com- 
Iire8si0n ooL These quanti- 
ties we shall calculate, and 
\) then compare with .each 
other. 

For this puqjose we must 
first turn our attention to the volumes represented by the 

c. 6 




rig. 11. 
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abscissre oe, oh, of, oq, and denoted by v^, v^, Fj, V^, in order 
that we may ascertain the relation between them. Now the 
volumes v^^ (represented by oe, oh) form the limits of that 
change of voluixie to which the isentropic curve ad refers, 
and which may be considered at pleasure as an expansion or 
a compression. Such a change of yolume, during which the 
gas neither takes in nor gives out any heat» has been treated 
of in § 8 of the last chapter, in whidi we arriTed at the foK 
lowing equation (43), p. 62 : 



2\ \vj ' 



where T and v are the temperature and volume at any point 
in the curve. Substituting for these in the present case the 
final values and v^, we have ; 



(3). 



In exactly the same way we obtain for the change of vohime 
represented by the isentropic curve 6c (of which ^e initial 
and final temperatures are also 2\TJ: 

¥riv) 

ComUning these two equations we obtain : 

TT =- » or 2 



or ^--1? (:>). 



We must now turn to the change of volume repmented 
by the isothermal curve ah, which takes place at the constant 
temperature T^, and between the limits of volume t^^ and 
The quantity of heat received or given otf during such a 
change of volume has been determined in § 8 of the last 
chapter, and by the equation (4<1) there given, p. 61, w*e 
may put in the present case: 

C,=ijr.iog^' (6). 
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Similarly for the change of volume represented by the iso- 
thermal curve dc, which ts^es place at temperature between 
the limits of volume i;, and V^, we have : 

Q, = ii2'.logJ (7). 

From these two equations we obtain by division : 

V V 

since by (5) • 

The function occurring in equation (2) is now detenained, 
since to bring this equation into unison with the last equation 
(8) we must have : 

(9). 

^ We can now use in ^dace of equation (2) the more deter- 
minate equation (8), which may also be written as follows : 



|^-^] = 0 (10). 



The form of this equation may be yet further changed, by 
affixing positive and negative signs to Q^, Q^. Hitherto these 
have been treated as absolute Quantities, and the distinction 
that the one represents heat taken in, the other heat given 
out, has been always expressed in words. Let us now for 
convenience agree to speak of heat taken in only, and to 
treat heat given out as a negative quantity of heat taken in. 
If accordii^rly we say that the variable body has taken in 
during the cyclical process the quantities of heat and Q^, 
we must here conceive Q, as a negative quantity, Le. the same 
quantity which has hitiierto been ex^nessed by Qg. On 
this supposition equation (10) becomes: 

& + ^-0 (11). 

6—2 
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§8. GydioaJL pr<Hm8eB of a mor^ com^p^^ ' 

Hitherto we have confined ourselves to cyclical processes 
in which the taking in of quantities of heat, positive or 
negative, takes place at two temperatures only. Such pro- 
cesses we shall in future call for brevity's sake Simple 
Cyclical Processes. But it is now time to treat of cyclical 
processes, in which the taking in of positive and negative 
quantities of heat takes piaoe at more than two tempera- 
tures. 

We may first consider a cyclical process with heat taken | 
in at three temperatures. This is represented graphically bj 
the figure dbcdefa (Fig. 12), which, as in the former ease% 
consists of isentropio and isothermal carves only. These 
curves are again drawn, by way of example, in the form 
which they would take in the case of a penect gas, but this | 



t 




Fig. 13. 

is not essential The curve ab represents an expansion at 
constant temperature 2\; bo an expaosion without taking in 
heat, during which the temperature falls from to T^; cd 
an expansion at constant temperature T^; de an expansion 
without taking in heat, during which the temperature fella 
from to ; efa compression at constant temperature 'J\ ; 
and lastly fa a compression without taking in heat, during 
which the temperature rises from to T^, and which brings 
back the variable body to its exact original volume. lu the 
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expansions ah and cd the variable body takes in pc^sitive 
quantities of heat and Q^, and in the compression ef the 
negative quantity of heat Q^. It now lemains to find a rela- 
tion between these three quantities. 

For this purpose let us suppose the isentropic curve ho 
produced in the dotted line eg. The whole process is thereby 
divided into two Simple Processes abgfa and cdegc. In the 
first the body starts £rom the condition a and returns to the 
same again. In the second we may suppose a body of the 
same nature to start from the condition 0, and to return to 
the same again. The indgtiAYe quantity of heat Q^, which is 
taken in during the compression ef, we may suppose divided 
into two parts and of which the first is taken in during 
the compression and the second during the compression 
eg. We can now form the two equations, corresponding to 
eauation (11), which will hold for the two simple processes. 
These equations are, for the process abgfa, 

and for the process cdegc 

r, . 2; 

Adding these equations we obtain 

Qt ,Q, , g» + ?.' _Q. 

or, sinco &+8.'="C.» 

•J;+^+|;-0 (12). 

In exactly the same way we may treat a process in which 
heat is taken in at four temperatures, as represented by the 
annexed figure abcdefgha, Fig. 13, which again consists solely 
of isentropic and isothermal lines. The expansions a h and cd, 
and the compressions ef and gh, take place at temperatures 
T^j Tg, T^, and during these times the quantities of heat 
QiiQi* Qt» taken in respectively ; the two former being 



Digitized 



86 



ON TH£ >ai£CHANICAL TH£OBY OF RKkT. 



positive, and the two latter negative. Produce the isentrojjic 
curves be and fg in the dotted lines ci and gk respectively. 
Then the whole process is subdivided into three Simple Pro- 
cesses aJcgha, kbifk, and cdeic^ which may be supposed to be 




Fig. 18. 

carried out with three exactly similar bodies. We tdaj 8op- 
pose the quantity of heat taken in during the expansion A, 
to be divided into two parts and q^^ coResponding to ex- 
pansions ok and kb ; and the negative quantity Q^, iSken. in 
during the oompression 4^ to be likewise divided mto 9, and 
oonesponding to compressions if and cL Then we can 
form the following equations for tb three simple prooessee : 
First, for akgha 



0. 



Secondly, for kbi/k 



Thiidly, for odno 



«i i /if ^« 
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Addii^ we obtain 



or 



-'j •'s •'4 

«i+^. + ^.+^..o 



TjT,' T, sr. 



(13). 



In exactly the same way any other cycHcal process, whicli 
can be represented by a figure consisting solely of isentropic 
and is<;thcrmal lines, and which has any given number of 
temperatures at which heat is taken in, may be made to yiel 1 
m equatioa of the same form, vis. 



or generally 



<2. .«,.<?. .Q,. 

'*l 



0. 



,(14). 



§ 9. Cydikal Processes, in which taking in of Seat and 

ehcmge of Temperature take place simultaneously. 

We have lastly to consider such cyclical processes as are 
lepresented by figures not consistiiig solely of isentropic and 
isotheimal lines, but altogether general in form. 

Hie mode of treatment is as follows. Let point a in 




Fig. 14. 



Fig. 14 represent any ^iven condition <rf the variable body ; 
kt |>f be an axe of tibbe isothermal curve which passes through 
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a, r9 an arc of the isentropic curve which passes through the 
same point. Now let the hody undergo a variation which is 
expressed by a pressure^mrve not coinciding with either of 
tbe above, but taking some other course such as he or cb. 
Then we may consider such a variation as made up of a very 
great number of very small variations, in which we have 
alternately change of temperature without taking in of heat, 
and taking in of heat without change of temperature. This 
series of successive variations will be represented by a dis- 
. continuous Une, made up of alternate elements of isothermal 
and isentropic curves, as drawn in Fig. 1 5, along the course of 



ho and de. The smaller the elements of whid) the dis- 
continuous curve is made up, the more closely will it coincide 
with the continuous line, and if these are indefinitely small 
the coincidence will be indefinitely close. In this case it can 
only make an indefinitely small difierence, in rdation to the 
quantities of heat taken in and their temperatures^ if we 
anbetitute fixr the variation represented b^the continuoiia line 
the indefinitely large number of alternating variations^ whidi 
are reprooonted by the discontinuous line. 

"We are now in a position to consider a complete cydioal 
process, in which the takii^ in of heat is simultaneous with 
ebtam&s of temperature, and which may be roproocn ted 
grapmcelly by curves of any form whatever, or mmty by a 
single continuous and clo^ curve, such as is drawn in 
Fig. 16. The area of this closed curve represents the ex- 



h 




ng.15. 
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temal work consumed. Let it be divided into indefinitely 
thin strips by means of adjacent isentropical curves, as shewn 
by the dotted Hues in Fig. 16. Let us suppose these curves 
joined at the top and bottom by indefinitely small elements 



of isothermal lines, whicli eut the given curve, so that 
throughout its length we have a broken line, which is every- 
where in indefinitely close ooincidenoe with it. By the above 
reasoning we may substitute for the process represented by 
the continuous line the other process represented by the 
broken line, without producing any perceptible alteration in 
the quantities of heat taken in, or in their temp6rBture& Fur- 
ther, we may again substitute for the process represented by 
tiie broken fine an indefinitely great number of Simple Pro- 
cesses, which will be represented hv the indefinitely small, 
quadrangular strips, made up eadi of two adjacent isentropic 
curvesty and two indefinite^ small elements of isothermal 
curves. If then for each one of these last processes we form' 
an equaition similar to (11), in which the two quantities 
of heat are indefinitely small, and can therefore be denoted by 
differentials of Q ; and if all these equations be finally added 
together ; we shall then obtain an equation of the same form 
as (14), but in which the sign of sumihation is replaced by the 
EOffi of Integration, thus : 




0 



Kg. 16. 




(15). 
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This equation, which was first published by the autlior in 
1854 (Pogg. Ann. vol. 93, p. 500), forms a very convenient 
expression for the second main Principle of the Mechanical 
Theory of Heat, as far as it relates to reversible processes. 
This Principle may be expressed in words as follows : If in a 
reversible CyoUcai Frocess every element of heat taJcen in 
(positive or negative) be divided by the absolute temperature 
at which it is taken in, and the differenUal eo formed be tftte- 
grated for the whale emuree of the prooeee^ ike integral eo ob* 
taiined ie equal to zero. 

If the integral J corresponding to any given succession. 

of variations of a body, be always equal to zero provided the 
body letiims finally to its original oondition» whatever the 

intervening conditions may be, then it follows that the ex^ 

pression under the integral sign, viz. ^» must be the perfect 

differential of a quantity, whicli depends only on the present 
condition of the body, and is altogether independent of the 
way in which it has been brought into that condition. If we 
denote this quantity by we may put 

or dQ^Tda (VI), 

an equation which forms another expression, very convenient 
in the case of certain investigations, for the second maia 
principle of the Hechanical Theorv of Heat 
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CSEAPTER IV. 

THE SBOOim VAIN FBINGIPLB VKDEB ANOTHKB FOBK, OB 
PBnrCIFLE OF TBS BQUIYALENCB OF TBABBFOBMATIONS, 

§1. (ki ih€ im diffmmi hinds of Trt^ 

In the last cliapter it was shewn that in a Simple Cyclical 
Process two variations in respect to heat take place, viz. that 
a certain quantity of heat is converted into work (or generated 
out of work), and another quantity of heat passes from a 
hotter into a colder body (or vice versa). It was found fur- 
ther that between the quantity of heat transformed into 
work (or generated out of work) and the quantity of heat 
transferred, there must be a definite relation, which is 
independent of the nature of the variable body, and therefore 
can only depend on the temperatures of the two bodies which 
serve as reservoin of heat. 

For the farmer of those two variatioiui we haye already 
employed the word "transformation/' inasmuch as we saio, 
when w<M^ was expended and heat thereby produced^ or 
conversely when heat was expended and work thereby pro- 
duced, that the one had been transformed " into the ouier. 
We may use the word "tnuuBformatkm'' to express the second 
variation also (whidi consists in the passafle of heat from one 
body into another, which may he coU&r or hotter than 
the fust), inasmudi as we may say that heat of one tem* 
peratuie ''tnnsfonns" itself into neat of another tempera* 
tore. 

On this xninciple we may desciibe the result of a simple 
(^dical process in the following terms : Two transformations 
are produced, a transformation from heat into work (or yioa 
Teraft) and a transformation from heat of a higher tempera* 



V^^^^ Digitized by Google 




92 ON THE MECHANICAL THEOBT OF HEAT. 



ture to heat of a lower (or vice versft). The relation between 
these two transformations is therefore that which is to be ex- 
pressed by the second Main Principle. 

Now, in the first place, as concerns the transformation of 
heat at one temperature to heat at another, it is evident at 
once that the two temperatures, between which the trans- 
formation takes place, must come under consideration. But 
the further question now arises, iriiiether in the trans- 
formation firom work into heat, or from heat into work, the 
temperature of the particular quantity of heat concerned 
plays an essential part, or whether in tius transf<»mation the 
particular temperature is matter of indifference. 

If we seek to deduce the answer to this question from the 
consideration of a Simple Cycli<»l Process, as described above, 
we find that it is too umited for our purpose. For since in 
this process there are only two bodies which act as heat 
resenroirs, it is tacitly assumed that the heat which is trans- 
formed into work is derived from (or conversely the heat 
generated out of work is taken in by) one or other of these 
same two bodies, between which the transference of heat also 
takes place. Hence a definite assumption is made from the 
beginning as to the temperature of the heat transformed into 
work (or conversely generated out of work), viz. that it 
coincides ^vitli one of the two temperatures at which the 
transference of heat takes place ; and this limitation prevents 
us from learning wluit influence it would have on the relation 
between the two transformations if the first- mentioned tem- 
perature were to alter, while the two latter remained un- 
altered. 

To ascertain this influence, we may revert to those 
more complicated cyclical processes, which have also been 
described in the last chapter, § 8, and to the equations 
derived from th^n. But in order to give a dearer and simpler 
ykfw of the question it is better to consider a single process 
specially chosen for this investigation, and hj its help to 
faring out the second Main Principle anew in an altered 

§2. On a Cydic(d Froo$u of spetM 

Let us again take a variable body, whose oonditioii is 
completely detennaned by its vohune and pressure, so that 



Digitized by Google 



THE EQUIVALENCE OF TRANSFOBILLTIOMS. 98 



we can represent its variations graphically in the manner 
already described. We will once more by way of example 
constmct the figure in the form it assumes for a perfect gas, 
but without making in the investigation itself any Hmiting 
assumption whatever as to the nature of the body. 

Let the body be first taken in the condition defined by 
the point a in Fig. 17, its Tolume being given by the abfidasa 




Fig. 17. 

oh, and its fiemire by the oidiiiate Ail* Let T be the tem- 
peiatuie oomqponding to these two ooantities, and deter- 
mined by them. We frill now subject tae body to the follow- 
ing successive variatLons : 

(1) The tODapenntaie T of the ^ » changed to T^, 
which we will suppose less than T. This may be done by 
endosing the gas within a non-conducting ^mlope, so that 
it can neither take in nor give out heat» anid then allowing it 
to expand. The deorease of pressure caused by the simul- 
taneous inorease of Tolume and &11 of temperature will be 
represented by the isentrqpic cunre ab; so that, when the 
temperatune of the gas mis roadbed T., its volume and 
pressure have become ai and ib respectiraly. 

(2) The variable body is placed in communfcation with 
a body of temperature T^, and then allowed to expand still 
further, but so that all the neat lost in expansion is restored by 
/Tj . With respect to the latter it is assumed that, on account of 
its magnitude or from some other cause, its temperature m not 
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•perceptibly altered by this giving out of heat, and may there- 
fore be taken as constant. Hence the variable body will also 
preserve during its expansion the same constant temperature 
jT,, and its diminution of pressure will be represented by an 
isothermal curve he. Let the quantity of heat thus given off 
by JTj be called Q^. 

(3) The variable body is disconnected from and 
allowed to expand still further, without being able either to 
take in or give out heat, until its temperature has £Edlen from 

to 2*,. Let this diminution of pressure be represented by 
the isen tropic curve cd. 

(4) The variable body is placed in communication with 
a body IT,, of constant temperature T,, and is then oom- 
pressed, parting with all the heat generated by the com- 
pression to K^, This compression goes on until has 
received the same quantity of heat as was formerly 
abstracted from K . In this case the pressure increases ac- 
cording to the isotnermal curve de. 

(Jo) The variable body is disconnected from and 
compressed, without being able to take in or give out heat, 
until its temperature has risen from to its original value 
T, the pressure increasing according to the isentropic curve 
ef. The volume an, to which the body is brought by this 
process, is less than t&e original volume o\ since we pressure 
to be oveioome, and conteouently the external work to be 
transformed into heat, is less <»iring the compression de 
than during the expansion io; so that, in order to restore 
the same quantity of heat Q, , die compiession must be con- 
tinued furOier tlian would nave been necessaiy merely to 
annul the expansion. 

(6) The vaziaUe body is placed in communicaticn witb a 
bod^ K of constant temperature T, and allowed to expand to its 
origmal volume oi^, the heat lost in expansion being restored 
from K, Let Q be the quantify of heat thus required. If 
the body attains the original volume o& at the original tem- 
perature 7, then the pressure must abp revert to its original 
value, and the isothormal curve, which represents this last 
expansion, will therefore terminate exactly m the point a. 

The above six variations make up together a Cyclical Pro- 
cess, since the variable body is finally restored exactly to its 
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original condition. Of the three bodies, K, K^, K^, which in 
the whole process only come under consideration in so far as 
they serve as sources or reservoirs of heat, the two first have 
at the end lost the (quantities of heat Q, respectively, 
whilst the last has gained the quantity of heat ; this may 
be expressed by saying that has passed from to K^, 
while Q lias disappeared altogether. This last quantity of 
beat must, by the first fundamental principle, have been 
tvansformed into external work. This gain of external work 
is due to the fact that in this cydicaL prooeaa the pressure M^vC^ 
duiii^ eaqpaxusdon is greater than during ccHnpression, and '^W 
tEerefore the positive work greater than the negatiye ; its \ 
amount is represented, as is easily seen, by the area of the ^V;^! ^ 
dosed curve ahcdefa. If we call this work W, we have J:/''^ 
by equadon (5a) of Chapter L /. ' 

It is easily seen that the above Cyclical Process embraces " | 
as a special case the process treated of at the commencement 
of Chapter IIL, and represented in Fig. 8. For if we make 
the speciaL assumption that the tempemture T of the body K 
is equal to the temperature of the body K^, we may wen 
do away with altogether, and use K^ instead. The result 
of the process will then be that one part of the heat siven 
out by the body has been tnmsformed into work, ana the 
other part has been tnoisfened to tibe body K^, just as was the 
case in the pEocess above mentioned. 

The whole of this cyclical process may also be canried 
out in the reverse order. The first step will then be to 
connect the vaariable body with and to produce, instead 
of the &ial expansion ja of the former case, an initial 
compression c/: and similarly the ezjpansions and ed, 
and the compressions dc, cb, and 5a will be produced one 
after another, under exactly the same circumstances as the 
converse variations in the former case. It is obvious that 
the quantities of heat Q and will now be tahm in 
by the bodies JET and respectively, and the quantity 
of heat Qi will be given out by the bodv At the same 
time the negative work is now greater than the positive, so 
that the area of the closed figure now represents a loss of 
work. The result of the reversed process is therefore that 
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the quantity of heat has been transferred from to A", , 
and that the quantity of heat Q has been generated out of 
work and given to the body K, 

§ 3. On Equivalent Transformations, 

In order to learn the mutual dependence of the two 
^>'cf?tC>f» simultaneous transformations above described, viz. the trans- 
>XsUi:'-' f vfiference of Qj, and the conversion into work of Q, we shall 
U>.T^ i. V {ui assume that the temperatures of the three reservoirs of 
v*>ra Ti«U>x heat remain the same, but that the cyclical processes, through 
f ^ which the transfonnations are effected, are different This 
^ may be either because different variable bodies are subjected 
to similar variations, or because the same body is subjected te 
any other cyclical process whatever, subject only to the con^ 
dition that the three bodies K, and A. are the only bodies 
which receive or give out heat» and also that ctf the two 
latter the one receives just as much as the other gives out. 
These different processes may either be reversible, as in the 
case considetedy or non-reveisihle ; and the law whicdi govieiiiB 
the transformations will VBiT aooardingly. However the 
modification which the law undergoes for non-reversible pn>» 
cesses can be easilv applied at a later period, and hence for 
the present we will confine ourselves to the consideratioii c£ 
reversible processes. 

For all such it follows from the Principle laid down in the 
last chapter (p. 78) that the <]|uaatil7 of heat Q^, transferred 
firom to A,, must stand m a constant relation to the 
quantity Q traiufoimed into woik. For let us suppose that' 
there were two such processes, in which, while Q was the 
same in both, A was diflforent : then we mwht successiyely 
execute that in wnid^ was Ihe smaller in &e direct order, 
and tihe other in the reverse. In this case the quantity of 
heat (>, which in the first process would have been trana- 
formed into work, would in tne second process be transformed 
again into heat and given hade to the body K\ and in other 
respects also everythmg would at the condusion be lestoied 
to its original conation, with this smgle exception that the 
quantity of heat transferred fiom Ji^ to iT^ in tne second pro- 
cess, would be greater than the quantity transferred from 
to £^ in the met process. Thus on the whole we have a 
tranter of heat firom the colder body to the hotter if,. 
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I with Qothmg to compensate for it. As this oontradietv tbd • 
fandamental prmcif^ef it follows that the above sappogitioa 
cannot be true ; in other words Q must always itandT in the 
flame ratio to Q^. 

Of the two traiisfonnaitioiis in a reversible process sadi 
as the above, eitiier can xejdaoe tbe otihw, provided this latter 

I be taken in the reverse dii^ction: in other words, if a tnuis- 
fcnnatioa of the one kind has taken place, this can be again 
lerosedyand a transformsilaonof ihe<^^ in 
its piaoey witfioiit the oceiureiice of any other jpermanent 
change. F<ff example, let a quantity of heat Q be in any way 
geomted oat of work, and taken in by the body tkm by 
the cydical process above described it can he again with&wwn 
from the body K, and transformed back into work, but in so 
ddng a quantity of heat Q,^ will be transferred from the body 
to the body K^. Again, if the quantity of heat has 
previously passed from to K^, it can by performing the 
above process in the reverse order be transferred back again 
to whilst at the same time tbe quantity of beat Q, at the 
temperature of the body K, will be generated out of work. 

It is thus seen that these two kinds of transformation 
may be treated as processes of tbe same nature ; and two 
such transformations, which may mutually replace each other 
in the way indicated, will be henceforth called " J^uival^t 
TraQsfonnatiou&'' 

§ 4. Equivalence- Values of the Transfoinnations. 

We have now to find the law according to which the' 
above tianalbnnations must be exproased mathematically, so 
that the emiivalence of the two may appear from the equality 
of their vames. The mathematical value of a transformation 
may be termed, thus determined, its " Equi valence- Valua" 

We must fii^t settle the order in which each transforma- 
I tion is to be taken as positive: tlus may be chosen arbi- 
trarily for one of tbe two daases, bat it will then be fixed 
for thie otiieTy since dearlj we mnst regard a transformatuni 
in the latter dass as positive, if it is equivalent to a positive 
traoafinmation in Ae former. In all that follows we shall 
oooaider the transfinrmation of Work into Heat, and therefore 
the passage of beatfiKun a high^ to a lower tempmtmne. as 
being positive quantities. It will be seen later why this 

I a 7 
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choice as to ih/d positive and negative sign is preferable to 

the opposite. 

With regard to the magnitude of the equivalence-value, 
it is at once seen that the value of a change from work into 
heat must be proportional to the quantity of heat generated, 
and that beyond this it can only depend on its temperature. 
We may therefore express generally the equivalence-value of 
the generation out of work of the quantity of heat Q, of 
tempezature T, by tbe formula Q >^f{T), where f(T) is a 
fancma of temperature which is the same for all cases. If Q 
is negative in this formula^ what is expesaed is that the 
quantity of heat Q has been transfocmed, not out <^ work 
into heat, but out of heat into work. 

Similarly the value of the passage of a ouantity of heob Q 
from the temperatme 21 to the temperature must be propor- 
tional to the quantity of heat whioh passes, and beyond this 
can (mly depend ou the two tempmtores. We maytbeKefoire 
express it generally by the fovmula Q x F(T^, TX m which 
(21, T^) is a functioii tbe two tempeiatuies, mso oonstant 
for au oases, and wbidi we camiot at present detenuine moore 
dosely ; but of whidi it is dear mm the eommeuoeaient 
tihat, if the two temperatures are interofaanged, itmust diange 
its sign, without changing its nummcal Ti^ua^ We may 
therefore write, 

F{T,,T;)^^F{T,,T;j (1). 

In order to compare these two expressions with each other, 
we liave the condition that in every reversible process of the 
Ivind j^iven above the two transf(jnnations that take pluc«' 
must be equal in magnitude but of opposite sign, so that 
their algebraical sum is zero. Thus if we choose for a mo- 
ment the particular process fully described above (§ 2), the 
quantity of heat Q, at temperature I\ is then transformed 
into work, giving as its equivalence-value — Q ^/ {T); aiid 
the quantity of heat passes from temperature to T^, 
thus giving as its equivalence-value (), xJf\l\, T,). There* 
f ore the ftillowing equation must hold : 

- Q ^J\T) + ^F{J,, T^=0 (2). 

Let us now suppose a similar proeess performed in the 
rererse order, and under the oonditions that the bodies 
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and K^, and the quantity of heat Q which passes between 
them, remain the same, but that for the body K of tempera- 
ture T is substituted another body IT of tempemtmre T': 
and let ua caU. the heat generated out of work in thia ease <7* 
Tlien, oonenpoiidiBg W the fonner eqiiailioB» we haive the 
loUowiiig: 

<y x/cro + Q,x F{T^, r,) - o (8). 

Adding (2) and (3) and snbititiiting from (1) we obtain, 

-«x/(r) + (/x/(r)-o (4). 

Now let ua oonrider, as is dearir allowable, that iiieflB two 
SDOceflsive processes make up together a single process ; then 
in this latter the two transferences of heat between A", and 
iTj will cancel each other and disappear from the result ; we 
have therefore only left the transtonuation into work of the 
quantity of heat Q, given olf by A" and the generation out 
of work of the quantity of heat Q' taken in by K\ These 
two transformations, which are of the same kind, can however 
be so broken up and re-arranged as to appear in the light 
of transformations of different kinds. For if we simply hold 
fast to the main fact, that the one body A" has lost the 
quantity of heat Q, and the otlier K' gained the quantity Q', 
then the heat equivalent to the smaller of tliese two quanti- 
ties may be considered as having been transferred directly 
from A" to 7i ', and it is only the difference between the two 
which remains to be considered as a transfomiation of work 
into heat or vice versft. For example, let the temperature T 
be higher than T; then the transference of heat on the 
iboye view is from a hotter to a colder body, and is therefore 
positiye. Aocoidingiy the other transformation must be 
BegatiTe, %.e. a transfonnation from ]ieat into work : whence it 
follows that the quantity of heat Q give n off by K is greater 
than the quantity Q' taken in by K\ Thus if we divide Q 
I into its two companent parts Q and Q—Q, then the first of 
these will have passed over fipom K to JP, and the second is 
the opmtity of heat transfbrmed inlx> wor^ 

On tliis view the two processes appear as combined into a 
angle process of tiie same kind; for the dnmrn^ance that 
^ heat tcanrfbirmed into woik is not derived ficom a third 
Wy, bat bom one or other of the same two bodies, between 

7—2 
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which the transference of heat takes place, makes no 
essential difference in the result. The temperature of the 
heat transformed into work is optional, and can therefore have 
the same value as the temperature of one of the two bodies; 
in which case the third body is no longer required. Accord- 
ingly for the two quantities of heat Q' and Q—Q there must 
be aa equation of the same form as (2), namely: 



Eliininaling Q by means of equation (4) and then striking 
out Q', we obtain 

i'(2T')-/(r)-/(r) (5). 

As the temperatures T and T' are any whatever, the function 
of two temperatures i^(TJ''), which holds for the second kind 
of transformation, is thus shown to agree with the function of 
one temperature f {T), wliicli holds for the first kind. 

For the latter function we will for brevity use a simpler 
symbol. For this it is convenient, fur a reason which will be 
apparent later on, to express by the new symbol not the 
function itself^ but its reciprocal We will therefore put 

T-j^^^or/m-; (6), 



so ihat r is now ibe unknown function of temperature 
enters into the Equivalence-yalue. If special values of tliis 
function have to oe written down, corresponding to tempera- 
tures Tj, 2\, etc., or T\ T\ etc., then iJiis can be done by 
simply using the indices or accents for r itself. Thus equa- 
tion (5) will become 

Hence the second Main Principle the Mechanical 
Theoijrof Heat, which in this form may perhaps be called 
the princi|)le of the Ec^uivalence of Transtormations, can be 
ejq p ro a so d m the following terms : 



without requiring any other permanent cbaige to take plaoe^ 
Equivalent TraiMfonnationSi then the geneiation oat cf wcilc 
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of the quantity of heat Q of temperatnie r has the equivalence- 
value ^ ; and the transference of the quantity of heat Q from 
temperature to temperature T, has the Equivalence-value 

in which r is a function of temperature independent of the 
kind of prooesB hy which the transfonnation is aocompiished.'^ 

§ 5. Combined value of all the tramfcrnuUiom whdch 
takejdacein a single CyMoal Frooeaa. 

If we write the last expression of the foregoing section 

in the fonn we see that the passage of the quantity 

of heat Q from temperature T to has the same equiva- 
lence-value as a double transformation of the first kind, 
viz. the transformation of the quantity Q from heat of tem- 
perature into work, and again out of work into heat of 
temperature T^. The examination of the question how far 
this external agreement has its actual foundation in the 
nature of the process would here be out of place ; but in any 
rase we may, in the mathematical determination of the 
Equivalence- Value, treat every transference of heat, in what- 
ever way it may have taken place, as a combination of two 
opposite transformations of the first kind. 

By this rule it is easy for any Cyclical Process however 
complicated, in which any number of transformations of both 
kinds take place, to deduce the maUiematical expression 
which represents the combined Talue of all these trans- 
fionnations. For this purpose, when a quantity of heat is 
giyen off by a heat reservoir, we have no need first to 
enquire what portion of it is transformed into work, and 
WMt becomes of the remainder; but may instead reckon 
every quantity of heat given off by the heat reservoirs which 
occur m the cyclical process as being wholly transformed into 
work, and everv quantity of heat taken in as being generated 
out of work. Thus if we assume that the bodies K^, K^, K^, 
etc. of temperatures Tp etc. occur as heat reservoirs, and 
if Q,, eta are the quantities of heat given off during 
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the Cyclical Process Qn wbioh we.wOl now consider quanti- 
ties of heat taken in as negative quantities of heftt given 
out*), then the combined value of all the transformations^ 
ive niay eaU wiU be ]»preBmted as follows : 



^ 

or using the sign of wunmaitkm, 



^— (7). 

It is here supposed that the temperatures of Uie bodies 
Ki, K^, K^, eta are oonstant^ or at least so nearly so that 
their variations may be neglected. If however the tempera- 
ture of any one of the homes vines so nuidb, either tiuou^ 
the taking in of the quantity of heat Q itself^ or throu^ aaj 
other cause, that this variation must be taken into account^ 
then we must, for evezy element of heat dQ which is taken 
in, use the temperature whidi the body has at the moment 
of its being taken in. This naturally leads to an inte^'ratiott. 
If for the sake d generality we assume this to hold for aQ 
the bodies, then i& foregomg equatidi takes the l<dlowing 
form: 



(8). 



in which the integral is to be taken for all the quantities of 
heat given off by the different bodies. 

§ 6. Proof that in a reversible Cyclical Process the Mat 
value of all the transformaJtions must he equal to nothing. 

If the Cyclical Process under eonsideiitilm is revezsible» 



then, however complicated it may be, it can be proved 
that the transformations which occur in it must cancel eaok 
other, so that their algebraical sum is equal to nothing. 

• This choice of positive and negative ei^ns for the qnanfities of heat 
agrees with that which we made in the last chapter, where we considered a 
qnantity of heat taken in hy the variahle bodj as positive, and a quautitj 
^en out hy it as negative ; for a quantify fHw ool a boat in i r oto la 
tikiB in bj tht faikbto body, aad ite 
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For UB suppose thalb ilds b not tli6 cMe» Le. Aai this 
algebnicai ran his aoi&e other yaloe ; then lei xm imftyiie 
m foUofwing prooesB applied. Let all the tranrfirnifttMiiis 
idiidi tike place be dindM into tm parte, of whidn the flnt 
has its ateebraical sum equid to notnbi^, and the second is 
made up of transformations all having the same sign. Let 
the transformations of the first division be separated out into 
pairs, each composed of two transfuriiKitions of equal magnitude 
but opposite signs. If ail the heat reserv(jirs are of constant 
temperature, so that in the Cyclical Process there is oidy a 
finite number of definite temperatures, then the number of 
pairs which have to be fi>rraed will be also finite; but should the 
temperatures of the lieat reservoirs vary continuously, so that 
the number of temperatures is indefinitely great, and therefiire 
the quantities of heat given off and taken in must be dis- 
tributed in indefinitely small elements, then the number of 
pairs which have to be formed will be indefinitely large. 
This however, by our principk^, makes no difference. The 
two transformations of each pair are now capable of being done 
backwards by one or two Cyeiicai Processes of the form 
described in § 2. 

Thus in the first place let the two given transformations 
be of difierent kinds, e.g. let the quantity of heai Q of tem- 
perature T be transformed into work, and the quantity of 
neat Qj^ be traosfiarred from a body of temperature to 
a body JT, of temperature T^, The symbols Q and Qj are 
here supposed to represent the absolute values of the Quanti- 
ties. Let it be also assumed that the magnitudes of the two 
quantities stand in such relation to each ouierihat the follow- 
ing equation, corresponding to equation (2), will hold, vis. * 

Then let us suppose the Cyclical Process to be performed in 
the reverse order, whereby the quantity of heat Q, of tem- 
perature is generated out of work, and another quantity 
of heat is transferred from the body to the body K^. This 
latter quantity must then be exactly equal to the quantity , 
given in the- above equation, and the given transformations 
have thus been performed backwards. 

Again let there be one transfonnation firom work into 
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iioat and one from heat into work, e.g. let the quantity of 
heat Q of temperature T be generated out of work, and 
the quantity of heat Q of tesnperature T be transformed 
into work, aiid let these two stand in such lelation to each 
other that we may put 

T T 

Then let us suppose in thefintfdaee that the same proeess as 
last described has been performed, whereby the quantity of 
heat Q.of temperature Thas been transformed into work, and 
another quantrhr has been transferred from a body to 
another body K^. Next let us sujrpose a second pcooess per- 
formed in the reverse dixectiony m which the last-named 
quantity Qj is transfened bade ijtfain from to K^, and a 
quantity cf heat of temperature 2^is at the same time gene- 
rated out of work. This transCbrmation from woric into hdtA 
must, indeyndently cf sign, be equivalent to the fimner 
transformation from heat into wcik, since i^ey are both eqni- 
lEalent to one and the same transference of heat Thequantity 
of heat of temperature T\ generated out of work, must there- 
(fiore be exactly as j^reat as the quantity Qf found in the abof^ 
equation, and the given transformations We tlms been made 
backwards. 

Finally, let there be two transferences of heat, e.g. the 
quantity of heat Q transferred from a body iT, of tempera- 
ture 'J\ to a body A'^^ of temperature T^, and the quantity 
Q',, from a body K\ of temperature T\ to a body A'^i of tem- 
perature 1\, and let these be so related that we may put 

Then let us suppose two Cyclical Processes performed, in one 
of whicli the quantity is transferred from to K^, and 
the quantity Q of temperature T thereby generated out ot" 
work, whilst in the second the same quantity Q is again 
transformed into work, and thereby another quantity of heat 
transferred from K\ to K\. This second quantity must then 
be exactly equal to the given quantity Q\, and the two 
given tnmisferences of heat have thus been dune backwards 
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When by operations of this kind all the tranaformations 
of tiie first division have been done backwaids, there then 
remain the transfoniiatioii8» all of the like sign, of the second 
diviBion, and no ofthem whateveir. Now firsts if theee tnns- 
fiCTialionB are nemtive then they can only be transfonnationa 
from beat into w<nnk and tianflferences fie^ 
tempeiatiire; and of these the transfixnnations of the fint 
kind may be replaced by transfonoiationB of the seoond Idndr 
For if a quantity of bMit Q of temperature Tis transfonned 
into wixA, then we have <mly to pemnn in levene order the 
cyclical process described in § 2, in which the quantity o£ 
beat Q of temperature T is generated oat ci work, and at the 
same time another quantity is transferred from a body 
of temperature to another body of the hici^her tempera- 
ture 1\. Thereby the given transformation fiuin heat into 
work is done backwards, and replaced by the transference of 
heat from to K^. By the application of this method, we 
shall at last have notliing left except transferences of heat 
from a lower to a higher temperature which are not com- 
pensated in any way. As this contradicts our fundamental 
principle, the supposition that the transformations of the 
second division are negative must be incorrect. 

Secondly, if these transformations were positive, then 
smce the cydical process under consideration is reversible, 
the whole process might be perfimned in reverse order; 
in which case all t)ie transfoarmations which 6ccar in it 
would take the opposite ami, and ever^r transfonnation of 
the second division would become neeative. We are thus 
brought back to the case already considered, which has been 
found to contradict the fundamental principle. 

As then the transformations of the second division can 
neither be positive nor negative they cannot exist at all ; and 
the first division, whose algebraical sum is zero, must em- 
brace all the transformations which occur in the cyclical 
process. We may therefore write iV= 0 in equation (8), and 
thereby we obtain as the analytical expression of the Second 
Main Principle of the Mechanical Theory of Hes^t for reversi- 
ble processes the equation 

j'^^^O „ (YU). 
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§ 7. 0» Ae TemperaibimB of the varum qiumHtm of 
Seat, €md ih$ Enltrojvj of the Bocfy, 

In the development of Ekjuation VII. the temperatures of 
the quantities of heat treated of were detenniaed by those of 
the haat reservoin from which they came, or into which thej 
passed. But let us now consider a cyciioal process, which is 
such that a body passes through a series of changes of 
oondition and at last retuiOB to its original states This 
▼ariable bodj^ if placed in oonnection with the heat reeervoir 
to receive or ^ve off heat, must have the same temperoifeuie 
as the teservouc; for it is only in this case that the neat can 
pass as xeadily from the reservoir to the body as in the reverse 
cUreetion, and if the process is reversible it is recfiiisite that 
this sboald be the*case. Tins condition cannot indeed be 
OKaotly fidfilled» sinoe between equal tenipenktiues there can in 
general be no passage of heat wnaibever ; but we may at least 
assume it to be so nearly fulBUed that the small remaining 
dififerences of temperature may be neglected. 

In this case it is obviously the same thing whether we 
consider the temperature of a (juantity of heat which is being 
transferred as beiug equal to that of the reservoir or of the 
variable body, since these are practically tlie same. If how- 
ever we choose the latter and suppose that in forming Equa- 
tion VII. every element of beat Q is taken of that tem- 
perature which the variable body possesses at the moment it 
IS taken in, then we can now ascribe to the beat reservoirs 
any other temperatures we please, without thereby making 



as to the temperatures we may consider Eouation YII. as 
holding, without troubling ourselves as to whence the heat 
comes which the variable body takes in, or where that goes 
which it gives off, provided the piocess is on the whole a re- 
versible one. 

iQ 

The expression — , if it be understood in the sense just 

T 

given, is the differential of a quantity which depends on the 
condition of the body, and at tlio same time is fully deter- 
^raincd as soon as the condition oi" the body at the moment 
is known, without our needing -to know the path by which 
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iJie body hm am ved at that oonditioii ; to it is only in this case 
thai! the integral will idways become equal to aeio as often as 
the body after any gi^en Tariations letnrns to its oxiginal con- 
dition. In another paper^^ after introducing a nurther de- 
velopm^t of the eqminalence of transfonnations, the author 
proposed to call this ouantity, after the Qreek word t/ooth). 
Transformation, the Entropy of the body. The ootnpLete 
explanation of this name and the proof that it correctly 
expresses the conditions of the quantity under consideration 
can indeed only be given at a later period, after the develop* 
ment just mention^ has been treated of; but for the sake 
of convenience we shall use the name henceforward. 

If we denote the Entropy of the body by S we may put 

or otberwise 

dQ^rdS (VIII). 

§ 8. On the Temperature Function r. 

To determine the temperature fiinction t we will apply the 
same method as in Chapter III. § 7, p. 81, to determine the 
function 4> (2^, TJ. For, as the function t is independent of 
the nature of the variable body used in the cyclical process, we 
may, in cider to determine its form,.clioose any body we 
please to be subjected to the process. We will therefore 
again choose a perfect gas, and, as in the above-mentioned 
section, suppose a simple process performed, in which the gas 
takes in heat only at one temperature T, and gives it out 
only at another 2\. The two <]^uantities of heat which are 
taken in and given out in this case, and whose absolute 
values we may call Q and Qi, stand by equation (8) of the 
last chapter, p. 83, in the following relation to each other : 

Q T 

On the other hand, if we apply Equation VII. to this 
simple cyclical process, whilst at the same time we treat the 

* F8«8» Jim. ¥4)1. cncr. p. SOO^ 



Digitized by 



108 ON THB MSCHANIOAL THXOBT OF BEAT. 

giving out of the quantity of beat Q as equivalent to the 
taking in of the negative quantity — Q, we have the follow* 
ing equation : 

$-|-0. ar«-.I (10). 

From equations (0) and (10) we obtain 

T T ' 



or 



^ (11). 



If we now take T as being any temperature whatever and 
as some given temperature, we may write the last equation 
thus: 

T«Tx Const (12), 

and the temperature function r is thus reduced to a constant 
factor. 

What value we ascribe to the constant factor is indiffe- 
rent, since it may be struck out of Equation VII. and thus 
has no influence on any calculations performed by means of 
the equation. We will therefore choose the simplest value, 
viz. unity, and write the foregoing equation 



(13). 



The temperature function is now nothing more than the 
absolute temperature itsel£ 

Since the foregoing determination of the function t rests 
on the equations deduced for the case of gases, one of the 
foundations on which this determination rests will be the 
approximate assumption made in the treatment of gases, 
viz. that a perfect gas, if it expand at constant temperature, 
absorbs only just so much heat as is required for the 
external work thereby performed. Should anyone on this 
account buve any hesitation in regarding this determination 
as perfectly satisfactory, he may in Equations VII. and VIII. 
regard t as the symbol for the temperature funotion as yet 
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undetermined, and use the equations in that form. Any such 
hesitation would not, in the author*s opinion, be justifiable, 
and in what follows Twill always be used in the place of t. 
Equations VII. and VIII. will then be written in the following 
forms, which have already beeu giveu under Equations V. 
and VL of the last chapter^ viz. 
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CHAPTER V. 



- roBKAxrair or the two rcHDAioorrAL xquations. 

§ 1. JHsouasian qf U14 VarialUm wkieh determine the 
CondiHan of the Body. 

Itt^the general treatment of the subject hitherto adopted 
we have succeeded in expressing the two main prineiples of 
the Mechanical Theory of Heat by two veiy mmple equationB 
numbeied IIL and YI. (pp. 31 and 90). 



We will now throw these equations into altered forms 
which make them more couvenieut for our further calcula* 
tions. 

Both equations relate to an indefinitely small alteration 
of condition in the body, and in the latter it is further 
assumed that this alteration is affected in such a way as to 
be reversihle. For the truth of the first ecjuatiou this assump- 
tion is not necessary : we will however make it, and in the 
following calculation will assume, as hitherto^ that we have 
only to do witli reversible variations. 

We suppose the condition of the body under considera- 
tion to be determined by the values of certain magnitudes, 
and for the present we will assume that two such magnitudes 
aie sufficient. The cases which occur most freqaently are 
those in which the condition of the body is determined by its 
temperature and volume, or by its temperature and pressure, 
or lastly by its volume and pressure. We will not how ever 
tie ourselves to any particular magnitudeSi but will at first 



dQ'^dU'^dW 

dQ^TdS 



(VI). 
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• • * 

assume that the condition of the body is determined by any 
two magnitudes which may be called x and 7/ ; and these mag- 
nitudes we shall treat as the independent variables of our 
calculations. In special cases we are of course always free to 
take one or both of these variables as representing either one 
or two of the above-named magnitudes^ Temperature, Volume 
and Pressure. 

If the magnitudes x and ?/ determine the condition of 
the body, we can in the above equations treat the Energy U 
and the Entropy S as being functions of the variables. In 
the same way the tempei ature T, whenever it does not itself 
form one of these variables, may be considered as a function 
of the two variables. The magnitudes W and Q on the con- 
trary, as remarked above, cannot be determined ao simply, 
but must be treated in another fashion. 

The dififereiHtlAl oooSmoktB q£ these magoitudee we shall 
denote eafoUowB: 

dW dW 

These ditferential coeflScients are definite functions of x 
and y. For suppose the variable x is changed into x-\-dj' 
while y remains constant, and that this alteration of condi- 
tion in the body is such as to be reversible, then we are 
dealing with a completely determinate process, and the 
external work done in that process must therefore be also 

dW 

determinate, whence it follows that the quotient -^^ must 

equally have a determinate value. The same will hold if we 
suppose y to change to y + dp while x remains constant If 
then the differential coe^cients of the external work W arc 
determinate functions of w and y it follows from Equation IlL 
that the differential coefficients of the quantity of heat Q 
taken in by the body are also determinate fimctions of w 
and y. 

Let us now write for dW and dQ their expressions, as 
functions of i£r and dy, ni^eoting those terms which are of a 
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higher order than da and dy. We then have, 

dW^tndx-i-ndy (3), 

dQ^MOx-bNify (4), 

and we thus obtain two complete differential equations, which 
cannot be integrated so long as the vaiiables at and y are 
independent of each other, since the magnitudes m, n and 
J( Jv do not fldfil the conditions of integrability, vis. 

dm Ai dM dST 

dy dx dy dx* 

The magnitudes W and Q thus belong to that class which 
\vas described in the mathematical introduction, of which the 
peculiarity is that, although their differential coefficients iire 
determinate functions of the two independent variables, yet 
they themselves cannot be expressed as such functions, and 
can only be determined when a further relation between the 
variables is given, and thereby the way in which the varia- 
tions took pliMoe is known. 

§2. MiiminaiiUm <if ike quamtUiea U amd S ftxm the 
tmJ^kmdammUal JSquahoM. 

Let us now return to Equation ITT., and substitute in it 
for c£Tr and dQ expressions (3) and (4) ; then, collecting to- 
gether the terms in dx and dy, the equation becomes^ 

Mdx-^Ndy^ + + (~ + n) dy. 

As these equations must hold for all values of dx and dy, 
we must have, 

rr 
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Differentiating the first eqiiation acoording to y, and the 
aeoond* aoooxding to x, we obtain, 

dM ^ £U_ dm 
dy dxdy dy * 

dx dyda dx 

We may apply to ^7 the principle which holds for every 
function of two independent variables, viz. that if they are 
differentiated according to both variables, the order of dif- 
ferentiation is a matter of indifference. Hence we have 

dxdy dydx* 

Subtracting one of the two above equations from the 
other we obtain, 

dM dN dm^dn 
dy ^djT dy d^i 

We may now treat Equation VlL4n the same manner. 
Putting for dQ and dIS their complete expressions, it be- 
comes, 

Mdx + Ndy - T dx-\-~dij, 

M. N, is. dS, 
or ^dx + ^dy^-^dx^^^dy. 

Tiiis ei^uation divided itself, like the last, into two, viz. 

M_d8 
T^dx' 

T'dy- 

Kfferentiating the first of these according to and the 
second accoiding to 4?, we obtain, 

c. 8 
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//// '/y (PS 

^dN ^dT 

r "dydas' 



But as before. 



d^S d'S 



dxdy dijdx* 



hence subtracting one 6t the above equations from the otiier 
we obtain : 

</>/ <hj ax _ n 



or 



The two or|nations (5) and (G) may l)o also written in a 
somewhat di lib runt form. To avoid the ma «»r ho many 
letters iu the formula, we will replace J/ and iV, which were 

introduced as abbreviations for ^ and ^,by those differen- 

(f" a if 

tial coefHcients themselves. Similarly for m and n we will 

d W d W 

write and ^— . Then the right hand side of equation 
(5) may be written 

dy\dxj dm\dy)' 

Thus the ma.^itude represented by this expression is a func- 
tion of X and which may generally be considered as known, 
inasmuch as the external forces acting on the body are open 
to direct observation, and from these the external work cui 
be determined. The above difference, which will occur very 
fiL^iiently from henceforwaid, we shall call "'llie Work 
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Difference refemd to « and y** aod shall use fbr it a special 

sjmbol, putting 

^'•^dyKdxJ da\dyj 

Thiough these changes equations (5) and (6) aie trans- 
finmed into the following : 

d fdQ\ d (dQ\ . 

dy \dxj dx \dy) " T \dy dx dx <iy/" 

These two equations fonn the analytical expressions of 
the two fondamental principles for revendhle yaiiattons, in 
the case in which the condition of the hody is determine d by 
two given variables. From these equations follows a third, 
¥^ch is so far simpler as it contains only diflferential coeffi- 
cients of Q of the fii'bt degree, viz. 

dT dQ dT dO 

§ 3. Case in which th4 Temperature ia taken ae aneo/Ute 
hdi^^endent Variablee. 

The above three equationB are very much simplified if the 
temperature of the body is selected as one of the independent 
variables. Let us for uiis purpose put ^ » 2*, so that the two 
independent variables are the temperature T, and the stOl 
undetermined quantity a. Then we have first, 

dy"^ 

dT 

Again, referring to the differential coefi&cient , it is 

assumed in its formation that, while .v is r-hant^ed into x + dx, 
the othur variable, hitherto called ?/, reni:iins constant. But 
as T is now itself the other variable, it follows that T must 
remain constant iu the above ditibrentiai coefficient, or in 
other words 

dx 

8—2 

Diaitized 
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Again, if ve form the Work"dififer6Dce refened to m and 
this will run as follows : 

--iTm-iiw) 

Hence equations (8), (9), (10) take the fcUowiog fonn: 

i>* (12). 



(13), 



= TD^ (1*). 

If the product TD„, given in equation (14), be substi- 
tuted for ^ in equation (12), and then di^erentiated accord- 
ing to T, the followiDg very simple equation will be the 
result : 



± 






(dQ\ 


dT 


{dxj 


dx 


[dTj 


d , 




d 


fdQ\ 






dx 


\dT) 








dQ 








dx 



§ 4. Particular Assurrnpiions as to tJis External Foree8» 

We have hitherto mac^e no particular assumptions as to 
the external forces to which the body is subjected, and to 
which the external work done during its alterations of condi- 
tion is related. We will now consider more closely a special 
case, which occurs freouently in practice, namely that in 
which the only external force which exists, or at least the 
only one which is of sufficient importance to be taken into 
consideration, is a nreesore acting on the sorface of the body, 
eyeiYwhere normal to that sor&ce, and of uniform intemdly. 
In wis case external work can only be done duiixig dumgw 
in the volume of the body. Let p be the pressmre per unit 
of sur&ce, v the volume; then the external work done, 
where this volume is increased to v + dv, is given by the 
equation 

dW^pdv (16). 
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Let US now suppose the eoodition of the bodyto be given 
by the yalues of two given vaxiables m and Then the 
preasue p and volume v must be consideied as functions of 
X and y. We may thus write the last equation as follows : 



whence it follows that 



dW 


dv ' 


dx 




dW 


dv 


dy 





(17). 



dW dW 

Putting these values for and in equation (7), and 

perfonning the differentiatimis indicated, taking note also of 

the iact that j— j- = , , we obtain 
axay dydas 

This value of we have now to apply to equations (9) 
and (10)« Let x and T be the two independent vaiiables ; 
then equation (18) becomes 

dp d^ dp dv 

dT'^dx dm'^dT l^^^' 

which value we have to apply, to equations ^12), (14) and 
(15). The ezpiession given m (18) takes its simplest form, 
if we choose for one of the independent variables either the 

volume or the pressure, or if we choose both for the two 
independent variables. For tliese cases equation (18) takes, 
as is easily seen, the iullowiDg forms, 

^. = 1 (20). 
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dv 



(21) . 

(22) . 



Lastly in the cases in which either the volume or pressure 
is taken as one of the independent variables, we may choose 
the temperature for the other. We must then put T for y 
in equations (20) and (21), which then become 



" dT 



(23), 



§ 5. JFhytfentfy wsourring FormM of the 
EquaHoM, 

In the circumstances dcsei ihcd above, where tlie only 
exteinal force is a uniform pressuiL' normal to the surface, 
it is usual to choose as the independent variables, which 
are to determine the condition of the body, the quantities 
last mentioned in the foregoini,^ s(»ctiun, viz. volume and 
temperature, pressure and temperature, or lastly, volume 
and pressure. The systems of differential ofjuations which 
hold for these three cases may be easily deduced from the 
more general systems given above ; but on account of their 
frequent use it may be well to collect them together in this 
place. The first system is the one which the author hsM 
usually employed in the treatment of special cases* 

If V and Tore taken as the independent variaUes, 



d (iQ\_±(dQ\ dp 
dT\dv) d9\dT)"dT* 

dT\dvJ dv\dTJ 
dQ rpdp 
dv "'^dT' 



1 dQ 
T dv 



a 

do 



[UTj ^df^ 



* • •••••••(2o)* 
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If p and T are taken : 

d /dQ\ _ d_ /dQ\ ^_do ^ 



d /dQ\ 

dT\dp)^diAdT)~ dT 
d dQ _d^ nlQ\ 1 dQ, 
dT dp dp [dTJ '"T dp* 



dQ 
dp 



dpKdxr 



T ^- 



(26). 



If V and p are taken : 

d^ (dQ\ _ d /tlQ' 
dp \dvJ dv \dp 
d_(dQ\_d fdO\ 1 fdT 
' ) dv 



dp\dv 
dT dQ 

dp dv 



\dp) T \dp 



dQ dT^dQ 
dv 



_dT dQ\ 
dv dp) * 



dT dQ 

dv dp 



.(27). 



§ C. Equations in the case of a body which undergoes 
a FaHial Change in its Condition of Aggregation, 

A case which permits a still further simplification pecoliar 
to itaeify and which is of special interest from its frequent 
occurrence, is that in which the changes of condition in the 
body are connected with a partial chtoige in its Condition of 
Aggregation. 

Suppose a body to be given, of which one part is in 
one particular state of aggregation^ and the remainder in 
anoiner. As an ezam^de we may conceive one part of the 
body to be in the condition of liquid and the remainder 
in the condition of vapour, and vapour of the particular 
density which it assumes when in contact with liquid : the 
equations deduced will however hold equally if one part 
of the body is in the solid condition and the other in the 
liquid, or one part in the solid and the other in the vaporous 
condition. We shall, for the sake of ijenerality, not attempt 
to define more nearly the two conuitions of aggregation 
which we are treating of, but merely call them the first and 
the second conditions. 
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Let a certain quantily of this-subatanoe be inclosed in 
a vessel of given yolume, and let one part have the firsts 
and the other the second condition of aggregation. If the 
specific volumes (or volumes per unit of 'weight), which the 
substance assumes at a given temperature in the two dif- 
ferent conditions of aggregation, are different, then in a 

fiven space the two parts which are in the different con- 
itions of acrgregation cannot be any we please, but can 
only have determinate values. For if the part which 
exists in the condition of greater specific volume increases 
in size, then the pressure is thereby increased which the 
inclosed substance exerts on the inclosing walls, and con- 
sequently the reaction which those walls exert upon it, 
and linally a point will be reached, where this pressure is 
so great that it prevents any further passage of the substance 
into this condition of agj:jregation. When this point is 
reached, then, so long as the temperature of the mass and 
its volume, i.e. the content of the vessel, remain constant, 
the mngnitude of the parts which are in the two conditions 
of asifjreuation can underi^o no further chanfje. If, however, 
whilst the temperature remains constant, the content of 
the vessel increases, then the part which is in the condition 
of aggregation of greater specific volume can again increase 
at the cost of the other, but only until the same pressure aa 
before is attained and aoy further passage from one condition 
to the other thereby prevented* 

Hence arises the peculiarity, which distinguishes this 
case from all others. For suppose we choose the temperature 
and the volume of the mass as the two independent variables 
which are to determine its condition; then the presBore 
is not a function of both these variables, but of the tempen^ 
ture alone. The same holds, if instead of the volume we 
take as the second independent variable some other cyuantitr 
which can vaiy independently of the temperature, and whid^ 
in conjunction with the temperature determines fuller the 
condition of the body. The pressure must then be inde- 
pendent of this latter variable. The two quantities, tem- 
perature and pressure, cannot in this case be chosen as 
the two variables which are to serve for the determination 
of the bod/s condition. 

AVe will now take, in addition to the temperature 2] any 
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other magnitade ar, as yet left undetermined, for the second 
independeiit yariable which is to detenxune the body's 
oond^on. Let us then consider the expression given in 
eqnaition (19) for the work-differenoe referred ioxT, viz. 

dp 

In this we mnst, by what haa been said, put ^ = 0* 
and we thus obtain 

^- = i.xS 

The three eqnaticntB (12), (18), (14) aie thereb; changed 
into the following : 



3f \dx) da> \dT) dT^ dx ^ ''>' 



dT{di) dU\dT) T^dx 

('■)■ 

§ 7. Clapeyran'a JEquaHon and Camo^s FmetiafK 

To conclude the developments of the Fundamental Equa- 
tions which have formed the subject of the present chapter, 
we may consider the equation which Clape3rron* deduced as 
a fundamental equation from the theory of Camot, in order 
to see in what relation it stands to the eq[liations we have 
here developed. As however Glapeyron's equation contains 
an unknown function of temperature, usually designated as 
Osxnot's function, it will be advisable beforehand to throw 
our equations} so far as they will come under considera- 
tion, into the form which they tal^e, if the temperature 
(luictiim r, introduced in the last chapter, is treated as still 
indeterminate, and is not, in aooordance with the value 

* Journal de VEcdU Foly technique, Yol uv. (1834). 
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there determined, put equal to the ahsohite temperature T. 
We sliall thereby obtain the advantage of fixing tlie relatuu 
between our temperatvue-function t and Carnot's Fuactiou. 
li' instead of equation 

we use the less determinate Equation VIII. of the last chapter, 

and eliminate S from this equpvtion, in the same manner 
as in § 2y we obtain instead of equation (9) the following : 

^ _ ^ = 1 (|: X JQ-^T X '-j) ...(32). 
ay \€lxj ax \ayj r \ay dx dx dyj ^ ^ 

Combining this . with (8) we obtain instead of equa- 
tion (IG), 

$^g-S^f-'^- w 

If we now assume that the only external force is a 
uniform and normal pressure on the surface, we may use 
for the expression given in equation (18), and the above 
equation becomes 

dr ^ dQ dr ^ ^Q^^fdp ^dv dp^ dv\ 

dy da dx dy \dy dx dx dy) ^ ^* 

If further we choose as independent rambles v and 

putting X = I', and y = p, we obtain 

dT^dQ_dT_^dQ^^ (35) 

dp dv dv dp ^ '* 

But as r is only a function of 7, we may put 

dr 3r (JT dr^dr dT 

2v"rfr^ d^ dp^'di'^'dp 

dT dT 

Introducing these values of ^ and in the above equation. 
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dr 

and dividing by we obtain, instead of the last of e(^ua- 

iiouB (27), the following : 

dT dQ dT dQ t 
dp do av OT^ ^ ' 

dT ' 

It is here assumed that the heat is measured in mechani- 
cal units. To introduce the ordinary measure of heat, we 
must divide the expression on the right-hand side by the 
mechanical equivalent of heat, which gives : 

dp dv dv dp „ or ^ ' 

dT 

Glapeyrou's equation agrees in form with this, since it is 
written* 

fx_^«_f 4^.(7, (38). 

dp dv dv dp ^ 

where C is an undetermined function of temperature, and is 
the same as Carnot's Function already mentioned. 

If we equate the right-hand expressions of (37) and (SS), 
we obtain the relation between 0 and r, as follows: 

— r (39), 

j^dr j^d(\og r) ^ 

^ dT ^ dT 

If, adhering to the determination of r cfiven by the author, 
we assume it to be nothing more tliau the absolute tempera- 
ture T^ then C takes the simpler form, 

^-T, («>). 

As equation (33) is formed by the combination of two eqaa- 
tions, wnich express the first and second Main Principles, it 

* Pogg. Ann. Vol. ux. p. 574. 
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follows that Clapeyron's equation must be considered not as an 
expression of tTie second Main Principle in the form assumed 
by the author, but as the expression of a principle, which 
may be deduced from the combination of the first and seoond 
principles. As concerns the manner in which Clapeyron has 
treated his differential equation, this differs widely from the 
method adopted by the author. Like Carnot, he started from 
the assuinption that the quantity of heat which must be 
imparted to a body during its passage from one condition to 
another, may be fully ascertained trom its initial and final 
conditions, without its being necessary to know in what way 
and by what path the paaaa^ has taken place. Accordingly 
he oonaidered Q as a function of p and v, and deduced faj 
integrating his differential equation the following ezpresdon 
for Q: 

Q^F{T)^OiHp.v) (41). 

in which F{T) is any function whatever of the temperature; 
and i^ip, «) is a function of p and v which satisfies the foUow* 
ing more simple dififerential equation : 



-xv--i^2 = l (42). 



dT dj> 

dv dp dp ' do 



To integrate thi^ last equation we must be able to express the 
temperature T for the body in question as a function of p 
and V. If we assume that the body in question is a perfect 
gas, we have 

r-S (43). 

whence 

dT p ^ 4^ « 
Hence equation (42) becomes 

"t-'t-" 

Integrating, we have 

^ v) = logj) + ^ {pv), 
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where ^(pv) is any fdnction wbatever of the product |w. For 
thb we may by equation (43) substitate any fnnction what- 
ever of the tempemtoie^ so that the equation becomes, 

0 {pv) - B logp + 1 ( T) (45). 

If we introduce this eiqpression for ^ {p, v) in (41)» and put 

F(T)-(>^(T)^RB, 

where B again expresses any function whatever of the tem- 
perature, we obtain^ 

q^n{B^c\ogp) (46). 

This is the equation which Cflapeyzon has deduced for the 
case of gases. 
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CHAPTER VI. 

APPUGATION OF THB MBCHANIOAL THSORT OF BEAT TO 

SATURATED YAFOUB, 

§ 1. Fundamental equations for saturated vapour. 

Among the equations of the last chapter, those deduced 
in § 6, which refer to a partial change in the hod/a state of 
aggre^tion, may conveniently be treated first; inasmuch as 
the circumstance there mentioned, vis. that the pressure is 
only a function of the temperature, greatly facilitates the 
treatment of the subject. We will in the first place consider 
the passage from the liquid to the vaporous condition. 

Let a weight M of any given substance be inclosed in an 
expansible envelope: of this Jet the partm be in the condition 
of vapour, and tliat vapour (as necessarily follows from its 
contact with the liquid) at its maximum density; and let the 
remainder if — m be liquid. If the temperature T of the 
mass is given, the condition of the vaporous part, and at the 
same time that of the liquid part, is therebv determined* If 
m be also given and thereby the magnitudes of both parts 
known, then we know the condition of the whole mass. We 
will accordingly choose T and m as the independent variables, 
and will sul»titute m for in equations (29), (30), (31) of 
tike last chapter. Then these equations become 

dT \dmj dm {dTJ dT dm 



d_fi 
dT\i 



d (d(h fdQ\ ^1 dQ 
flmj dmKdTj T dm 

dm ~^ dT dm 
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We may bow denote the spedfic yolome (Le. the Tolnme 
<^ a mut of weight) of the saturated vapour by $, and the 
specific volame of the liquid by <r. Both these magnitudes 
bear some relation to the temperature T and its correspond- 
ing pressure, and are therefore^ like the pressure, ftinctions of 
the temperature alona If we further denote by v the total 
Tolume of the mass, we may th^ put 

» « flUS + (if — «i) or, 

= w (« — <r) + Ma, 

We wiU substitute for the difference {s — a), a simpler ex* 
pression^ by putting 

(4), 

whence it follows that 

v^mu + M<r (5); 

whence 



The quantity of heat which must be applied to the mass, if 
a unit of weight of the substance, at temperature T and 
under the corresponding pressure, is to pass from the hquid 
into the yaporous condition, and which may be shortly called 
the vaporizing heat» may be denoted by p ; then we nave 

» 

We will further introduce into the equations the specific heat 
of the substance in the liquid and vaporous condition. ' Hie 
specific heat here treated of is not however that at constant 
volume, nor yet that at constant pressure, but belongs to the 
case in which the pressure increases with the temperature in 
the same manner as the iihixiiiiuiu expansive power of the 
saturated vapour. This increase of pressure has very little 
influence on the specific heat of the li(pud, since licpiids are 
but slightly compressible by such pressures as are herein con- 
sidered. We shall hereafter explain how this iutiuencc may 
be calculated, in our researches on the ditlerent kinds of 
specific heat, and a sini^le example will suffice here. For 
water at boiling-point the ditierence between the specidc 
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heat here considered and the specific heat at constant 

pressure, is only gggQ of the latter, a difference which may he 

neglected. Accordingly, we may for the purposes of calcula- 
tion take the tmecific heat of the liquid here consideied as 
heing equal to the specific heat at constant pressure, although 
their meaning is different. We will call this specnnc 
. heat 0, 

With vapour it is otherwise. The specific heat here con* 
mdered refers, as shewn above, to that quantity of heat which 
saturated vapour reouires to heat it through l"*,- if it is at the 
same time so powernilly compressed that even at the higher 
temperature it again returns to the saturated condition. As 
this compression is very considerable^ this kind of specific 
heat is very different from all which we have hitherto txeated 
o£ We slutll call it the Specific Heat of Saturated Steam, 
and shall denote it by H. 

Bringing in the two symbols 0 and JST, we may now at once 
write down the quantity of heat which is necessary to give 
the increase of temperature dT to the quantity of vapuur 
m, and the quantity of liquid Jf — m. The result will be as 
follows : 

mHdT'\-{M'-m)CdT, 

whence 
or otherwise 

^|=«.(ir-C7) + ^(7 (8). 

From equations (7) aad (8) we have 



Substituting in equations (1, 2, 3) the values given in equa- 
tions (7, 9, 10) we have 
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g,+cf-ir=|...... (12). 

P'Tu^ .....(13). 

These are the fundamental equations of the Mechanical 
Theory of Heat as relates to the generation of vapour. Equa- 
tion (11) is a deduction from the first fundamental principle^ 
(12) from the second, and (13) from both together. 

If it is desired to use the ordinary and not the mechanical 
measmeB for the quantities of heoty we need only divide all 
the members of the foregoing eqwtions by the mechanical 
equivalent of heat. In this case we will denote the two 
specific heats and the heat of yi^Kirisation by new symbols^ 
patting > 



The equations then become 

dr 

dT 



^ + c-)t=|g-) (lo), . 

^+c-A-J.. (16), 

§2. Speoifc Heai of Saiytraixd 

Aa the foregoing equations (15), (16) and (17), of which 
however only two are independent, have thus been obtained by 
means of the Mechanical Theory of Heat, we may make use of 
tbcm in order to determin(3 more closely two magnitudes, of 
which one was previously c[uite unknown and the other only 
known imperfectly; viz. the magnitude A and the magnitude 
8 contained in u, 

K we first apply ourselves to the magnitude h, or the 
Specific Heat of Saturated Steam, it may be worth while in 

a 9 
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the first place to give some account of the views forsaerly 
promulgated concerning this magnitude. 

The magnitude h is of special importance in the theory 
of the steam engine, and in fact the first who published any 
distinct views upon it was the celebrated improver of the 
steam engine, James Watt. In his treatment of the subject 
he naturally started from those views which were based on the 
older theory of heat. To this class belongs especially the idea 
mentioned in Chapter I., viz. that the so-called total heat^ Le. 
the total quantity of heat taken in by a body during its pasaaoe 
from a given initial oondition to its present condition, depends 
only on the present condition and not on the way in which 
the body has been bcoi^ht into it; and that it accordingly 
may be expressed as a mnetion of those variaUeB on which 
the.coindikio& of ihe ho^y depends. Aoeoiding to this vie/w 
we nuisl in onv case^ in which the condition of the body com- 
posed of UqiiUl and vapour is determined by the quantities 
T and m, oondder this quantitjr of heat Q as a function of T 
and m ; accordingly we nave the equaticm 



If we here substitute for the two second differentials their 
values given in equations (9) and (10), we have 



or dividing by E 



dr 
dT 



whence we have, to determine h, the equation, 



,(18). 



This was in fact tlie equation which was formerly used to 
determine h, though not quite in the same form. To calculate 
h irom this equation we must know the differential co* 

dv 

efficient or the change of the vaporizing heat lor a giveu 
change of temperatura 
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Watt had made ezpconmeiits on the Tsporizing heat of 
inter at differeat temperatiires, aad was uiereby led to a 
tesait, which may be expressed by a very simple law, com- 
monij called Watt's law. This in its shortest form is as 
follows: ''The stun of the free and latent heat is always 
oonstant." By this is meant that the som of ikib two qoan- 
iities of heat^ which most l>e imparted to a nmt of wei^t of 
water, in order to raise it from freezing point to temperature 
T, and then at that temperature convert it into steam, is in- 
dependent of the temperature T itsel£ The quantity of 
tet required for heating the water is expressed by the 
integral * 

/> 

in which a is the absolute temperature of freezii^ point 
The heat of viqporization is represented by n Watt's law 
therefore leads to the equation 

r + j'cdl = Constant (ID). 

Differentiating, 

^+^ = 0 (20), 

combining this with equation (IS) we have . 

A = 0 (21). 

This result was long considered as correct, and was expressed 
by the following principle : If steam of maximum dennty 
changes its volume within a vessel impenneaUe to heal^ it 
always preserves its maximum density. 

More reeenttyBq;nault made very careful experiments on 
the changes in the heat of vaporization with changes in Ihe 
temperature* ; and thereby discovered that Watt's law, accord- 
ing to which the sum of the free and latent heat is always 
constant, does not agree with the facts, but that this sum Las 
aa increasing value as the temperature rises. The result of 
Wg experiments is expressed in the following e(j[uation, in 

* Selations de ExperieticeSf t, i.; Menu de VAcad.^ t. xxi., 1847. 

9-2 
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which instead of the ahsolute temperature T we ioirodtice 
the temperature t reckoned from the freezing point : 



r + fo* « 606-6 + 0-806 1 (22). 



Difierentiating this equation with regard to t, and then sub- 
• dv df* 

stituting for ^ , both having the same value, we have 

^+c«0-305 (23). 

Combining this equatiofi with (18) v/e have 

*«-306 (24). 

This was the value of h, which it was supposed, after the. 
publication of Regnault's experiments, must be substituted 
for the value zero and applied to the theory of the steam 
engine. Hence arose the idea that if saturated steam be 
compressed, and thereby heated, in such a way that it always 
has exactly the temperature for which the density is a maxi- 
mum, it must take in heat from without ; and conversely in 
expanding, in order to cool itself in a manner corresponding 
to the expansion, it must give out heat from itself. Hence 
we must forther conclude that if saturated steam be oom- 
pressed in a vessel impermeable to heat, a fkdl of temperature 
must take place ; whilst in ez|Mmding the steam will not re- 
main at its maximum density, inasmuch as its temperature 
cannot fall so low as this will necessitate. 

Having thus explained the conclusions previoudy drawn 
in relation to h, wc will now see what may be concluded 
from tiie equations here developed. 

The quantity h occurs in the two equations (16) and (16); 
but the first of these also contains the quantity which cannot 
at present be eonsidered as accurately known; it is therefore 
less convenient for determining h than the htter, whidi in 
addition to h contains only such quantities as Ihe experi- 
ments -of Kegnault have determined with great accuracy in 
the case of water, and of many other fluids. This equation 
may be written 

dv f* 
*-^y+C-y (26). 
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We have thus obtained by the Mechanical Theory of Heat a 
new equation for determining hy which differs from the equa- 
tion (18)» preyioady assomed to be correct, by the negative 

quantity — ^> the value of which quantity is thus of great 

importance. 

§3. NmmkoAVidueofYL for Steam. 

If we apply equation (25) to the case of water, we must first, 
following Regnault, give to the sum of the first two symbols 
on the riufht-hand side the value 0"305. To determine the 
last svmbul we must know the value of r, as a function of the 
temperature. Equation (22) gives us 

r = 606-5 + 0'305i - fed* 



- ^\dt (26), 



The specific heat of water c is determined according to 
Begnault by the following formulas : 

c « 1 + O000O4< + OOOOOOOQi* (27). 

Applying this, equation (26) beoomes 

r = 606'5 - 0-695^- 00000i*-00000003<'...(28). 

Substituting this value for r in (25), and replacing T by 
273 + we obtain for steam the following equation : 

h = 0-30D gyg^p^ ...(29). 

The expression for r given in (28) is inconvenient from its 
length, and the experiments on tiie heat of vaporization at 
different temperatarea, valuable as they are, can scarcely 
possess sach a degree of accuracy as to make so long a 
formula neoessary to represent them. Accordingly in his 
paper on ihe theoir of the steam engine the auuior pre- 
ferred to use the following formula: 

r«607 - 0-708< (30). 

The manner in which the two constants in the formula 
are determined will be more closely examined further on, 
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in describing the steam engine. Here we will only give a 
comparison of some values determined by both formulae, ia 
order to shew that the difference between them is so snudl, 
that one may be sulratituted for the other without danger : 



t 


0» 






160^ 




r bjoqiiation (28) ... 
r 1]j equation (30) ... 


606- 5 

607- 0 


571-6 
671-6 


636-5 
636-2 


500-7 
600-8 


464-3 
466-4 



Substituting in equation (25) the expression for r in (SO) 
we have instead of equation (29) the following : 



&» 0*305- 



607 - 0-708« 



273 H-t 





T 







A » 1*013- 



800-3 



(31). 



273 + < 

A glance at equations (29) and (81) sheww that for mode- 
rate temperatures & is a negative quantity. Equation (29) 
gives for certain fixed temneratures ihe following values, 
which agree very closely witn those calculated by equation 
(81): 



t 


0» 






160* 




h 


-.1-916 


-1-466 


-M83 


-0«79 


-0-676 



The dnmmstance that the specific heat of saturated steam 
has a negative value, and that of so large an amount, given 
it a special diaracter of its own. We may explain in the 
following manner the cause of this singular condition. If 
steam is compressed, heat is generated by the work thereby 
expended, and this heat is more than sufficient to raise the 
temperature of the steam to the point at which tlie new 
density is the maximum density. Accordingly if the steam 
is to be treati'd in such a way that it remains saturated, it 
must be deprived of a part of the heat thus generated. lu 
like manner in the expansion of steam more heat is con- 
verted into work than is necessary to cool the steam so far 
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only that it remains exactly in the condition of saturated 
steam. Accordingly if this last condition is to hold heat must 
be imparted during the expansion. 

Should the original saturated steam be contained in a 
. vessel impermeable to heat, it will be superheated during 
compression and will be in jpart condensed during expan- 
sion. 

The conclusion that the specific heat of saturated steam 
is negative was drawn by Rankine and by the author inde- 
pendently, and about the same time*. Kankine however 
developed only the first of the two equations (15) and (16), 
which contain and this in a somewhat dilferent form. 
The second it was impossible for him to develope, since he waa 
urithout the second fundamental principle, wnich was neces- 
sary thereto. Since in the first equation there occois together 
with h the specific volume of the saturated steam, which is 
contained in ii, Eankine in order to determine this applied 
to saturated steam the law of Mariotte and Gay-Lussac, 
which, as we shall see further on, is inaccurate. Moxe exact 
determinations of h could only be accomplished by means of 
equation (16), which was first estaUishea by the authiur. 

When equation (25) was first published, Regnault's deter- 
minations of the specific heat and heat of vaporization as func- 
tions of temperature had been performed only for the case 
of waterf; and therefore the numerical value of h could be 
given for water only. Regnault lias since extended his 
measurements to other fluidsj,and it is now possible to apply 
the equation to obtain the numerical value of h for these 
fluids. We thus obtain the following results. 

BiHBulphdde of Carbon : OS,. According to B^gnault we 
have 



* Rankine^B paper was read before the Boyal Society of Edinburgli in 
Vabniaiy, 1850^ uid pcinted In fhe TfantaeUomt vol. zz. p. 147. The anUior'e 

IMi|>er was read before the academy of Berlin in Febniaij, 1850| and printed 
in Poggendorf s Annalen^ Vol. Lxyrx. pp. 3G8 and 500. 

t JUlations de* Experiences, VoL i., Paris, 1847. 

t BdaUom da ExperUtiees, VoL n., Pint, 1862. 
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ccft « 90 + 0*14601^ - 0-0004123^ : 



vhenoe ire have 

c = 0-23523 + OOOOlUSOe, 
r - 90-00 - 008922^ - 00004938^. 
Substituting these values, equation (25) becomes 
» - 014C01 - 00008246* _ 90^-0-0^g«-(H)004988<> 

hence we obtain for h the following values amongst others ; 



t 




lOOO 


h 


-01837 


-01406 



The specific heat of the saturated vapour of Bi-sulphide 
of Carbou is thus negative like that of steam, but its values 
are smaller. 

EAer: C^^fi. According to Eegnault wb have 

- 0-52900« + 0*00029587^1 

r + \*cdt » 94 00 + 0*45000t - O-OOOSSaSGl". 

J a 

whence we have 

0-0*529 + 0-00059174^, 

r = 94-00 - 007900t - 0-0008514<". 

Equation (25) thus becomes 
A = 0-450U0 - 0 0011111 * - M00 - 007^«-00008ol4f^ 

and £rom this the following values are deduced : 



t 


0* 


100^ 


h 


-U-U)57 


-o-i;3( lU 
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Tn the case of Ether tlierefore the specific heat of 
saturated steam has, at least at ordinal^ temperatures^ a j»o«i- 
tive value. 

Chhrqform : CHGlg. According to Begnault we have 
^(^»0*2d235«+0*00005072^» . 



Jo 



0 

r + j^^cdt » 67 + 0'U75t ; 

whence we have 

c = 0-23235 + 000010144^, 
r m 67 - 009485^ - 000005072^. 
Equation (25) thus becomes 

J. m 67 - 009485* - 000006072*" 

A= 01370 

and irom this the following values are deduced : 



i 




100^ 


h 


-0-1079 


-00153 



Bi-Chk/ride of Carbon : CCl^. Aiccordiiig to B^gnault we 
have: 

f cdf = O'lmSt + 0 0000906*", 

Jo 

r + j\3di'» 62 + 0-14625*- 0 000172^* ; 

whence we have 

c = 019798 + 00001812*, 

r » 52 - 0'05l7d< - 0'0002626<'. 

Equation (25) thus becomes 
A - 014625 - 0 00034« _52 P0 - 0 05m-0 0()O2626f 
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and from this the following values are deduced : 



* 


0^ 


100» 


h 


-0 0442 1 -0-0066 



Aceton: C^Hp. According to B^ault we have 

^\dt = 0-50643^ + 00003965?, 

r + J^'cA « 140-6 + 0-36644* - 0000516? \ 

whence we have 

C- 0-50643 + 0-0007930*, 

r- UO-5 - 013999^ - 00009125?. 

Equation (25) thus becomes 

k = 0-36644 - 0-001032. - l^:^!^ ^^-^-^^^^^^^ , 

and from this the following values are deduced : 



t 




100® 


h 


-0*1488 





In addition to the above Kegnault has investiijated 
Alcohol, Benzine, and Oil of Turpentine, so far as to deter- 
mine the values of r + j cdL For Alcohol and Turpentine 

he gives no empirical formulas for ascertaining their values, 
on acooont of the inegulaiities in the ezperiments; and for 

Benzine he has not expressed j cdt as a function of tempera- 
ture, but has only investigated a mean value of the Specific 
Heat for a naixow interval of temperature. The numerioEil 
value of & is thus much more uncertain for these fluids than 
for those given above^ and accordingly we shall not toat of 
them fuirther. 
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In all tlie formulie for h given above we see that its value 
increases as the temperature rises. In the only case, that of 
ether, in which it is positive at ordinary temperatures, its 
absolute value increases as the temperature rises. In the 
other cases, in which it is negative, its absolute value 
diminishes; it thus approaches to zero, and it would appear that 
at some higher temperature it would attain the value zero, 
and at still higher temperatures would become positive. To 
determine the temperature at which As 0, we have bj equa- . 
tiou (25) 

Ir+c- J=0 (82). . 

In this equation we must, as above, express c and r as 
functions of f, and then solve it with regard to t 

The empirical furrnuloe of Reguault, by means of which 
we have expressed c and r as functions of should not of 
course be applied much beyond the limits of temperature 
within which Regnault carried out his experiments. Hence 
the determination of the temperature for which = 0 
is in many cases impossible, as for instance with water, 
where the equations obtained by putting A = 0 in (29) 
and (31) would lead to a value for t of about 500^ where- 
as the e(piations are only applicable up to somewhat over 
200**. But with other fluids the temperature for which 
h — 0, and above which h is positive, lies within the limits of 
application of the formulae. Thus Cazin* calculates this 
temperature for Chloroform at 123*48^, and for Bi-K^onde of 
Carbon at 12S'd'. 

§ 5. Specific Heat of Saturated Steam, as j^roved by 
Ea:_periiiient. 

The result axrived at bjr theory, that the Specific Heat of 
\ satarated steam is negatiye, and that therefore saturated 
steam, if expanded in a non-conducting envelope, must 
partially condense, has since been experimentally proved by 
Himf". A cylindrical vessel of metal was fitted at the two 
ends with parallel plates of glass, so that it could be seen 
through. This, when filled with steam at high pressure was 

♦ Annalex de Chimie et de Phygiqtu, Series iv. Vol. xiv. 

t Bulletin 163 de la HocUU IndmtrieUe de MiUhouse, p. 137. 
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perfectly clear ; but when a cock was suddenly opened, so 
that part of the steam escaped, and the remainder expanded, 
a thick cloud appeared in the interior of the cylinder, proving 
a partial condensation of the steam. Subsequently, when 
Volume IL of Eegnault's Relation des Experiences had ap- 
peared, containing tke data, given above, to detennine h for 
other fluids, and shewing that for ether h must be positive, Him 
ixroceeded to experiment with that Tapour also. His descript i on 
IS as follows*: "To the neck of a strong ciystal flask I 
connected a pump, the capacity of which was nearly equal to 
that of the flask, and which was provided with a cock at the 
bottom. Some ether was poorea into the flask, and it was 
immersed to the neck in water at about 50*. The cock was 
then kept open, until all the air was assumed to be expelled. 
Then the cock was closed, and the pump plunged into tne hot 
water with the flask: whereupon the ether vapour raised 
the piston to the top. The apparatus was now suddenly 
taken from the water, and the piston forced rapidly down. 
At this moment, but for a moment only, the flask became 
filled with a distinct cloud." It was thus shewn that ether 
vapour behaves conversely to steam, partially condensing, not 
during expansion, but during compression ; a fact which 
is in accordance with the opposite sign of A in the two 
cases. 

To check this conclusion Hirn made an exactly similar 
experiment with Bi-sulphide of Carbon. The result was 
that on forcing down the piston the flask remained per- 
fectly transparent. This is again in accordance with the 
theory, since with Bi-sulphide of Carbon, as with water, 
h is negative, and compression of the vapour produces a rise 
of temperature, and not a fall. Some years later Oazin*t% 
aided by the Association scienUJique, made with great caie 
and skill a similar series of experiments, in some reroects 
more extended He used as bemre a cylinder of metal, ntted 
with glass at the ends. This was placed in a bath of oil, so 
as to give it the exact temperature proper for the experi- 
ment. The first series of experiments embraced only the 
expansion of steam; the arrangement was such that, when 
the cylinder was filled with vapour, a cock could be opened, 

♦ Cosmoif 10 April, 1863. 

t AtmaUi di Ckimie a 4$ Pk^tiqmt SanaB it. Vol m 
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ftrOQgli wliich a part of the vapour escaped either into the 
atmosphere or into an air vessel, the pressure in which 
could be kept at any given point below the pressure of the 
vapour. In a second series of experiments a pump was 
connected with the cylinder; this was placed in the same 
bath of oil, anti the piston could be moved rapidly back- 
wards or forwards by special mechaniaiOi 80 as to increase or 
diminish the volume of the vajxnir. 

By these experiments the results obtained by Hirn for 
steam and ether were confirmed, and with the second ap- 
paratus a double proof was given in each case, viz. both by 
larefaction and condensaiioiL Steam formed a dond during 
rarefaction, whilst it remained qoite clear during condensa- 
tion. £ttier, on the contrary, formed a doud during con* 
densatioiiy and remained dear during rarefaction. Some 
special experiments were further made with Tapoor of dibro- 
lonn. As mentioned above, in the case dT dilorofonn h, 
which is negative at lower temperatares, becomes zero at a 
temperature which Oaon has aJcnlated at 123*48*, and at 
still higher temperatures is podtive. This vapour must thus 
partially condense during expansion at lower temperatures, 
and iiuist partially condense during compression at liigher 
temperatures beyond the point of transition. With the first 
apparatus, which only allowed of ex})ansiuu, clouds were 
observed during expansion at temperatures up to 128^ At 
temperatures above 145** there was no formation of cloud. 
Between 123'' and 145^ the conditions were somewhat different 
according to the degree of expansion. With a small degree 
of expansion there was no cloud ; wnth a higher degree some 
formation of a cloud appeared towards the end of the pro- 
cess. The explanation of this is simple. The high expansion 
had produced a considerable fail of temperature, and the 
vapour had thereby been reduced to the temperature at 
which expansion is accompanied by a fiftll of tempera- 
ture. The result is thus compietdy in accordance with the 
theory. With the second apparatus the vapour of chloroform 
finrmed a doud during expandon up to 130^, whilst it re- 
mained perfectly transparent during compresdon. Above 
a doud was finrmed during compression, whilst it re- 
mained dear during expansiorL The theory is hereby more 
fdlyestabUdied than by the first apparatus. The drcnmstance 
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that the temperature at which the law of the vapour changes 
appeared in these experiments to lie between 130® and 136*, 
whilst theoiT gives it at 123'48^ is Dot a matter of great im- 
portance. Cm the one hand these experiments are not adapted 
tor an accurate deterniination of this temperature, because 
they always involve finite changes of Yolnme of considerable 
magnitude, wheceas the theoiv embraces indefinitely small 
changes, only. On the other hand, Oazin himself mentions 
that his chloroform was not chemicallj pure, and zeauired for 
a given vapour-pressure a higher temperature tnan that 
£rand by Begnoult Having r^;ard to wese drenmstances, 
the theory must be considered as being fully confirmed by 
experiment 

§ 6. Specific Volume of Saturated Vapour, 

We will now consider the second of the two quantities 
mentioned at the b^;innii^ of § 2; viz> s, or the specinc volume 
of the saturated vapour. 

It was formerly the custom to use the law of Hariotte and 
Gaj-Lossa^ in order to calculate the volume which a gas aa- 
aumes under different eonditiiMis of temperature and pressure, 
and to take no aooount of whether the vapour was in the satu- 
rated or superheated condition. It is true that from mauy 
quarters doubts were expressed, whether vapours really fol- 
lowed this law up to the saturation point: but, as the experi- 
mental determination of the volumes offered great difficult it s, 
and a theoretical determination was impossible from the want 
of well-established principles, it remained the custom to 
apply the above law in this case, so as at least to arrive 
at some sort of determination of the volume of saturated 
vapour. But the equations obtained by the author, and 
given at the end of § 1 , now offer us a means of arriving at 
a strict theoretical calculation for the volume of saturated 
vapour, which, when the data are given, may be worked out 
in practice. For in these equations occurs the quantity 
which =5 — <7, where <t is the specific volume of the tiuid. 
This, as a rule, is very small in comparison with s, and 
may be neglected in many calculations; but it is still a 
known quantity, and may be taken account of without difii- 
culty. 
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Substitoting (a-*^) for « in the last of then eqoatioiM^ (17)» 
we obtain 

or, solviDg the equation for 

Er 

t«-^ + ir (34). 

^ dT 

By this equation the specific volume of the saturated va- 
pour may be calculated for all substances, whose pr« ssure j) 
and heat of vaporization r are known as functions of the 
temperature. 

§7. Bepmiure fr(m ihehw of MarioiU 
mweaseofSaknvied SitanK 

We will first apply the foregoing equations to ascertain 
whether sataraAed steam follows the kwof Hariotte and Oay- 
LoaBac^ er how &r or in what wi^j il departs firom it 

If it follows the law the following equation must hold ; 

^« const, 

or, sahstitating a + 1 for and multiplying by 

const: 

but from equation (33), substituting a + ^ for 2^ we obtain 

ii>('--)arr--TO 

As the difference (s — a) differs little from .9, the left-hand 
ride of these two equations is Tory nearly the same, and, to 
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ascertain how saturated steam is related to the law of Ifari- 
otte and Gay-Lussac, we have only to enquire whether the 
right-hand side of the last equation is constant, or varies 
with the temperature. To ascertain whether the successive 
values of an expression are equal to each other, or in what 
way they depart from each other, is a very simple matter; 
and the form of equation (35) is very well adapted for this pur- 
pose. The author has calculated the values of this expesaion 
fat a series of temperatures from 0® to 200^ applymg the 
numbm given by B<^gnault to r aiid|>. For r, the heat of 
Yaporization, the equation (28) was used, viz.: • 

r » 606*5 - 0*695^ - <H)0002i' - OOOOOOOSl". 

The more simple formula (30) might have been used without 
any great difference in the results. To obtain p, the author 
first applied , the numbers which Begnault has published in 
his well-known laxge Tables, in which the pressure of steam 
for every degree fsom — 82* to + 230^ is given. He found how- 
ever some peculiar variations frcm the regpilar course of the 
numbers^ which in certain ranges of temperature had quite 
a different character from what they had in others; and he 
soon discovered that the source of these variations lay in the 
fieiot tiiat Beffnault had calculated his numbers by empirical 
fonnulsB, and that for different raiiges of temperature he 
had employed different formulae. It wen appeaiied desiraUe 
to the auUior to emancipate himself entireljr from the in- 
fluence of empirical formulflB, and to confine himself to tlioee 
numbets whidi express simply the results of the obsorvfr- 
tions, because these are specially adapted for com^rison witii 
theoretical results. Begnault, in order to obtam from his 
numerous observations the most probable values, used the 
aid of graphical methods. He constructed curves of which 
the absciss® represent the temperature, and the ordinates 
the pressure p, and which run from — 33° to 4- 230^ From 
100° to 230" he also constructed a curve in which the ordi- 
nates represented not j) itself, but the logarithm of p. From 
this have been obtained the following values, which may be 
considered tlie most direct results of his ol>servation8, and 
from which were also taken the values which served fur the 
calculation of his empirical formulae. 
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t in Centi- 
grade Degrees 
of the Air- 


p m 
Millimetres. 


t in Centi- 
grade De^ees 

oi tlie Air- 
thflmouMtflir. 


41 in \rii] 

J 

r 

according to 

the Curve of 
Clumbers. 


according to 
the Curve of 
Logarithms *. 




ODl 


110» 


1073-7 


1073-3 


-10 


8^ 


120 


1480O 


14907 


0 


4-60 


130 


20290 


20;}0-5 


10 


916 


140 


2713-0 


2711-5 


20 


17-39 


150 


357-2-0 


3578-5 


30 


31-55 


160 


4647 0 


4651-6 


40 


64*91 


170 


5960 0 


5956-7 


60 


91*98 


180 


7545*0 




60 


148-79 


190 


9^*0 


9485*4 


70 


23:309 


2(X) 


11660-0 


11679-0 


80 


354-64 


210 


143O.S-0 


14325-0 


90 


525-4r) 


220 


17390-0 


17390-0 


100 


76000 


230 


209150 


20927-0 



In order :to make the required oalculation with these data, 
1 do 

the valiies of - ^ were detennined horn the above table foe 

p (it 

the temperatures 15°, 25", eta, in the following manner. 

As - ^ diminidies bat dowly as the traiperatiue increases, 

the decrease was taken as uniform for eveiy interval of 10", 
i.e. from 0" to 10^ from 10'^ to 20^ and so on ; ag. the value 
for 25" was taken as the mean of the two yaloes for 20" and 
30*. Then since 

1 djp d (lo g j>) 
. p'di dt * 

the following formulsB could be used: 

ndp\ _ \ogp^-\ogp^ 

\p dtJisi^ 10 ' 

or otherwise 

(ldp\ Log|)„-Log^^ 

\^ dtj^o lOM ^"^^^^ 

where Log signifies the common system of logarithms, and M 

* In this column are given, instead of the Logarithms given directly by 
tbeiirve Mid nied by Begnanlt, the numbers whioli oam^ond with fhem, 
in ordar io oaatpare mim with the nombm in the pravioai oohnnn. 

C. ' 10 
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the moduliu of that system. By the help of these values of 

~ -J^ aud of the values of r giveu by the equation stated 

above, and lastly of the value 273 for a, the values were 
calculated which the expression on the right-hand side of 
equation (35) aod therefore likewise the expressioa 

1 , V a 

assumes for the temperatures .5^ 15^, 25°, etc. These values are 
given in the second column of the table below. For tempe- 
ratures over 100*^ the two series of numbers found above for p 
were botli made use of, and Uie two results thus obtained are 
placed side by side. The meaning of the third aud fourth 
columns will be more fully eiq>lained below. 



*• 

t in Degrees 


• 


• 

Differences. 


ceniignHiQ ok 
thermometer. 




a 


Aoeording to 


According to 






EqiMlioii (S8). 




50 


30-93 


30-46 


-0-47 


15 


30-60 


30-38 


-0-22 


25 


30-40 


30-30 


-010 


35 


30*23 


30-20 


-0*03 


4S 


30-10 


30-10 


OW 


55 


29-98 


30O0 


+0^ 


66 


20-88 


29-88 


0-00 


75 


29-76 


29-76 


000 


85 


29-65 


29-63 


- 0-02 


95 


29-49 


29-48 


-OVi \ 


105 


89-47 29-50 


29*33 


-0-14 -0-17 


115 


29-16 29*02 


29-17 


-l-O^l +0-15 


125 


28-89 28-93 


28-90 


+ 010 +0*06 


135 


28-88 2901 


28-80 


-0-08 -0-21 


145 


2b -65 28-40 


28-60 


-0-05 +0-20 


155 


28-16 28-25 


28-38 


+ 0-22 +013 


165 


28-02 28-19 


2814 


+ 012 -0-05 


175 


27-84 27-90 


27-89 


+0*05 -0t)l 


185 


27-76 27-67 


27-62 


-0-14 -0D6 


195 


27-45 27-20 


27-33 


-0-12 +0-13 


205 


26-89 26-94 


27-02 


+ 0-13 +0-08 


215 


26-56 26-79 


26-68 


+ 0-12 -0-11 


225 


26-64 26-50 


26*32 


-0-32 -018 
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This table at once shews that — a) -^ is not constant, 

as it must be if the law of Mariotte and Oay-Lussac holds, 
but decreases decidedly as the temperature rises. Between 
35** and Do** this decrease appears very regular. Below 35** 
the decrease is less regular, the simple explanation being that 

here the pressure p and its difforential coefficient ^ are very 

small, and therefore small errors in their determination, which 
are quite within the limits of errors of observation, ma}^ yet 
become relatively important. Above 100° the values of the 
expression are not so regular as between 25" and 95", but 
shew on the whole a similar rate of decrease : and if we 
make a graphic representation of these values, it is frund 
that the curve, which below 100® passes exactly througli the 
points determined by the numbers contained in the table, 
can be readily continued up to 230^ in such a way that theee 
points are distributed equallj on both sides of it. 

The course of this curve can be expressed with sufficient 
accuracy for the whole extent of the table by an equation of 
the form 

il>(*-<^)^< (37), 

where e m the base of Napierian logarithms, and m,n,k are 
constants. If we determine the latter firom the values which 
the cunre gives for 45*, 125^ and 205^ we obtain 

m - 31-549 ; n - 1*0486 ; k « 0*007iaS (d7a), 

and if for convenience we use common logarithms^ we finally 
obtain 

Log|^31'549-ip(«-<r) - 0-0206 + 0008100«... (38). 

The numbers contained iu the third column of the table 
are calculated from this equation, and iu the fourth column 
are given the differences between these and the numbers in 
the second column. 



10-2 . 

Digitized by Google 



148 



ON THE MECHANICAL THEORY OF HEAT. 



§ 8. Differential OoefficimUe of ^ . 

The foiegoing analysis leads easily to a fonnnla^ from 
which we can asoertaiii more exactly the mode in wbidbi 
steam departs from the law of ICaaotte and Gay-Lossaa 
Assuming this law to hold, we shall be able to put 

ps _ a + t 

where pa^ represents the value of pe at 0*. The differential 

coefi^cient i ( —\ would then have a constant value, viz. the 
at \jp V 

well-known coefficient of expansion - » 0'003665« Instead 

of this, equation (37) gives, if we use a in place of (s —o), 
the equation 



m — n€*' a + t 

X 

» a 



(39). 



whence 



^/^\ 1 m - y? [1 4- (g -f 0] 



dt\p8j a m — n 



(40). 



Thus the diCFerential coefficient is not a constant, but a 
function which decreases as the temperature increases, lliis 
function, if we substitute for «n» n, and k the numbers giren 
in (87a), has amongst otheis the following valuer £or dilfterent 
temperatures. 



t 


d f pg\ 




0-00342 


10 


000338 


20 


0'00334 


30 


0-00329 


40 


0*0<)3'2r) 


50 


ouoai9 


CO 


0-00314 



t. 

700 
80 

90 
100 
110 
120 
130 



dt 



000307 
0-00300 
0-00293 

0-00285 
000276 
0002G6 
000256 



1400 
100 

160 

170 
180 
190 
200 



d 
dt 



000244 
0-00831 
0-00217 

000203 

0OU1G6 
0-00149 
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From the above table we see that it is only at low tem- 
peratures that the variations from the law of Mariotte and 
Gay-Lussac are small, and that at higher temperatures^ ag. 
above 100", they can by no means be neglected. 

A glance at the table is sufficient to shew that the values 

found for ( — j are smaller than 0*003665 ; whereas it is 
dt KpsJ 

known that for the gases which vary considerably from the law 
of Mariotte and Gay-Lussac^suoh as carbonioaoid and sulphuric 
acidy the coefficient of expansion is not smaller^ but greater 
than the above number. Hence this diiB^ntial coefficient 
cannot be taken to correspond with the coefficient of expansion 
which relates to increase of volume by heating at constant 
pressure, nor yet with the figure obtsoned if we leave the 
volume constant during the heating, and then observe the 
increase of the expansive foroa Thus we have here a third 

special case of the general differentiai coefficient ^ , viz. 

that in which the pressure increases during the li eating 
under the same conditions as in the case of steam, when this 
retains its maximum density; and this case must be con- 
sidered for carbonic acid likewise, if we are to establish a com- 
parison. 

Steam has at about 108* an expansive force equal to 1 metre 
of mercury, and at 129|" e([ual to 2 metres. We will examine 
what takes place with carbonic acid, if this is also heated by 
21i**, and thereby the pressure increased from 1 to 2 metres. 
Regnault* gives as the coefficient of expansion of caibonic 
acid at constant pressure O U0371 if the pressure is 760 mm., 
and 0 003846 if the pressure is 2520 mm. For a pressure of 
1500 mm., the mean between 1 and 2 metres, the coefficient 
of expansion, if assumed to increase in proportion to the 
pressure, will have the vahie 0 003767. If carbonic acid 
under this mean pressure is heated from 0^ to 21^'', the 

quantity ^ will increase from 1 to 

1 + 0003767 X 21-6 » 1-08099. 

Again other experiments of Regnault'sf have shewn that, if 

* Relation d^n E.rp^rienceg^ t. i. Mem. 1. 
t Belation da £sqf4rUnc$9t U u Mem. 6* 
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carbonic acid, which had a pressure of about 1 m. at a tern- 
pefatore of about 0^ is loaded with a pressure of 1 '98292 OL, 
tbe quantity |nr decreases in the ratio of 1 : 0*99146; or for an 
increase of pressure from 1 to 2 ms., it will decrease in the 
ratio of 1 : 0*99131. Now if both ci these take place 
together, m. a rise of temperature from 0^ to 21^^ and 

a rise of pressure irom 1 to 2 ms., then the quantity - 

must increase from 1 to 1*08099 x 0^131 -= 1071596 
neariy, whence we obtain as the mean value of the differen- 
tial coefficient ^- (^-^ , 



dt\pvj 

0-071596 
21-5 



= 0 •00333, 



We thus see that for the case here considered we have a 
Talue for carbonic acid which is less than 0*003665, and 
there is therefore less ground for surprise at obtaining the 
same result for steam at its maximum density. 

If we seek to determine on the other band the actual 
coefficient of expansion for steam, or the number which 
shews how &r a quantity of steam expands, if it is taken at 
a given temperature and at its maximum density and then 
hatted, apart fimn water, at constant pressure, we shall oer* 
tainly obtain a value which is huger, and probably much 
larger, than 0*003665. 



§ 9. Formula to datermim the Spoeifio Vohmo oj 
raM Steam, and ii$ eompariaon iiM 

From equation (37), aud equally from equation (34), the 
relative values of s — a, and therefore to a close approxima- 
tion those of s, may be calculated for different temperatures, 
without needing to know the Mechanical Ecjuivalent E, If 
however we wish to cakiilatu from the equations the absolute 
value of 8, we must either know B, or must attempt to 
eliminate it by the help of some other known quantity. At 
the time when the author first l)egan these researches, several 
values of E had been f^ven bv Joulo, taken from various 
methods of ex]>erinient : these differt d widely from each 
otheri and Jouiu iiad not announced wiucii he considered thd 
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most probable. In this uncertainty the author determined 
to attempt the determination of the absoUite value of s from 
another starting point, and he believes that his method atili 
possesses interest enough to merit description. 

The specific weight of gases and vapours is generally ex- 
pcessed by oamparing the weight of a unit of volume of the 
gas or Tapour with the weight of a unit of volume of at- 
mosphcric air at the same pressure and temperature. Simi- 
larly the specific volume may be expressed by comparing 
the Tohime of a unit of weight of the gas or Tapour with the 
volume of a unit of weight of atmospheric air at the same 
pressure and temperature. If we apply this latter method to 
saturated steam, for which we have denoted the volume of 
a unit of weight by s, and if we designate by v' the volume 
of a unit of weight of atmospheric air at the same pressure 
and temperature, then the quantity under consideration is 

s 

given by the fraction ^ • 

For s we have the following equation, obtained from (37) 

by neglecting <r : 

a = :?<5±i)x(m-«e«) (41). 

For we have by the law of Mariotte and Gay-Lussac 
the equation 



These two equations give 

J-^(m-«e«) (42). 

If we form the same equations for any given temperature 
and denote the coiresponding value of ^, by , we 
pbtain 
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If by the help of this eqnatiou we ehmiaate the constant 
E 

factor -^r- from (42), we obtain 



The question is now whether, for any given temperatuie 

t^f the quantity or its reciprocal , which expresses 

the specific weight of the steam at temperature can be 
determined with sufficient certainty. 

The ordinaiy values given for the specific weight of steam 
refer not to saturated but to h^imj superheated steam. 
They agree veiy well, as is known, with the theoretical 
values which may he deduced from the well-known law as 
to the relation between the volume of a compound gas, and 
those of the gases which compose it. Thus e.^. Qay-Lussao 
found for the specific weight of steam the expenmental value 
0*6235; whilst the theoretical value obtained by assuming 
two units of hydrogen and one unit of oxygen to form, by 
combining, 2 units of steam, is 

2xO 0692G X 1105G3 ^^^^ 

— ; 2 s= 0'()22. 

Tin's value of the specific weight we cannot in general 
apply to saturated steam, since the table in the last section, 

which gives the values of ^ ' indicates too large a 

diveigenoe from the law of Mariotte and Qay-Lussac. .On 
the other hand the table shews that the divergences are 
smaller as the temperature is lower; hence, the enor will 
be insignificant if we assume that at freesin^ temperature 
saturated steam follows exactly the law of Manotte Mid Gay- 
Lussac, and accordingly take 0*622 as the qpedfic heat at 
that temperature. In strict Bccnmcj we must fo yet frirther 
and put the temperatore, at which the speeifie weight of 
saturated steam nas its theoretical value, still lower than 
freezmg point. But, as it would be somewhat questionable 
to use equation (37), which is only empirical, at such low 
temperatures, we shall content ouzselvea with the above 
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MBiimptioiL Thus fpmig to 1. the value 0, and at the same 

time putting ^^j = 0"622 and therefore ^® 
tain fimm equation (43) 

0-622 (i»-n) ^ ^* 

From this equation, uaing the values itxc n, and 

given in (37a), the quantity and therefore the quantity s, 

may be calcukted for each temperature, llie foregoing 
equation may be thrown into a more eonvenient form by 

putting 



V 



.(45), 



and by giving to the constants M, iV', and a the following 
values, calculated from those of n, and k : 

if* 1-663; JV'^ 005527; a = 1007164... (4oa). 
To give some idea of the working of this formula, we give 
in the following taUe certain values of and of its re- 

9 

f 

ciprocal - , which for the sake of brevity we shall denote by 
the letter d, abeady used to designate specific weight 



t 


0» 


50* 


1000 


150* 


2000 


9 

V 


1-608 


1-586 


1*550 


1-502 


1-433 


d 


0*688 


0-631 


0*645 


0-666 


0*688 



The result that saturated steam diverges, so widely as the 
above formulae and tables indicate, from the law of Maritjtte 
and Gay-Lussac, which Lad been previously applied to it 
without reserve, met at first, as mentioned in another place, 
with tl^e strongest opposition, even ixqm very competent 
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judges. The author believes ixowever that it is now generally 
accepted as correct. 

It has also received an experiinontal verification by the 
experiments of Fairbaim and Tate*, published in 1860. The 
results of their experiments are compelled in the follow- 
ing table, on the one hand with the results previously ob- 
tained fay assoming the specific weight to be 0'622 at all 
temperatures, and on the other hand with the values cal- 
culated by equation (45). 



Temperature 
In Degrees 
Centigrade. 


Volume of a Kilo^ammo of Saturated 
Steam in Cubic metres. 


Values 

previously 
obtained. 




jjj Ci xperi" 

?mHiti 


KA*910 


8-38 


8-23 


8-27 




5*41 


5-89 


5*33 


iV to 


4-94 


4-83 


4-91 


•77«1 ft 


3-84 


3-74 


3-72 




3-79 


3-69 


3-71 


79-40 


3-52 


3-43 


3-43 


o«5 OK) 


3-02 


2-94 


3-05 


86-83 


8-68 


8*60 


8*68 


92*66 


8-18 


8*11 


8*15 


11717 


0-991 


0-947 


0-941 


118-23 


0-961 


0-917 


U 1)1)6 


118-46 


0-954 


0-911 


0-b91 


12417 


0*800 


0-769 


0*758 


1S8*41 


0*718 


0*681 


0-648 


130-67 


0074 


0-639 


0-634 


131-78 


o-f;:>4 


0-G19 


0-604 


134-87 


0002 


0-569 


0-583 


137-46 


0-562 


0-530 


0-514 


139-21 


0-537 


0*605 


0*496 


141'61 


0«08 


0*478 


0*457 


142-36 


0*496 


0*465 


0-448 


144*74 


0*406 


0*437 


0*438 



This table shews that the values given by experiment agree 
much better wiUi those calculated b^ the anthor^s eaumon 
than with the values pfevioudy obtuned ; and that ttie ez-* 
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perimental values are in general yet further removed from 
those previously obtaiuied tbaa are the values derived iroiu 
the author's f onuukk 

§ 10. Determination of the Mechanical EquwalenL cf 
Heat from the behaviour of tScUimjUed Uteani* 

Knoe we hare determined the abselirte Tafaies of 8, with- 
OQt assomiBg the mechanical equivalent of heat to be known^ 
we may now apply these Talues, by means of equation (17), 
to determine tne mechanical equivalent itseK For this* 
purpose we may give that equation the following form : 

B ^(•-<r)... (46). 

The coefficient of 5 — o- in this equation may be calculated 
for different temperatures by means of Regnault's tables. For 
example, to calculate its values for 100^ we have given for 

I the value 27 20, the pr««ure being reckoned ia milU- 

metres of menmiy. To reduce this to the measure here em- 
ployed, viz. kilogrammes per square metre, we must multiply 
by the weight of a column of mercury at temperature 0*, 
1 square metre in area and 1 millimetre in height, that is by 
the weight of 1 cubic dedmetre of mercury at 0". As Regnault 
gives this weight at 13'596 kilogranunes, the multiplication 
gives us the number 3G9'8. The values of [a -f t) and of r 
at 100^ ar^ 373 and 536*5 respectively. Hence we have 

r " 530 5 
and equation (46) beoomes 

JS; « 257 («- it) (47). 

We have now to determine the quantity (s— cr), or, since <r is 
known, the quantity 8 for steam at 100". The metliud formerly 
pursued, i.e. to use for saturated steam the s.uue spc^cific 
weight, which for superheated steam had been found by 
ej^periment or deduced theoretically from the condemation of 
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water, led to the result, that a kilogram of steam at 100* 
should have a voknne of 1696 cubic metres. From tlie fore- 
going however it appears that this value must be consider- 
ably too large, and must therefore give too large a value for 
the mechanical equivalent of heat. Taking the specific heat 
as calculated by equation (45), which for 100^ is 0*645, we 
obtain for s the value 1*636* Applying this value of s we 
get from equation (47) 

^r = 421 (48). 

This method therefore gives for the mechanical equivalent 
of heat a value which agrees in a very^ satisfactory manner 
with the value found by Joule from tlie friction of water, and 
with that deduced in Chapter II. from the behaviour of 
gases ; both of which are about equal to 424. This agree- 
ment may serve as a verificatiou of the author's theory as to 
the density of saturated steam. 

§ 11. Cjmplete Differential Equation for in the case of 
a body composed both of liquid and vapour. 

In § 1 of this chapter we expressed the two first differ- 
ential coefficients of Q, for a body consisting both o£ liquid 
and yapour, by equations (7) and (8), as follows; 

dm ^' 

Hence we may form the complete differential equation of the 
first order for Q, as follows : 

d(?-/Mlm+ ^ (ff- 0) +ifoJ dT. (4/9). 

By equation (12) we may put 

whence equation (49) becomes 

dQ = pdm + - J) + if dT. (50). 
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Since pis a, function of T only, and therefore 




These equations are not intej^able if the two quantities, whose 
differentials are on the right-hand side, are independent of 
each other, and the mode of the variations thus left undeter- 
mined. They become integrable as soon as this mode is deter- 
mined in any way. We can then poribrra with them calcu- 
lations exactly similar to those given for gases in Chapter IL 
We will for the sake of example take a case which on 
the one hand has an importance of its own, and on the other 
derives an interest from the £Etct that it plays a prominent 
part in the theory of the steam-engine. The assumption is 
that the mass consisting both of lic^uid and vapour dianges 
its volume, without any heat being imparted to it or taken 
from itb In this case the temperature and magnitude of the 
* gaseous i>ortion also Buffera a change, and some external 
work, positive or negative, must at the same time be per*^ 
fprmed. The magnitude m of the gaseous portion, its volume 
V, and the external work W, must now oe determined as 
functions of the temperature. 

§ 12. Chumge of the Oaaeoua Portion of the Mass. 

As the mass within the vessel can neither receive nor 
* give off any heat^ we may put dQ^O, Equation (52) then 
becomes: 



If we divide this equation by i^, the quantities p and (7, which 
relate to the mechanical measure of heat, change into r and 
c, which relate to the ordinary measure of heat. If we also 
divide the equation by T, it becomes: 
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The first member of this equation is a suni^e differential, 
and may at onoe be integrated: the integration of the second 
18 also always possible, since c varies onl}' with the tempera- 
ture T, If we merely indicate this integi ation, and denote 
the initial values of the various magnitudes by anncaring 
the figure 1, we obtain the following equation: 

Actually to perform the integration thus indicated, we 
may employ the empirical formula for c given by Regnault. 
For water this formula, akeady given in (27), is as follows : 

c » 1 + 000004 + 0*0000009^. 

Since c is thus seen to vary very slightly with the tempera- 
ture, we will in our calcolations for water assume c to be 
constant^ which will not seriously affect the accuracy of the 
leeultSL Hence (54) becomes: 

fur fW.f*, 1 r 1 ^ / - - \ 

J = -Mclog j, {oo), 

whence 

» = ^(^-ifclog|) (56). 

If we here substitute for r the expression given in (28), or in 
a ampler frarm in (30), then m will be determined as a fime* 
tkm of temperature. 

To nve a general idea of the values of this functi(Hi» 
some valuse have been calculated for a special case, and cot 
looted in the foQowing table. The assumption is that flie 
vessel contains at first no water in a liquid condition^ but 
ia filled with steam at its maanmum density, so that in 
equation (56) we may put m^ = M. Let there now be an 
eximnsion of the vessel. A compression would not be ad- 
missible, because on the assumption of the absence of water 
ak the oouiuiwuci^iueut, the steam would not remain at iis 
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numiniiia dennty, but would be miperbeated by the heat 
developed in the oompreBBioii. ^ In erpanrion on tiie other 
band the steam not only remains at its nuudmum density, 
bat a part of it is precipitated as water; and the diminution 
of m ihus produced is exhibited^ in the table. The initial 



temperature is taken at IbVO., and the values of are 

given for the moments when the temperature has snnk 
through expansion to 125*^, 100", etc. As beture, the tem- 
perature is reckoned from freezing point, an«l is denoted by 
t, to distingiiisb it from the absolute temperature T. 



t 


160^ 


1S6^ 


100^ 


76^ 




260 


m 
M 


1 


0-956 


0-911 


0-866 


0 821 


0-776 



§ 13. Relatiori between Volume and Temperature, 

To express the relation which exists between the volume 
V and the temperature, we may first apply equation (5) : 

The quantity o-, which expresses the volome of a unit of 
w^ht of the liquid, is a known function of temperature, and 
the same is therefore true of Her. It remains to deteimine 
fnu. For tiiis purpose we need only substitute in equation 
(55) the expression for r given in equation (17). Thus we 
obtain 



whence 



mu dp m.r. , T 



(58). 



The differential coefficient may be considered as known, 

rince p is a known function of the temperature ; and there- 
fore this equation determines the product mu^ and thence, by 
the addition of Jfa, the required quantity «. 
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The following table gives a aeries of values of the quotient 

—9 calculated bv this equation for the same case as was treated 

in the last table. Under these are placed for the sake of 

comparison the values of which would hold if the two 

ordinary assumptions in the theory of the steam-engine were 
correct : viz. (1) that steam in expansion remains at its maxi- 
mum density witliout any part of it condensing; (2) that 
steam follows the law of Mariotte and Gay-Lussac On these 
assumptions we shall have 



t 


150* 


126^ 




w 


60^ 


25^ 1 


V 


1 


1*88 


3-90 


9*23 


26-7 


88-7 




1 






10-21 


29-7 


107 1 















§ 14. DeUrmination of the Work aa a fumtion of Tern- 
perature. 

It remains to determine the work done during the change 
of volume. For this we have the ec^uation 

W^-Tpdv (59). 

But by equation (5), taking the maffnitude c (which is 
generally small and veiy slightly variable) as constant^ we 

have : 

dv^d (niu), 

whence 

pdv =pd{mu)f 
which may be also written thus 

fdn^d{mup) -^mu^frpdT (60). 
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In this equation we may sabstitute for ^® expres* 

sion given in equation (57), and may then perform the inle* 
gration. The result however is obtainad in a more conveniant 
form as follows. By (13) we have: 

and from (53) we obtain 

^dT^d(nip)-i'MCdTi 

hence 

mu ^dT=d(mp) + MCdT, 

Equation (60) now becomes 

pdv = d {map) — d (mp) — MGdT 

«-d[m(p-ttp)]-ift;(ir... (61). 

Integrating this equation we obtain 

IT « (p, - j> J - 1» (p - t*j?) + if (7 (i; - r) . . . (6 2). 

If in this equation we substitute for p and C, according to 
ecjnation (14), the vahies Er and Ec, and collect together the 
terms which contain E & factor, we have : 

W - mup - m^u^p^ + E [m^r^ -mr+ iVc (2\ - T)] . . . (63) . 

From this equation we may caleulate since fnr and 
mu are abready known from the equations (56) and (58). This 
calculation has been made for the same case as before, and 

W 

the values of La of the work done by a unit of weight 

during expansion, are given in the following table; the unit 
of weight is here a kilogram and the unit of work a kilo- 
grammetre. The value used for E is 423'55, as found by 
Joule. 

As a comparison with the numbers of this table it may be 

a 11 
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again mentioned that the value obtained for the work done 
during the actual formation of steam, as this overcomes the 
external pressure, is 18700 kilogramraetres per kilogram of 
water, evaporated at temperature 150" and at the correspond* 
ing pressure. 



t 




185* 


100^ 


W 


60^ 


W 


w 

M 


0 


11300 


23200 


35900 


49300 


63700 



I 



I 
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CHAPTER m 



FUSION AND VAPORIZATION OF SOLID BODIES. 

Whilst in the case of vaporization the influence of the ex- 
ternal pressure was early observed, and was everywhere taken 
into account, it had hitherto been left out of account in the 
case of foaioD, where it is much less easily noticed. A little 
coumderation however shews that, if the volome of a body 
changes during fusion, the external pressure must have 
an influence on the process. For, if the volume increases^ an 
increase of pressure will make the fusion more difficult^ 
whence it may he concluded that a hisher temperature is 
necessary for Sision at a high than at a low pressure. If on 
the other hand the volume decreases^ an increase of jpressure 
wiU &cilitate the fiiston, and the temperature required will 
be less, as the pressure is greater. 

To examine more exactly the connection between pressure 
and fusion-point, and the peculiar changes which are some- 
times connected with a change of pressure, we must form the 
equations which are supplied for the process of fusion by the 
two fundameutal principles of the Mechanical Theory of 
Heat. For this purpose we pursue the same course as for 
vaporization. We conceive an expansible vessel containing 
a certain quantity M of a substance, which is partly in the 
solid, and partly in the liquid condition. Let the liquid part 
have the magmtude m, and therefore the solid part the mag- 
nitude Jf — m. The two together are supposed to M the 
vessel completely, so that the content of the vessel is equal 
to V, the volume of the body. 

If this volume v and the temperature T are given, the 
magnitude m is thereby detennined. To prove this, let us 

11-2 
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first suppose that the body expands during fusion. Let it be 
also in such a condition that the temperature T is exactly the 
melting temperature at that particular pressure. Now if in 
this condition the magnitude of the liquid part were to 
increase at the expense of the solid, the ezpansicHi which 
must tiien resolt' would produce an increase of preasiune 
against the walls of the Tessd, and therefore an increased 
reaction of the waUs against the body. This increased pree- 
sure would produce a nse in the fusion«point» and since the 
existing temperature would then be too low for fusion, a 
solidification of the liquid part must begin. If on the con- 
trary the solid part were to increase at the expense of the 
liquid, the point of fusion would thereupon sink, and since 
the existing temperature would then be higher than the 
fusion-point, a fusion of the solid part must begin. Next, if 
we make the opposite assumption, viz. that the volviine 
decreases during fusion, then if the solid part increase there 
must be a rise of pressure and in consequence a partial 
melting, and if the liquid part increase there must be a fall 
in pressure and in consequence a partial solidification. Thus 
on either assumption we have the same result, viz. that only 
the original proportions of the liquid and solid parts (which 
proportions correspond to the pleasure which gives a tern- 
perature of fusion equal to the given temperature) can be 
permanently maintained* Since then the magnitude m is 
determined by the temperature and Tolume, this volume will 
conversely be determined by the temperature and the mag- 
nitude m; and we may choose T juii. m as the variables 
which serve to determine the condition of the body. It now 
remains to express |) as a function of 21 Here we may 
again apply equations (1), (2), (3) of the last chapter, viz.: 

d /dQ\ d (dQ\ _ dp dv • 

d /dQ\ J /'^<?\ 1 ^JQ 

dT [dm) dm [dij ~T^dm' 

dm dT dill, * 

If we denote by a, as before, the specific volume (or volume 
of a unit of weight) for the liquid condition pf the body^ 
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snd the speeifie volame for the solid condition by t, we have 

for the total volume v of the body, 

or » « j» (o- — t) + Mr * (1), 

whence c^"^"''' 
* 

Kferther we denote the heat (tffbmm foraiuut of we^htby 

/>', we may pdt 

To express the other ditferential coefficieut uf Q, we 

mast employ symbols for tiie apecifio heat of the boc^ in the 
liquid and in the solid condition* Here^ however, we must 
make the same remark as in the case of vaporization, viz. 
that it is not the specific heat at constant pressure which is 
treated of, but the specific heat for the fmrticnlar case in 
which the pressure alters with the temperature in such a way 
that the temperature shall always be the temperature of 
fusion for that particular pressure. In the case of vaporiza- 
tion, where the changes of pressure are generally small, it 
was possible to neglect the influence of the change of pressure 
on the specific heat of the liquid body, and to consider the 
specific heat of a liquid body, as found in the formula, to be 
equivalent to the specific heat at constant pressure. In the 
present case small changes of toinperature produce such 
great changes of pressure, that the influence of these on the 
specific heat must not be neglected. We will, therefore, uu der 
the present circumstances, denote by G the specific heat of 
the liquid, which in the formula for vaporization we denoted 
by C. The specific heat of the solid body may be de- 
noted in this case by JT. Applying these symbols we may 
write 

or • = m (C - K') + MK' (4). 
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Fiom equttiona (3) and (4) wb hare 

dT\d7n)~dT ^ 

ai©-<'-^- 

Inserting these values, and the value for given in (3), in 
the aboTe differential equationB, we obtain 

g + ^'-(7' = (a-x)^ (7). 



(8). 

p' = T{,t-t)^ (9X 

In these equations the heat is siipposed to be measored hf 
mechanical units. If the heat is to be measured in ondUnaiy 
iinitSy we may use the following symbols : 

The equations then become 

^+k'-c' = ^ (12). 



These are the equations required, of which the first oorre- 
sponds to the first Fundamental Principle, and the second to 
the second, whilst the third is a oombinatioii <tf the other 
two, 
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§ 2. Bdation h$tW9m PtrnmrB and Tmparabtre of 

Fusion. 

The foregoing equations, only two of which are inde- 
pendent, may be applied to deterxaiae two quantities liitherto 
unknown. 

We will first use the last equation to determine the way 
in which the temperature of fusion depends on the pressure. 
The equation may be written 

dT Tja-r) .... 

This equation in tiie first place justifies the remark alreadj 
made, that if a bodyeiqpand danng fusion the point of fusion 
lises as the pressure increases ; whereas if the wAj oontmcts 
the xxnnt or fusion faSk. For aooocding as is greater or 
less than r so is the difference <r^r, and therefore also the 

dT 

differential coefficient pontive or negative. Again, by 

this equation we may calculate the numerical value of . 

We will calculate this value for the case of water. The vo- 
lume in cubic metres, or the value of o-, for a kilogramme of 
water at 4^ 0. is 0*001. At freezing point it is a little greater, 
but the difference is so small that it may be neglected The 
Yolome in cubic metres, or the value of r» for a kilogram 
of ice is 0*001087. The heat of fusion for water, or the 
i^ae of /, is according to Person 79. At fineesing point T 
equals 773, and tmE ire will take the value 424. Hence 
we obtain 

dT^ 273 X 0-000087 
aJp*"* 424jx79 * 

If the pressure is given not in mechanical units (kilograms 
per square metre), but in atmospheres^ we must multip^ the 

above value 10333. This gives us 

000788, 

Le. aa increase of pressure of one atmosphere will lower the 
point of fusion by 0 00738 of a degree Cent. 
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§ 3. Eaperimenial VmificaiMn of the Foregoing BemUt 

The conclusion that the melting point of ice is lowered 
by an increase of pressure, and the first calculation of the 
amount, are due to James Thomson, who derived from 
Camot's theory au equation which differs from our equation 

T . 

(14) only in this^ that in the place of it contains an un- 
known function of temperature, whose particular value for 
, the freeziiu^ point was determined from Be§pmult's lata^ on 
the heat ox vapoiizatioii and pressure of steam. Sir William 
Thomson afterwards applied to this theoretical resnlt a very 
accurate test hy experiment*. 

In order to measure small diffeireiiees of temperature^ he 
prepared a thermometer filled with ether-sulphide, the bulb 
of which was 3^ in. long and the tube 6i in. Of this 5^ io. 
were divided in 220 equal parts, and 212 of these parts com- 
prised an interval of temperature of 3" Fahr., so that each 
part was about equal to ^ of a degree Fahr. This tliermo- 
meter was hermetically enclosed in a larger glass tube, to 
protect it from the external pressure, and so enclosed was 
placed in an Oersted press, filled with water and lumps of 
clear ice, and containing an ordinary air gauge to measure 
the pressure. When the thermometer had become stationary 
at a point corresponding to the meltiug point of ice at atmos- 
pheric pressure, the pressure was increased by screwing down 
the press. The thermometer was at once seen to fall, as the 
moss of water and ice assumed the lower melting tempera- 
ture correspondiiuf to the higher pressure. On taking off 
this pressure the thermometer returned to its original position. 
The table below gives the Mi of temperature observed for two 



FlTGSSIM* 

• 


• 1 

Fan of Temperature. 


Observed. 


Calflolated. I 

» 


8-1 Atm. 
16-8 „ 


0059" C. 


0123 „ j 



different pressures, and also the fall of temperature, as cal- 
culated for those same prt^ssures by applying to temperatures 

* PhU, U4$,t Scfiet m; YoL xopo* 1^ US. 
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as high as 16*8 atui. the value of which was found in the 

last section, and which primarilj relates the otdinaiy at* 

uiospberic pressure. 

We see that the observed and calculated numbers agree 
very closely together, and thiis another result ot* theory 
has been verified by experiment. 

More recently a very strikini^ experiment was performed 
by Mousson*, who by the application of enormous pressures 
melted ice which was kept durii>g the experiment at a 
temperature of —18" to —20°. The pressure employed he 
calculates approximately at about 13000 atmospheres ; on 
which it may be remarked that it may be possible to pro- 
duce the melting with a much smaller piessure, since with 
his airanffement all that could be known was that the ice 
had aomdiow melted during the experiment, and not the 
exact time at which the melting took place. 

§ 4. Experinmnti an Swbstancei which expand during 



Bunsent was the first to institute experiments on sub- 
stances which expand during fusion, and of which the 
fusion point must therefore rise as the temperature in- 
creases. The substances he chose were spermaceti and 
paraffin. By an ingenious arrangement he obtained in an 
extremely simple manner a very high and at the same time 
measoxable increase of pressore, and was able to observe 
portions of the same substance side by side under ordinary 
atmospheric, and under the increased pressure. He took a 
tube of thick glass about the size of a straw and 1 foot in 
length, and drew it at on€ end into a capillaiy tube 15 to. 
20 indies long; and at the other end into a somewhat larger 
one only 1} inqhes long. The latter, which was placed lowest 
in the apparatus was beat round until it stood np parallel 
to the lower part of the glass tube. This short curved part 
was filled with the substance to be tested, and the larger 
glass tube with quicksilver, whilst the long capillary tube 
remained fille^ with air. Both capillary tubes were sealed 
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at the ends. On heating the apparatus the quicksilver 
expanded, rose in the longer capilluy tube« and compressed 
the air within it The reaction of this air compressed first 
the quicksilyer and then the substance in the shorter tube, 
and the magnitude of the pressure, which was capable of 
rising to above 100 atmospheres, could be measured by the 
volume of air left in the upper tube. . 

This apparatus was ued on a board dose to another 
arranged in the same way except that the upf)er air-tube 
was not sealed ; so that no compression of the air, and oon* 
sequent rise of pressure, could take place. The two tubes 
were now plunged in water, the temperature of which was 
somewhat higher than the melting point of the substance 
to be tested. Thus when the lower tube filled with the 
substance was once completely under water, it was only 
needed to sink it still deeper in order to heat a larger part 
of the quicksilver, and so to obtain a higher pressure 
in the closed upper tube. Under these conditions Bunsen 
repeatedly melted the substance in both tubes, and then by 
cooling the water allowed it again to solidify, observing the 
temperature at which this took place. The result was that 
this solidification always took piaice at a hi|^her temperature 
in the tube in which the pressure was increased than in 
the other. The following were the numerical results. 



Spermaceti. 





Point of I 
SoUdifioation. | 


lAtm. 


47-70 C. 




48-3 „ 


96 „ 


49-7 „ 


141 „ 


50-5 „ 


15G „ 


50-9 „ 



Paia^n. 





Point of 
Bolidifioation. 


1 Atm. 

86 „ 
100 „ 


46*3* a 

48- 9 „ 

49- « »> 
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More reoenUj HoiddiiB* esneiimented with spenoaoeti, 
m, sulplmry am stearine, prooiuaxig pressures means of 
a weighted levmr to 800 atmospheres and upvmda. With all 
the above sabstanoes a rise cf the melting point mider an 
increase of piessiire was observed. The partKmlar temperar 
tares observed with different pressures shewed however 
considerable irregularities. In tlie case of wax, with which 
the rise of temperature was most regular, an increase of 
pressure of 808 atmospheres produced a rise in the melting 
point of 15 J** Cent. 

The calculation of the rise in the melting point from 
the theoretical formula cannot well be performed for the 
substances tested by Bunsen and Hopkins, since the data 
lequired are not known with sufficient accuracy* 

§ 5. Relation between the heat consumed in Fusion and 
the temperature of Fusion, 

Having applied equation (13), in § 2, to determine the 
relation between the temperature of fusion and the pressure, 
we will now turn to equation (12), which may be written as 
£(dlows: 

g^=o'-A'4-^ (15). 

This equation shews that, if the temperature of fusion is 
changed by a change of pressure, the quantity of heat r 
required for fusion also changes. The amount of this change 
can be determined from the equation. In this the symbols 
c and k' denote the specific heat of the substance in the 
liquid and in the solid condition, not however, as already 
observed, the specific heat at constant pressure, but the 

rific heat in the case in which the pressure changes with 
temperature in the manner indicated by equation (13). 
The mode of determining this kind of specific heat will 
be desGiibed in the next dtapter. Here we wili merely 
way of example j;ive the numerical values in the case 
01 water. The specific heat at oonstant pressure, ie. that 
specific heat which is simply measured at atmospheric 
pressure, has in the neighbourhood of 0^ the value 1 for 
water, and, according to Personf, the value 0*4S for ice. 

* Beport^ Brit. Assoc. ^ 1854, p, 57, 
t Com^te$ Eendut, YoL xn. p« 626, 
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specific heat for the case here considered has on the 
contraiyfor water and ice the values c=s 0*945 and k'=»Q'^l» 
For / we may take Person's value 79. We thus obtain 

^« 0-945 - 0-631 + — 

» 0-314 + 0-289 
- 0-608. 

It is known that the freezing point of water can iUso 
be lowered by protecting it from every sort of disturbance. 
This lowering of temperature however only refers to the 
commencement of freezing. As soon as this has begun, a 
portion of the water freezes immediately such that the whole 
mass of water is thereby warmed again up to 0^ and the re- 
mainder of the freezing takes place at that temperature. 
There is therefore no need to examine more closely the change 
in the magnitude r which corresponds to a lowering of the 
temperature of this kind, and which is simply determined by 
the difference of the spedfic heat of water and ice at oonstant 
pressure. 

§ 6. Passage fr(m ike solid to the gaseous condMork 

Hitherto we have considered the passage from the liquid 
to the ffaseouB and from the solid to the liqiud condition. 
It may however haj^n that a substance pasMB direct fiom 
the solid to the gaseous condition. In this case three equa- 
tions will hold of the same fomn as equations (15), (16) 
and (17) of the last chapter, or (11), (12), (13) of this: we 
must only remember to choose the specific heats and specific 
volumes relating to the different states of aggregation, and 
the quantities ot" heat consumed in the passage from onu con- 
dition to the other, in the manner corresponding to the pre- 
sent case. 

The circumstance that the heat expended is greater in 
the passage from the solid condition to the gaseous thnii 
from the liquid, leads to a conclusion which has already been 
drawn by Kirchhoff *. For if we consider a substance when 
just at its melting point, vapour may he developed at this 
Xemperature both from the liquid and from the solid* At 

• Pogg. Ann.» Vol. cm. p. 206, 
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temperatuKS sbove the meltmg point we have only to dd 
with vapour developed from aliqiiia,andat temperatures below 
with vapour developed firom a solid, leaving out of aoooont 
the special case mentioned in the last section, in which a 
liquid kept perfectly still remains fluid in spite of having 
reached a lower temperature. 

If forthesetwo cases/ie. for temperatures above and below 
the melting point, we express the pressure of vapour jp as a 
function of temperature, and construct for each case the curve 
which has the temperatures for absdsne and the pressures 
for ordinates, the question arises bow the curves correspond- 
ing to the two cases are related to each other at the common 
limiti viz. the temperature of fusion. In the first place, so 
far as concerns the value of p itself, we may consider it as 
known by experience to be equal in the two cases ; and 
thus the two curves will meet in one point at the tempera- 
ture of fusion. But with regard to the ditferential coetiicient 

, the last of the above-named three equations shews that it 

has different vahies in the two cases ; and thus the tangents 
to the two curves at their point of intersection have diU'erent 
directions. 

Equation (17) of Chapter VL which relates to the passage 
from the liquid to the gaseous condition, may be written as 
follows: 

dp _ Er 

To form the corresponding equation for the passage from 
the solid to the gaseous condition, we should set on the left 
hand the pressure of the vapour given off by the solid body, 
which for distinction we may call P. On the right hand we 
must put, instead of a, which is the specific v<3ume of the 
liquid, the specific volume of the solid which we may call t ; 
the difference thus indicated is however very small, since 
these two specific volumes differ very sUghtiy from each 
other, and in addition are small in comparison with 8, the 
specific volume of the substance as- a gas. It is of more 
importance to substitute for r, which is the heat required to 
cause the passage from the liquid to the gaseous condition, 
the quantity of neat required tor the passage from the solid 
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to the gaseouB oonditi<m. This latter equals rH-f^» where r' 
ia die neat re<iuired for melting. Thus in the present case 
the equation is : 

Combining this equation with (16), and neglecting the small 
difference between a and r, we have 



dT dT'' T(8^9) ^ ^' 

If we apply this equation to water, we must put T=278, 
r'= 79, 5 = 206, <r = 0 001, and giving E the known value 424 
we have 

dT dr^273x206~ 

If we wish to express the pressure in millimetres of mer- 
cury, instead of kilogrammes per square metre, we must, as 
remarked in Chapter VI. § 10, divide the above result by 
13 596; then putting for p and F the Qreek letters v and 
n, we have 

dn dir ^ ^ - I 

It nuty be added for the sake of oompaiisou that the di£fe- 

rential coefficient ^ has for 0° the value 0*33, according to 

the pressures which Regnault has obserred at temperaturas 
just oyer 0*. 
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ON HOMOQENEOUS BODIES. 



§ 1. Changes of Condition wdhovi Change in ike (7cm* 
dition of Aggregation. 

We will now return to the general equations of Chapter 
Y. and will apply them to cases, in which a body undergoes 
changes which do not extend so far as to alter its condition 

of aggregation, but in which all parts of the body are always 
in the same condition. We will suppose these changes to be 
produced by changes in the temperature and in the external 
pressure. In consequence of these, changes take j^lace in the 
arrangement of the molecules of the body, which are indi- 
cated by changes in form and volume. 

With regard to the external force, the simplest case 
is that in which an uniform normal pressure alone acts on 
the body ; in this case no account need be taken of changes 
in the body's form, in determining the external work, but only 
of its alteration in volume. Here we may take the condition 
of the body as known, if of the three magnitudes, tempera- 
ture, pressxire and Tolume, which we will denote as before 
by T, p and any two are given. According as we choose 
for this purpose v and or p and or v and so 
we obtain one of the three systems of equations, which in 
Chapter V. are numbered (25), (26) and (27) : these equa- 
tions we will now use to determine the different specific heats 
and other quantities^ related to changes in temperature, 
pressure, and volume. 
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§ 2. Improved Denotation for the inffisrential Goeffin 
cieats. 

If the above-named equations of Chapter Y. axe referred 
to a unit of weight of the substance, the differential coeffi- 
cient ^ will denote in equations (25) the specific heat at 
constant volume, and in equations (26) the specific heat at con- 
stant pressure. Similarly ^ has dififereni values in (25) 

and (27) and ^ has different values in (26) and (27). Such 

indeterminate cases always occur where the nature of the 
question occasions the magnitudes chosen as independent 
variables to be sometimes interchanged. If we have chosen 
any two magnitudes as indej^endent variables, it follows 
that in differentiating acccxtding to one we miifist take the 
other as omstant. But if, whilst keeping the first of these 
as one independent variable throughout, we tiien choose for 
the other mfferent magnitudes in succession, we naturally 
arrive at a corresponding number of different significations 
for the diflferential coefficients taken according to the first 
variable. 

This fact induced the author, in his paper " On various 
convenient forms of the fundamental equations of the Me- 
chanical Theory of Heat,"* to propose a system of denotat i< lu 
which so far as he knows had not been in use before. Tiiis 
was to subjoin to the differential coefficient as an index the 
magnitude which was taken as constant in differentiating. 
For this purpose the differential coefficient was inclosed in 
brackets and the index written close to it, a lino being drawn 
above the latter, to distinguish it from other indices, which 
might appear at the same place. The two differential co- 
efficients named above, which represent the specific heat 
at constant volume and at constant pressure* would thus be 

written respectively (^»)-^^ ^t)-' method wa3 

soon adopted by various writers, but the line was generally 

* Beport of the NaturalUU* Society of ZuricJt, 1S66, and Pogg. ilnit., VoL 
CXZ7i p* 868* 
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left out for the sake of convanieiice. More recent^* the 
author introduced a simpler form of writiug, which yet 
retained the essential adtantage of the method. This con- 
sisted in placing the index next to d, the sign of differentia- 
tion. The hrackets were thus rendered needless and also the 
horizontal line, because no other index is in general placed 
in this position. The two above-uamed dilfereutial coeffi- 
cients would thus be written and ; and this method 
will be adopted in what foliowa 

§ 3. lielations between the Differential Coefficients of 
Pressure, Volume, and Ternperature. 

If the condition of the body is detennined by any two of 
the magnitudes. Temperature, Volume, and Pressure, we 
ntiay consider each of these as a function of the two others, 
and tiius form the following six differential coefficients : 

dj£ d^ d^ d^ 

dT' dv' dr dp' dv ' dp' 

In these the suffixes, which shew which magnitude is 
to be taken as constant, may be omitted, provided we agi-ee 
once for all that in any diftcrential coefficient that one of the 
three magnitudes, T^p, v, which does not appear, is to be con- 
sidered as constant for that occasion. We shall however 
retain them for the sake* of clearness, and because we shall 
meet with other differential coefficients between the same 
magnitudes, for which the constant magnitude is not the 
same as here. 

The investigations to be made by help of these six dif- 
ferential coefficients will be facilitated, if the relations which 
exist between them are laid down beforehand. In the first 
l^ace it is dear that amongst the six there are three pairs 
-which are the xedprocals m each other. If we take v as 
constant^ T taiijp will then be so connected that each may 
be treated as a smiple function of the other. The same holds 
with T and v'where p is constant, and with v and when T 

• ** On fha principle of the Mean Ergal and its application to the mole* 
cnlar motions of Gases." ProG€idMif9 qf thelfiedavhein, Qe9*Sikr Natur* 
und Meilkunde, 1874, p. 183. 

a 32 
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is oonstant* Hence we may pot 

4X~dT^ d^'dT* drP'dp ^ 
dp dv do 

• 

To examine fartiier the relation between these three 
pairs, we will by way of example treat p as a function of 
rand «. Then the complete differential equation for p ia 



dX dv 
If j> is constant^ we must put in this equation, 

whence it becomes 



whence 







By means of this equation combined with equations (1), 
we may express each of the six differential coefficients by the 
product or the quotient of two other differential coefficients, 

§ 4. Complete Differential JEquatione for Q. 

We will now return to the consideration of the heat taken 

in and given out by the body. If we denote the specitic 
heat at constant volume by C^,, and at constant pressure by 
C^, and take the weight of the body as unity, we have 



dT dT'^^'' 

We have also the equations (25) and (26) of Chapter Y. 
which with our present notation will be written as follows : 

"dv^^dT' dp" ^ dT 
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Hence we can write down the following complete differen- 
tial eq^uations : 

dQ~C,dT+T^,d9. (8), 

(i«-a,dr-T^Jdp ,..(4). 



From these two we easily obtain & third differential eqna- 
tioB for Q, which relates to « and p as independent variables. 
Fmr multiplying the first equation by and the second by 
C,, subtractbg, and dividing the result by (7, - (7^ we have 

^<i=C^,{^'U + (5). 

These three equations correspond exactly to those obtained 
in Chapter II. for perfect gases, except that the latter are 
simplified by applying the law of Manott^ and Qay-Lussac 
The equation eiqiressing this law is 

whence we have 

dr" « ' df'^p' 
Substituting these values in the above equationSp and in the 

last putting ^ for T, we get 

..... .''«=c,-c;^''+<^."*- 

These equations are the same as (11)» (15) and (IQ) of 
Chapter IL 

The equations (3)^ (4) and (5) are not immediately into- 
grable, as has been already shewn with respect to the special 
eqiiatioiui holding for gases. For ^uations (3) and (4) this 

12—2 
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foUowg firom equations already mven. If in the laal equa- 
tions of the systems (23) and (26) of Chapter Y. ire nae the 
symbob and 0„ and ako the method above eiqplained of 
miting llie difieiential eoefficimts, we have 

do ~ dr' dp ^dr 

"Wliereas the conditions wliich must be iuliiiled, if (d)aad 
(4) are to be intc^p^bl^ are as follows : 

^A^T^ A.^. 

dv dr dT* dp ""^ dr dT' 

By a similar but longer process we may shew that equa- 
tion (5) is not integxable; as may at once be concluded nom 
the fiiot that it is cteiiyed from equations (3) and (4). 

These three equations thus beloog to that class of orai- 

Slete differential equations whidi ^ described in the Intro- 
uction, and which can only be integrated if a further rdation 
between the yariaUes is giyen^ and the path of the yariation 
tiiereby fixed. 

§ 5. SpedJiG Seat at Otmstamt Vohms cmd at Oanttant 
Pressure, 

If in equation (4) we substitute for the indeterminate 

differential dp the expression ~ dT, we introduce the special 

case in which the body changes its temperature by (IT, the 
volume remaining constant If we divide by d T we have on 

the left-hand side the dififerential coefficient > which is 

dl 

the nieciiic heat at constant volume and Jias been denoted 
hj Hence we obtain the following relation between 
CC and 0,1 

^.-^--^24 ^'4 • 

Substituting in eouation (5) the value of — (7, given 
by this equation^ we ootain the following simpler form: 

dQ»C,'-^a»^0/^df. (8). 
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If by means of equation (7) we proceed to determine tke 
specific heat at constant volume from that at constaat pres- 
8are» it is lequiate first to make a slight change in the 

d v • 

equation. The differential coe£dcient ^ contained therein 

expresses the expansion of the body upon a rise of tein])cra- 
ture, and may generally be taken as known, but the other 

d 7) 

differential coefiEicient cannot in general be determined 

for solid and liquid bodies by direct experimentr However 
from equation (2) we have 

d.p^^dT 
dT d^ • 
dp 

In this fraction the numerator is the differential coeffi- 
cient already discussed, and the denominator expresses, if 
taken with a negative sign, the diminution of volume by an 
increase of pressure, or the compressibility of the body ; and 
this for a large number of liquids has been directly measured, 
whilst for solids it may be approximately calculated from the 
coefficients of elasticity. Equation (7) now becomes 

dp 

If the specific heats are expressed not in mechanical but 
in ordinary units, we may denote them by c^and c^i the equa- 
tion then takes the form : 

(d^v\' ' • 
. T\dT) 

' 

dp 

In applying this equation to a numerical calculation we 

must remember, that in the differential coefficients the unit 
of volume must be the cube of tlie unit of length w hich has 
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'been used for determining E : and that the unit of preasure 
must be the pressure which a unit of weight exerts on a unit 
of suiface. !u> as is usually the case, the coefficients of ex- 
pansion and compression refer to other units, thej must be 
reduced to those aboye mentioned. 

Since the differential coefficient ^ is always negative^ the 

specific heat at constant volume must always be less than 
that at constant pressure. The other differential coefficient 

d V 

is generally positive. - In the case of water it is zero at 

the temperature of maximum density, and accordingly the 
two specific heats are equal at that temperature. At all 
other temperatures, both above and below, the specific heat 
at constant volume is less than that at constant pressure; for 

d V 

although the differential coefficient is negative below the 

temperature of maximum densitv, yet, as it is the square of this 
which occurs in the formula, it bba no influence on its value. 

As an example of the application of equation (7), we will 
calculate the difference between the two specific heats in 
the Ccise of water at certain known temperatures. According 
to the observations of Kopp (see his tables in Lehrhuck 
der Fhys. u. iheor. Chimie, p. 204), we have the follow ing 
coefficients of expansion in the case of water, its volume at 
4^ being taken as unity i 

at v -oooooei, 

„ 25* +0-00025, 
„ 50* +0-00045. 

According to the observations of Qraasi*, we have £or the 
compressibility of water the following numbers^ which ezprees 
the diminution of volume upon an increase of pressure of one 
atmosphere, in the form of a dechnal of the yohime at the 
original pressure : 

at 0* 0 000050; 

„ 25' 0-000046, 
^ 60*^ 0 000044 



• Awl de Ohim. el di P*y#. 8rd ler. VoL tttt. p. 487, and Krttaig'a 
Jcunkflr Pkytik de$ Autkmifs, Vol n, p. 129^ 
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We will now, as an example, perfonn the oaLculation for 
the teniDeratare of 25^ The unit of length niay be the 
metre, the unit of weight the kilogram* We must then 
take the eabic metre as the unit €i volume; and, since a 
kilogram ct water at 4* contabui 0*001 cubic metres, we 

d V 

must, in order to obtain multiply the coefficient of ex- 
pansion given above by 0 001, Thus we have 

^ = 0 00000025 = 25 X lO"^. 

For compression we must^ by what has been said, take as 
unit the volume which the water contained at the tem- 
perature in question and at the original pressure (which latter 
ve may assume to be the ordinary pressure of one atmonihere)* 
This volume at 25* » 0*001003 cubic metves. Further we 
have taken one atmosphere as unit of pressure, whereas we 
must tdke the pressure of 1 kilogramme on 1 square metre ; 
in which case a pressure of one atmosphere is expressed by 
10,333. Accordingly, we must put 

0-000046 X 0 O01008 
dp " 10,333 --4i>xiU . 

Further, we have at 25*, 273 + 25 « 298 ; and for E 
we will take Joule's value 424. Substituting these numbers 
in equation (76), we get 

298 25^ 10-^ ^^^^^ 
^'"^•'=424^45^l0^-^'^»^ 

In the same way we obtain from the values given above 
for the coefficients of expansion and cuuipicssion at O"* and 
50^ the following numbers : 

at 0*, Cp - c« = 0*0005, 
„ 60^ c, - c, = 0 0358. 

If we now give to Cp, or the specific heat at constant pres- 
sure, the experimental values found by Regnaiilt, we obtain 
for the two speci£c heats the following pairs of values: 
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= 1-0016 
9918, 

c,= 1-0042 
Op » 0 9684, 



"•ft:;; 



§ 6. j^peci/ic JJ(0ate ttnc20r Cin»«9^^ 

In the same way as we have determined the specific lieat 
at constant volume in the last section, we may determine also 
the specific heat corresponding to various other circumstances, 
since we may hy equation (4) £x its relation to the specific 
heat at constant pressure. 

Thus, if the circumstances are given under which the 
heating takes place, the two differentials dT and dp are no 
longer independent, but the one is detennined by the other* 

We can therefore write for djp the product ^ dT, in v^hich 

^ is a known function of the variables on which the oon- 

dition of the body depends. Substituting this product for 
djj in equation (4), dividing by dT, and denoting by C the 

quotient which stands on the lefb-hand side of the equa- 
tion, and which ex})resses the specific heat under the given 
circumstances, we obtain 

C^O,-T^£x^^ (9). 

If the specific heat is to be expressed in ordinary unites 
we may use tiie symbol c instead of C ; and the equation 
becomes 



We will employ this equation, by way of example, to de- 
tennine the specific heats which came under consideration in 
the two last chapters, viz. (1) the specific heat of watOT, when 
in contact with steam at maTimum pressure; (2) the spedfio 
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heat of WAter and ioe, when the pressure changes with the 
temperatuie in such a way that the temperature of melting 
oarresponding to the pressure at any moment is always equiu 
to the temperature which exists at that moment 

In the hrst case we have simply to giye to ^ the value 

coiTespondiDg to the intensity of pressure of the steam. For 
the temperature 100® this value is 370, taking as unit of 
pressure a kilogram per s(][uare metre. With regard to 

the researches of Eopp give 0*00080 as the coeffici^t of 

expansion of water at 100**, taking the volume of water at 4" 
as unity. This number must be m^tipliedhy 0*001, in. order to 

obtain the value of in the case when a cubic metre is 

aT 

taken as the unit of yolimie and a kilogram as the unit of 
weight: we thus obtain the number 0*0000008. Lastly we 
write for T the absolute temperature for 100^ or 378^ and 
for as usual, 424. Then equation (9a) becomes 

c = c,- 2i2 X 0 0000008 x 370 c, - 0-00026. 

If we take for the specific heat of water at constant pres • 
sure, and at 100°, the values derived from the empirical 
formula of Regnault, we obtain for the two specific heats 
which we wish to compare, the Ibllowing simultaneous values : 

Cp = 1*013, 

0 » 1-01274. 

It thus appears that these two quantities are so nearly 
equal, that it would have been useless to take account of the 
difference between them in the calculations as to saturated 
steam. 

The consideration of the influence of pressure on the 
freezing point of liquids shews that a great change in the 
pressure only produces a Tery slight alteration in the freezing 

point; hence in this case ^ must be very large. If we 

assumOi according to. the calcvdations in Chapter YII.« that an 
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increase of pressnre of one atmosphere lowers the freezing 
point bjr 0 0u7da^ C, we have 

dT oouiaa ' 

Iieooe equation (9a) becomes, giving to T the valae at the 
fieezing pomt, tiz. 273, and to ^ihe Talue 424^ 

^ - ^' + 424 ^ 0-00733 ^ if = ^' + ^^^^^^ Sr 

Applying this equation first to water, we will take Kopp*8 
value for the coefficient of expanrion of water at 0*, viz. 
— 0 000061; then, using the kilogram as unit of weight^ and 
the cafaic metre as unit of volume^ we have 



'^^''^-owoooooei- 



whence, from the equation above, 

c-c,- 0-065. 

As is here = l, being the ordinary heat unit^ we have £nallj 

o» 0*945. 

Next, to apply the equation to ice, we will take the linear 
coefficient of expansion of ice at 0000051, following the 
experiments of Schumacher, Pohrt, and Moritz ; whence the 
cubic coefficient will be 0*000153. In order to reduce this 
number to the lequired units^ we must multi|dy it by 
0 001087, the volume of a kilogiam of ice in cufaie metres: 
whence we obtain 

^= 0-000000166. 

Substituting this value, the equation becomes 

o-c^+0151. 
According to Person* €i^-«0'48 : hence we have finally 

c«0G31. 
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These values, 0 and 0*631, were those employed ia Chap* 
ter YIL for the calculation bj which the relatSon between 
ihe heat expended in fuaion and the temperature of fiision 
wasdetennW 

§ 7. Isentropic Variatioiis of a Body, 

Instead of determining the kind of variation of condition, 
which a body is to undergo, by means of an equation con- 
taming one or more of the quantities v, we will now 
lay down as a condition, that no heat is imparted to or with- 
dnvwn from the body during its variation'. This is expressed 
mathematically by the equation 

dQ=-0. 

If this equation holds, we have further 

. .... '»-sl-»- 

that is, the entropy 8 of the body remains constant We 
will therefore give to this kind of variation the designation 
isentropic, alroftdy apnlied to the curves of pressure which 
correspond to it: and will characterize the differential co- 
efficients formed in discussing it by the index >b'. 
If in equation (S) we put dQ = 0, we have 

If we divide this equation by dv, the differential coeffi- 
dT 

dent thus obtained, refers to the case of an isentropic 
variation, and hence we must write : 



-c/ J 

Similarly we obtain from equation (4), 

dsT_T^ d^ , . 

dp cr/ dT 

Applying either equation (5) or equation (7), we have 
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Applying equaticNU (1) (2), this equation becomes 



If here we give to (7, its value from (7a), we obtain 

If we take the ledpraoal of (18), m obtain the equatioB 

This e(][uatiuD, if transformed iu the same way as (12), 
gives 

dv dn 

These differential coefficients between volume and pres- 
sure, for the case of the entropy being constant, have been 
applied to calculate the velocity of propagation of sound in 
gases and liquids, as has been already described iu Chap- 
ter II. for the case of perfect gases. 

§ 8. Special Forma qf Ab Fiindamenki EjuaHom Jbr 

un £oepan^d Rod. 

Hitherto we have always considered the oxtornal force to 
be a uniform surface pressure. We will now give an ex- 
ample of a different kind of force, and will take the case of 
an elastic rod or bar, which is extended lengthwise by a 
tensional stiain, ag« a hanging weight, whilst no focoes act 
upon it in a traosverse direction. Instead of a tensional we 
may take a compressive strain, so long as the rod is not thereby 
bent This we should simply treat in the formulae as a 
negative tension. The oonaition that no transverse feroe 
acts on the rod woold be enctlyfolfilled only if the rod were 
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placed in vacuo and thnt freed ftom the atmoq^ric pree- 
8Bie» Bui, Biaoe the lamgitodinal etaiii, which acts on the 
crrMM section, is Teiy lai^ in compaxison with the atmos- 
pheric preflsore upon an equal area^ the latter maj be 
neglect^. 

Let P be the force, and I the length of the rod, when 
acted on by the force and at temperature T. The length, 
and in general the whole condition, of the rod is under these 
conditions determined by the quantities PandT^; and we may 
therefore choose these as independent variables. 

Let lis now suppose that by an indefinitely small change 
in the force or temperature or both, the length I is increased 
by dl. The work Pdl will then have been done by the 
force P. Since however in our formulae we have taken as 
positive not the work done but the work destroyed bj a 
foice».the equation for detennining the external work must 
be written 

d»r— Pdi (i6). 

Taking I as a function of P and T, we may write this equa- 
tion as follows : 

dTr..p(^.P4-J..r); 

whence ^«^P • * 

wnence dP -^dP' dT ^iT' 

Differentiating the first of these equations according to T 
and the Eecmi, according to P, and observing that» since 

dP 

P and T are independent variables, ^ » 0, we have 



dT\dP) ^dPdr 

d /dW\ dl_ p d\ 
dP\dTr^ dT'''^ dn 



dTdP' 

If we subtract the second of these from the first, and 
substitute for the difference on the left-hand side of the 
resulting equation the symbol already employed for the 
aame purpose, viz. JD^g, we have 

i>«=^ (17). 
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This value of -Dpj. we will apply to equations (12), (13), 
(14), (15) oi Chapter v., substituting Pfor x in this parti* 
cular case tfaroughoul We th^ obtain the fundamental 
equations, in the K>llowing form : 

dTKdFj HFKdTj dT ^ ^' 

dT\dP) dF\dT) TdT 

g= ■'ir • 

m-'^ 

§ 9. Alteration of Temperature during tlie extension of 

the Mud. 

The £>rm of equation (20) indicates a special relation 
between two processes, yiz. the alteration in temperature 
produced by an alteration in length, and the alteration 
m length produced by an alteration in temperature. Thus 
if, as is usually the case, the rod lengthens when heated 

under a constant strain, and ~ is therefore positive, the 

equation shews that ^ is also positive ; whence it foUowi^ 

that, if the rod is lengthen erl by an increase in the external 
force^ it must take in heat from without if it is to keep its 
temperature constant, or in other words, if no heat is im- 
parted to it, it will cool during extension. On the other 
hand if, as may happen in exceptional case^, the rod shortens 

when heated at constant pressure, and therefore ^ is nega- 
tive, then the equation shews that ^ is also neigative. * Ii| 

this case the rod must give out heat, when lengtheiit'd by 
an increase of strain, if it is to preserve a constant teni]>era- 
ture ; and if no giving out of heat takes place it must grow 
warmer in lengthening. 
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' The magnitacle of the alteration of temperatore which 
takes place if 'tihe force is yaried, without any heat being 

imparted to or taken from the rod, is easily aetermined if 

we form the complete differential equation of the first order 
for Q, ill the same way as we have already done iu the case 
of bodies under a uniform sur£EU)e pressure. The differen- 

tial coefficient is determined by equation (20), in which 

dl d I 

we will write for ^ the fuller form . In order to ex- 

d 0 

press the other differential coef&cient in a convenient 

form, we may denote the specific heat of the rod under 

constant strain b^ C^, and the weight of the rod by if. Then 
we have 

^pQ _ TLfrt 

and the complete differential equation is as follows : 

dQ^MO^T+T^J, ..(22). 

If we now assume that no heat is imparted to or taken 
from the rod, we must put dQ = 0, which gives 

O^MC^T+T^^dF. 

dT 

1£ we divide this equation by dF^ the quotient ex- 
presses that differential coefficient of T according to P, in 
th^ formation oF 'which the entropy is taken as constant; 

it should therefore be written more iuUy . We thus 
obtain the following equation: 

dP MG.dT 

This equation was first developed, though in a slightly 
different form, by Sir William Thomson, and its correctness 
was ezpeiimentally verified by Joule*. The agreement of 

• FhO. Trom.^ 1869, 
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obfiervatioa and theory was specialij brought out by a pbe- 
Domenon occurring yvith India rubber, which had already 
been noticed by Qough, Iwi was then observed alio by Joule 
and verified by accurate measnraments. So loog as India 
rubber is not extended at all, or only by a very small force, 
it bebavefi with regard to alteratiooB in length produced by 
alterations in tetnperatnie, in the same way as other bodies; 
ie.it lengthens when heated and shortetts when cool^ Wlien 
however it is extended by a greater Snoe its behayionr is 
the opposite; Le. it shortens when healed and lengthens 

when cooled. The diiierential coefficient is thus poeitiTo 

in the first case and negative in the second. In accunlance 
with this it exhibits the peculiarity that it is cooled by an 
increase of the strain, so long as the strain remains small, 
but is heated by an increase of the strain when the strain 
is large. This agrees with equation (23), according to which 

most always have the opposite sign to . 



§ 10. Further DeducUansfrom ike Equatume. 

The complete differential equation (22) may also be >v> 
foniicd as to present 2* and or I and P, as the independent 
variables. For this purpose we must first state the relation 
wln'cli holds between the differential coefficients of the 
quantities T, I, and P. This relation will be expressed by 
an equation of the same form as (2), viz. : 

dl "^ iT dF * 

First, to form the roinplete differential equation which 
contains T and I as in(le])endent variables, we must consider 
P as a function of T and and accordingly write (22) in the 
form 

dQ - MC^T+T^j,(^^^dT+^dl) 
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Tmnsfoimiikg the last tenn bjr meaos of equation (24), 
we haye 

J«- (if(7,+ X g) dr- !r^dZ.....(26). 

If we denote by (7^ the specific heat at constant length, 
the coefficient of dT in this equation must be equal to MC^ ; 
whence 

C7.-Cr,+ ^x^x^ (26)- 

Transfonning this hj means of (24), we haye 



dP 

Equation (25) assumes then the following simplified 
form: 

dQ^MC,dT-T^dl (28). 

Secondly, to form the complete differential equation which 
contains I and P as independent variables, we must consider 
T as a function of I and P. Equation (22) then hecomes 

dp^'^j , ^JiJn rp^t^^ 

Transforming the coefficient of dP, we have 

= ifCr, (if (7, ^T%.'g)%dF. 

By equation (26) MOi can be substituted Jbr the expression 
in brackets. The equation then becomes ' 

dQwMO^ "^dl + MO, ^dP (29). 

We will again apply equations (28) and (29) to the case 
c. 13 



-Mc/^dl^{Mc/^^Tl^dP. 
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of the rod when it neither receives nor gives out any heat^ 
aad therefore dQ=^0, The first equation then becomes 

d,T 
"ST 

But by equation (24) we may write the latter thus : 

Giving to C, its value according to (27), we have 

dF-dF^MUAdTJ ./••.•C32> 

The relation between length and stretching force which 

d I 

is expressed by the differential ooeffuaent as here de- 
termined, is that which has to be applied to calculate the 
velocity of sound in an elastic rod, in place of the relation 

expressed by the differential coefficient which is commonly 

used, and which is determined by the ooeffident of elasticity. 
In the same way, to calculate the velocity of sound m 
gaseous aad liquid bodies^ we must use die relation between 

d V 

volume and pressure erpressed by ^ in place of that ex- 

d V 

pressed by . We may however remark that in treatinif 

of the propagation of sound, in cases where the force P is 
not large, we may in equation (32), which serves to deter- 
mine , substitute for the specific heat at constant tension, 

denotecTby the specific heat at constant pressure, as 
measured in the oidiimiy way und^nr die pressure of the 
atmospheiRv 
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OHAFTER nL 
§ 1. Omtmral SqucdioM. 

In former chapters we hate repeatedly apoken of the 
£aei]g^ and £ntropy of a body as being twa ms^nitudes of 
sieat importance in the Science of Heat^ wMch are determ med. 
by the condition of the body at the moment^ without its 
being necessary to know tbe way in which the body has 
came into this condition. Knowing these magnitudes, we 
cam easily make by their aid Tarioos caloiUationa relating 
to the body's changes in oonditiony and the quantity of heat 
thereby brought into action. Ckie of these^ the Eo^igyi has 
already been made the saljeot of many TalnaUe researches, 
especially by EisdkhoS*, and the method of determining it is 

I timefoie more acourately known. We will here treat of 
Energy and Entropy simiiltaiieonsly, and set forth side by 
side the equations which serve to determine them. 

In Chapters 1. and III. the two following fundamental 

I equations, denoted by (III.) and (VI.) were developed : 

i dQ^dU-^dW. (HI), 

dQ^TdS. (VI). 

Here U and 8 denote the Energy and Entropy of the 

body, and dU and d8 the changes produced in them by an 
indefinitely small change in tlie body's condition : dQ is the 
quantity of heat taken in by the body during its change; 

* Poflg. ilim.. Yd. om. p. 177. 

13—2 
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dW the external work performed; and T the abeolnte tem- 
perature at which the coange takes place. The first equa- 
tion is applicable to any indefinitely small change of con- 
dition, in whatever way it takes plaoei but the latter can 
be arolied only to such changes as are in tiieir nature 
reyersible. These two equations we will now write in 
the form: 

dU^dQ-dW (1), 

dS^^ (2). 

Their integration will then determine U and S, 

Here we must first notice a point which has already been 
mentioned with regard to energy in Chapter I., § 8. It is 
not possible to determine the whole energy of a body, but 
only the increase which the energy has received, whilst the 
body was passing into its present condition from some other 
which we choose as its initial condition ; a&d the same is also 
true of the Entropy. 

Now to apply equation (1). Let us suppose that the body 
has been brought into its present condition from the given 
initial condition, the energy of which we will denote by 
by any convenient path, and in any way reversible or noi 
reversible ; and let us supfM)se dU to be integrated through 
the range of this change in condition. The value of this 
integral will be simply U » U^, The integrals of dQ and 
dW represent the whole quantity of heat which the body 
has taken in, and the whole external work which it has per* 
formed, during the change in condition. These we wilide- 
note by Q and W. Then we have the equation 

U^U^+Q- W..; (3). 

Hence it follows that if for any mode of passing firom 
a given initial condition to the present condition of the body, 
we can determine the heat taken in and the work performed, 
we thereby know also the energy of the body, except as 
regards one constant depending on the initial condition. 

Next to apply L'({uatiou ('2). Let us suppose tliat the body 
has been brought into its present condition from the given 
initial condition, the entropy of which we denote by S^, by 
any path whatever, but by a process which is rever^ble; 
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and lot us suppose the equation intograted for tliis change in 
condition. The integral of dS will have the value S^S^i 
whence we have 



a reversible method but by any path whatever, from a given 
initial condition to its present condition, we can determine 



r y we shall thereby know the valae of the entropy, ex 



cept as regards one constant depending on the initial con- 
dition. 



If we apply both the equations (UUL) and (VL) to one 
and the same indefinitely snoall and reversible change in the 
body's condition, the element dQ will be the same in both 
equations^ and may therefore be eliminated. Henoe we* 
have 

Td8^dU+dW .'...(5). 

We will now assume that the condition of the body is 
determined by two variables, which, as in Chapter VI., we 
will generally denote by x and 3/, signifying by these certain 
magnitudes to be fixed later on, such as temperature, 
volume, pressure. If the condition is determined by x and y, 
then all magnitudes, the values of which are fixed by the con- 
dition of the body at the moment, without its being neces- 
sary to know the way in which the body has come into that 
condition, are capable of being represented by functions of 
these variables; in which functions the variables must be 
considered as independent of each other. Accordingly the^ 
entropy 8 and the energy U must bo looked upon as 
functicms of a and y. On the other hand, the external work 
W, as we have repeatedly observed, holds a completely dif- 
ferent position in this relation. It is true that the differ- 
ential coefficients of so far as oonoems reversible changes, 
may .be considered as known fonctions of m and p : W itself 
hawerer cannot be represented 1^ sudi a function^ and can 





§ 2. Differential Equations for the Case in which onhf 
Jieversible Changes take place, and in which the condition of 
tJie Body is determined by two Independent Variables, 



Dv 
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only be determined, if we have given not only the initial 
and final conditions of the body, but also, the path by which 
it has passed from one to the other. 
If in equaUo9i (5) we put 

Aat eqiuUaon beoomw 

_,d,g, , rpdS , fdU dW\, ^[dU dW\. 

As this equation must hold for any values whateTor of ds 
and dy^ it must hold for the cases amongst otheia in wbiok 
one or other of these differentials is eqnal to nero. Henoe 
it divides into the two following equations : 

dy dy dy ^ 

From these equations either ^ or U may be eliminated by 
a second differentiation. We wiU first take U, as this gives 
rise to the simplest equation. For this pur])ose we must 
differentiate the first of equations (6) according to ?/, and the 
second according to x. We shall write the second differential 
coefficients of and U in the ordinary manner : but the di^er- 

dW dW 

cntial coefficients of and -j— we will write as follows : 

da dy 

d (^i ) di (^^)* "^^^ ^ object as 

dbapker Y,, via to Jiew ibat they are not seeoad dtflbren^ 

ooemcients of a function of a and y. Finally we may observe 
that T, the absolute temperature of the body, which in this 
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m 



investigation we assume to be uniform throughout the bod^, 
may also be considered asafoncdon of «aiid^^ Wethusobtain 

1^ dm dady dady dy\dm)* 



dT 
dm 



dS -y d'S ^d^U d /dW\ 
dy^ dydat dydm dm\dy)' 



Subtractinff the second o£ these equations from the first, 
and lemeiweiing that 

d^S d^S , d^U d^U 

and 



dady dydx' dady dyda' 
we have 

dy da dx dy dy\dx) dx\dy J ' 

The right-liand side of this equatiou we have named in 
Chapter v., "the work dilFerence referred to xy," and 
have denoted it by D^; hence we may put 

„ <; fdW\ fdW\ 
and tbe preTions equation beomnes 

dy dx djc dy ^ 

TUs is the differential equation, derived from o(^uation (5), 
which serves to determine {S), 

Secondly, to dindnatei? from equations (6)» we write them 
in the following form : 

iS IdU IdW 
Si'^T dm'^f dm' 

dS^ldU 1 dW 
dy'^Tdy^Tdy' 
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Differentiating the first of these equations according to 
And the second according to we hav^ 

dxdy'^I^dxdy dy^ dx'^dy \T dxJ* 

dydx"!^ dydx T'^dx ^'^'^ dx\T dyj' 

Subtracting the second of these equations from the fixst, 
putting all the terms containing U in the resulting equation 
on the left-hand side, ttod multipljing the whole equatioik by 
T*, we have 

dT dU_dT dU_rm\d fl dW\ d /I dWV] 
dy^dx dx^ dy"^ ldy[T dot) dm\Jt dyjy 

We will adopt a special symbol for the dght-liaiid side <^ 
this equation, vis., 

^ K " S ^)] • 

and we may point out that between and ^ there is the 
following relation: 

A^^TD -^^+???^ .(10) 

Usmg this symbol, the above equation assumes the fiovm 

dTdU^dTdU^ 

dy IUb dx dy ^ ^ ^* 

This is the differential equation, derived from equation 
(5), which serves to determine U. 

§ 3. Introduction Qf the Tmpamlurs aa one of the 
Iniependmt Variablee. 

The above equations take a specially simple form, if the 
temperature T is chosen as one of the independent variablea. 
If we put jT^y, we have 

dy * dx 
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We thus obtain from (10) the following exforessioA of the 
relatioa between and I)^ : 

dW 

A^=ri>^-^ , (12). 



Equatioaa {&) and (11) also baconoe 

dx 
dU 
dm ' 



.(13). 



The dififerentUl coeffideEtB of the two functiotiF; >Sf and U 
with regard to x are thus known. For their differeDtinl 
«x>efficients with re8T)ect to 2* we will take tiie expressions 
which follow directly from {%) and (1) on the assumption 
that the condition of the IxMlyia'detenmned by T and viz. : 

dU dQ_dW 
^ dT 



dT 



dT 



(14). 



From eqnationfl (13) and (14) we can fonn the following 

complete differential equations : 



(15), 



Since S and U must be capable of being expressed as 
functions of T and a:, in which functions these two variables 
may be ta.ken as independent of each other, the well-known 
condition of integrability must hold for the case of the two 
equations just given, for the first equation this condi- 
tion is 

i. (1 = ' 
dxKTdTJ dT ' 



OP 



A - T 



dD_ 
dT 



XT 



(16). 
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wUch is equation (15) of Oiuptei T. For the aecoMl eqva- 
tioa the conditioii is 



dx [dTj di\dTj~ dT 



This equation can be easily ahewn t» depend <m the ket 
For (IS) 

Di£[erentiatixiig thia equatioa aocoiding to we have 

d^^ dD^ d fdW\ 

dT ^'dT'^^'^^ dT\dx)' 

Now, remembering that 

'^'^'^dT\dx)^dx\dT)' 

we may write tliis equation as fellows; 

dA,r_mdI)^r d (dW\ 
dT~ dT dmKdTJ' 

On nabfltitating thia valae of in equation (IT), we ave 

brought back to the form of equation (16). 

We have now to determine S and U themselves, by 
integrating equations (15). Let us suppose that the body 
has been brought into its present condition, by any path 
we please, from an initial eondition for whidk the quanUties 
T, 4 aj, U have the Talues 8^, irrespectively: and 
let this particular change of condition give the range of the 
integration. As an example^ let ns suppose that the body 
IB first heated from the temperature to the tempeeature 

while the other variable keepe ite initial value and 
then that this other variable changes its value Ikum m^tom, 
while the temperature remains constant. Then we ham 



(18). 
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In both these equations the first inteml on the n^t-hand 
side is a simple functioii of Tp whilst tibe seoond is a funofcioii 

Let OB now make the opposite assumption, viz. that the 
change of x fiist takes place at the initial vaJue of and 
then tibe change of T at tiie final value of m. Then we 
obtain 



y (19). 



In both these equations the first integral on the right4iand 
side is a simple function of a;, and the second of Tand 

By what has heen said above, we may choose any other 
path whatever, instead of that which we have taken as our 
example, in which p«th the changes of T and m may he 
liansposed in any way, or may both take place at cnoe 
ioooraing to any law. We sbomd natoraUy in each special 
ease choose that path, for which the data requisite to peiform 
the calculation are most accurately known. 

ammpiim Aai ike omly external jarea ie a tmifbrm Surface 
Fresfttre. 

If we assiime as the only External Force a Uniform 
Fressoie normal to the sasSacQ, we must put 

d PF= pdv. 

u dW dv , dW dv 

ax '^dx dy ^dy 

The expressions for and then assume peculiar forms. 
Those for have been already considered m Chapter V. 
We have first 

d f dv\ d ( dv\ 

---''[4(^s)-s(M)]- 



Digitized by Google 



204 ON THE MECHANICAL THEQ&Y OF HEAT. 

In the last of these equations we will put for the sake of 
brevity : 

^ = |, (20), 

whereby it becomes 



lay \ dxj dx \ ayj} 



Performing thQ differentiation in these equations, and 
remembering that «= , we have 

^--%-%-t-% 



If the temperature T be selected as one independent 
variable^ whilst the other remains m as before^ the ezpiessioiiB 
become 

dp dp dp di9 
or, restoring to ^ its value 

The equations (15) then assnme the following forms : 
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or written in another form. 



dv\ 



dxj 



.(26a). 



If we ftirtlier choose for the second variable, as yet unde- 
termined, the volume v, and thus put x = v, we have 



dv . , dv 



0. 



Hence the preoediiig equatioiu become 



(27). 



If tihe preflsoie p be chosen as the second independent 
' ^, so that x^p^we have 



and the equations become 



dS 



_ 1 jm dV , 

-Tdf"^^ dT*^^' 



(28). 



§ 5. Application of the foregcnng Fquatuma to Homo* 
ffeneoua Bodies, and in particular to Perfect Qaeee. 

For Homogeneous Bodies, where the only external force 
is a unifi)rm pressure normal to the surface, it is usual, as 
at the end of the last section, to choose for independent 

variables two of the quantities T,v,p; and then takes 

the simple significations which we have several times alluded 
to. Thus if T and v are the independent variaUee, and if 
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dQ 

the weight of the body be a ^^Iit of weight, ^ signifies the 

specific heat at constant volume : or, if T and p are the 

independent variables, the specific heat at constant pressure. 
Equations (27) and (28) become in these cases 



dU' OjiT+ (Tfj,-p) dv 



d8~^dT~~dj,. 

dv 



(30). 



If we iriah to apply these eqastioDa to » peifiact gas, we 
may use the foQomog well known equation : 

jpv=£T. 

Hence, if T and v be selected as independent Tariablas, 

dp R 
dT" v' 

and equations (29) then become 

dU= CjiX 

As in this case C\ iiuist bo regarded as a constant, these 
equations can at ouce be iutegrated, and give 



,(31). 



(32). 



If we choose T and p as independent variables, we may 
put 

ih E ,dv JIT 
iT=p'-''^dp'-y' 



L/iyiii 
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accordingly equations (30) become 

-"-".f-^fi w 

Whence we obtaia by int^gmtuMi 

S.S. + C,logJ-51og|| ^3^^ 

The integration of the general ecjuations (29) and (30) can 
of course only be accomplished if, in (29), p and are 
known functions of T and or if, in (30), v and are 
known fanctionB oC T andp. 

' § 6. Application of the Equations to a Body composed 
(ff matter in two Different States of Aggregation, 

As another special case we may select the state of things 
treated (rf in Chapters VI. and YII., viz. the case in whidbi 
the body under consideratiiMi is partly in one state of aggre- 
gation and partly in another, and when the change, which 
the body may nndeigo at constant temperature, is such that 
the xnagnitadee of the parts in the two different states of 
aggregation are altered, with a oonesponding change in the 
Tomine, bat no change in flie pressure. In this case the 
pressure p depends only on the temperature ; and we may 

therefore put by whioh equations (25) and (26) are 

transformed as follows : 



(85). 



As in Chapters TI. and YIL, let us denote by Jf the weight 
of the whole mass, and by m the weight of the part in the 
second state of aggregation ; and let us take m in place of m 
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for the second independent TariaUe; then equation (6), 
Chapter VL, beoomes 

dv 

dm * 

for whichi by equation (12)» Chapter VI.. we may substitute 

dv 



dm fp dp * 
^ dT 

.Then the above equations become 



(36). 



To integrate these equations we may take as a starting 
point the condition that the whole mass M is in the first 
state of aggregation, that its temperature is T^, and that its 
poreesure is the pressure corresponding to that temperature. 
The passage firom this to its present condition (m which 
the temperature is and in which the part m of the whole 
mass is in the second, and the part if — m in the first state of 
aggregation) may be supposed to take place in the following 
way : — ^First let the mass, still remaining entirely in the fini 
state of afigr^ation, be heated from^ to 2*, and let the 
pressure <mnge at the same time, in such a way that it 
18 always the pressure corresponding to the temperature at 
the moment : tnen let the part m pass at temperature T fitwn 
the first to the second state of aggregation. The integration 
has to be performed according to these two successive stages. 

During the first stage dm = 0, and thus it is only the first 
term on the right-hand side which has to be integrated. 

Here ^ has the value Jf(7, where O signifies the specifie 

heat of the body in its first state of aggregation, and for the 
case in which the pressure changes during the heating in the 
way described aboYC. This kind of specific heat has been 
already discussed several times, and the conclusions drawn 
in Qiap. VIIL, § 6, shew that where the first state of aggre- 
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gation is the solid or liquid, and ih^ second the gaseoosy 
it may safely be taken, for purposes of nuikierical calculation, 
as equal to the specific heat at constant pressure. It is only 
at Tery high temperatures, for which the Tapour tension 
increases very rapidly with the temperature, that the difference 
between the specific heat C and the specific heat at constant 
pressures is unportant enough to be taken into account. 
Further, during the first change the Ydume v has the value 
Mc, where c is the specific Tolume of the substance in the 
first state of aggregation. During the second stage dT^ 0, 
and therefore it is only the second term on the right-hand 
side'of equalion (3a) which has to be integrated. This inte* 
gration can be at once performed for both equations, since 
the coefficient of dm is a constant with regard to m. The 
resulting equations therefore are 




...(37). 



If in these equations we put m»0 or ffi»if, we obtain 
the entropy and enemy for the two cases in which the mass 
is either en1»rely in the first or entirely in the second state of 
aggregation, under the temperature T, and under the pressure 
corresponding to that temperature. For example, if the first 
state is the liquid and the second the gaseous, then if we put 
m = 0, tliL' exjuessions relate to the case of liquid under tem- 
perature T, and under a pressure equal the maximum 
va])our tcnsiou at that temperature ; or if we put m =M, they 
relate to saturated, vapour at temperature T. 

§ 7. MelaH(m9 of ike Expressions T)^^ and A^^ 

In concluding this chapter it is worth while to refer accain 

to the expressions and which by (7) and (9) have the 

following meanings : 

''~dy\daB) da\dyj* 

" \dy\Tdx) dx\T djj^ ' 
C. 14 
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/ These are both functions of x and y: but if to determine 
the condition of the body we choose instead of x and y any 
two other variables which we may call ^ and 17, we may form 
cozresponding ezpiressions and as follows : 



(38). 



d_ (\dW\d fldW) 

drj \T rff / c/f Vr (/r; j 

These me of course functions of f and 77, as the former 
were of x and y. But if we compare one of them, e.g. that 
for Z>f^, with the corresponding expresssion for we find 
that these are not simply two expressions for one and the 
same magnitude referred to different variableSy but are 
actually two different magnitudes. For this reason has 
not been called simply tiie work difference, but the work 
difference referred to ary, so that it may be distinguished 
from the work difference referred to fi^. The same holds 
true of A,, and A^^. 

The relation which exists between J)^ and D^^ may be 
found as follows. The differential coefficients which occur in 
th& expression for in (38), may be derived by first forming 
the differential coeffidents according to x and y^ and then 
treating each of these as a function of ^ and 17. Thus we 
have 

dW dW dx dW dy 

(/^ dx d^ djf d^* ' 

dW 

drf 



dW ^dx dW ^dy 
dx dff dy dflii' 



Differentiating the first of these equations according to if 
and the second according to and again applying the same 
artifice, we have 



d fdW\ 
dv\di) 



d_ (dW\dxdx^ d^ /dW\dxdy 

dx \ dx J d^ drf dy\dx J dij 
^dW d\ ^ d /dW\ dx dy 
dx d^ dx\d^ J dtf df 

dy\dy) d| dri dy d^drj ' 
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d (dW\d^dx d fdW\ dxdy 
da\dxj c/f drf dy \ dx ] drj d^ 
d (dW\dxdy 
ix\dy)d^dr} 

^± fdW\dydy dW d^y 
dy\dy) c?f dfj dy d^drj ' 



^d W d^x ^ 
dx d^drf dx 



If we subtract the second of these equations from the first, 
all the terms on the right-hand side disappear except four, 
which may be expressed as the product of two binomial terms 
in the following equation : 

1 - A -fd^ dy_dx dy\ [ d^ fdW\ 

dv[d^) d^\drjj~ Uf ^ dv drj^ d^J [dy [dx) 

' ' ' A fd^] 

dx\dy ) _ 

Here the expression on the left side is D^,, and the expres- 
sion in the square bracket is 1>,^. Hence we have finally 



D 



dx dy 



dx dy 
d'l ^ dl 



) 



D 



X9 



(30). 



Similarly we may obtain 



A _ (d'^ dy dx dy^ 



(30a). 



If we substitute one new variable only, e.g. if we keep the 
variable x^ but replace y by we must put a; = f in the two 

• dx dx 

last equations, whence dr)~^' "^^^ equations 

then become 



D D 

drj ^ 



and A,- = A 



(40). 



If we retain the original variables, but change their order 
of sequence, the expressions simply take the opposite sign, as 
is seen at once on inspection of (7) and (9). Hence 

m 



D^ = - D^, and A^, = - A^,. 



14—2 
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ON NON-REVEBSIBLE PROCESSES. 

§ 1. Completion of the Maihema^ioal Expression for the 
aeoand main Ffinciple. 

In the proof of the second main principle, and Id the 
investigations connected therewith, it was throughout assumed 
that all the variations are such as to be reversible. We must 
now consider how far the results are altered, wheB the 
investigations embrace non-reversible processes. 

Such processes occur in very different forms, although iu 
iheir substance they are nearly related to each other. One 
case of this kind has already been mentioned in Chapter 
viz., that in which the force under which a body duuD^^es its 
condition, e.g. the force of expansion of a gaa^ does not 
meet with a resistance equal to itself, and therefore does 
not perform the whole amount of work which it might 
perform during the change in condition. Other cases of the 
kind are the generation of heat by friction and by the 
resistance of the air, and also the generation of heat bj a 
galvanic current in overcoming the resistance of the wire. 
Lastly the direct passage of heat from a hot to acoldbody, by 
conduction or radiation, falls into this class. 

We will now return to the investigation by which it was 
proved in Chapter IV. that in a reversible process the sum of 
all the transformations must be equal to zero. For one kind of 
transformation, viz. tlie passage of heat between bodies uf 
diti'ereut temperatiu'es, it was taken as a fundamental principle 
depending on the nature of heat, that the passage from a 
lower to a higher temperature, which represents negative 
tranaibrmation, cannot take place without compensation. On 



ft 
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this rested the proof that the sum of all the transformations 
in a cyclical process could not be negative, because, if any 
negative tran^onnation remained over at the end, it could 
always be reduced to the case of a passage from a lower to a 
higher temperatore. It was finally shewn that the sum of 
the tianslbrmatioiis could not be positive, because it would 
then only be necessary to perform the process iu a reverse 
order, in order to make the sum a negative quantity. 

Of this proof the first j>;irt, that which shews that the sum 
of the transformations cannot be negative, still holds without 
alteration in cases where non-reversible transformations occur 
in the process under consideration. But the argument which 
shews that the sum cannot be positive is obviously inappli- 
cable if the process is a non-reversible one. In fact a direct 
consideration of the tjuestion shews that there may very 
well be a balance left over of positive transformations ; since in 
many processes, e.g. the generation of heat by friction, and the 
passage of heat by c<jnduction from a hot to a cold body, 
a positive transformation alone takes piace^ unaccompanied by 
any other change. 

Thus, instead of the former principle, that the sum of all 
the transformations must be zero, we must lav down our prin- 
ciple as follows, in order to include non-reversible variations: — 

The cUgehraic sum of all the tramforvmUiyne which occur 
in a cydioaL process must always be posiiwe, or in the limit 
equal to zero. 

We may give the name of uncompensated transformations 
to such as at the end of a cyclical process remain over w^ithout 
anything to balance them ; and we may then express our 
principle more briefly as follows : — 

UncoTiipensated tramjormatims must always he positive* 

IxL order to obtain the mathematical expression for this 
extended principle we need only remember that the sum 
61 all tbe transformations in a qrdical process is given 

by— . Thus to express the general jninciple, we must 

write in place of equation V. in Chapter III^ 

/-^-<0 (IX). 
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Equation (VL), Chapter III., then beoomea 

dQ<TdS ; (X.) 

§ 2, Magnitude of the Ummnpeneaied Transformation. 

In many cases the magnitude of the TJncom})en8ated 
Transformation is obtained directly from the equivalence 

value of the transformations, as determined by the method 
of Chapter IV. If for example a quantity of heat Q in 

generated by any process such as friction, and this is finally 
imparted to a body of temperature T, the uncompensated 

transformation thus produced has the value ^. Again^ if a 

quantity of beat Q has passed by conduction from a body 
of temperature to another of temperature 2^^ then the 

uncompensated trMisformation is Q - ^ j . If a body 

has passed through a non-reversible cyclical process, and we 
wish to determine the resulting uncompensated transforma* 
tion, which we may call N, we have, by the principles 
explained in Chapter lY., the equation 

'■"^ (1). 



"-i-T 



As however a cyclical process may be made up of several 
individual changes of condition in a given body, some of 
which may he reversible, others non-reversible, it is in many 
cases interesting to know how much any particular one of 
the latter has contributed towards making up the whole 
sum of uncompensated transformations. For this purpoee 
we may suppose that after the change of condition whioh 
we wim to enquire into, the variable biDdy is brought by any 
reversible process into its former condition. By this means 
we form a smaller cyclical process, in which equation (1) 
may be applied just as well as in the whule proctss. Thus 
if w^e know the quantities of heat which the body has taken 
in during this process, and the temperatures which appertain 

to them, the negative integral ^j-^ gives the uncom- 
pensated transformations which have taken place. But as 
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the return to the original condition, which has taken place 
in a reversible manner, can have contributed nothing to 
increase tliis sum, the expression above gives the uncom- 
pensated transformation which was sought, and which was 
caused by the given change in condition. 

If we examine in this way all the parts of the whole 
process which are non-reversible, and thereby find the values 
of N^f etc, which must all be individually positive, then 
the sum of these gives the magnitude N lelating to the 
whole cyclical process, without requiring us to bring under 
review ^ose parts of it which are known to be reversible. 

§ 3. Es^nsim of a Qua macfxmpmied by External ' 
Work. 

It may be worth wliile to examine more closely those 
changes of condition, mentioned in § 1, which take place 
in a non-reversible manner because the resistances to 
be overcoma are less than the forces at work; our ob- 
ject being to determine the amount of heat taken in 
during the process. As however there are a great number 
of different changes of this kind, which are produced in a 
great number of ways, we must confine ourselves to a few 
cases, which are either especially noteworthy on accoimt of 
their simplicity, or have some special interest on other 
grounds. . 

The general equation for determining the quantity of 
heat which a body takes in, whilst it undeigoes any given 
change" of condition, reversible or non-reversible, is as 
follows : 

q=U,^U,^W. (2); 

in which and 17^ are the energy in the initial and final 
•conditions, and W is the external work done during the 
variation. 

To determine the energy we can employ the equations of 
Chapter IX. If the only external force is a unifdrm pres- 
sure, and if the condiiibn of the body is determined by its 
temperature and volume, then we may use equation (29), viz. 

dU=G,dT+{T^^-:p^dv (3). 
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This must be integrated for a passage in some reversible 
manner from the initial to the final condition. If tlie 
tempmrture is eqnal in the two conditions^ as we shall 
assume in the examples which follow, then the integration 
may be performed at constant temperatare, and the lesalt 
will be, if we denote the initial and final volumes by 
and 

^'-^^"fii'^di-p)^' 

whence equation (2) becomes 

As the first and simplest case \ve may take that in which a 
gas expands without doing any external W(;rk. We may sup- 
pose a (juantity of the gas to be contained in a vessel ami that 
this vessel is put in coiinection with another in which is a va- 
cuum, so that part of the gas can pass from one to the other 
without meeting any external resistance. The quantity of 
heat which the gas must in this case take in, in order to keep 
its temperature unaltered, is determined by putting ir»0 in 
the last equation ; thus we have 



^=pA^%-py' 



If we make the special assumption that the gas is a 
perfect one, and therefore that j[fv ^JtLT, we have 

dp _R 

dT" v' 

whence 

whence (6) becomes 

C-0 (7). 

As already mentioned, Gay-Lussac, Joule, and Re^jnault 
have ex})criniented on expansion apart from oxternal work. 
Joule annexed to his experiments, described in Cha})ter II., by 

which he determined the heat generated in the oompressicm 
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Kg. 18. 



of air, other experiments upcm 
the expansioii of air. The r^ 
cAvet^K, shewn in Fig. 6, was 
filled with air oondoisea to 22 
atmospheres, and was then oon- 
nected, in the manner shewn in 
Fig. 18, with an empty receiver 
i?', so that the communication 
between the two was only closed 
by the cock. The two receivers 
were placed t<igether in a water 
calorimeter, and the cock was then opened, whereupon the 
air passing over to the receiver R' expanded to about twice 
its former volume. The calorimeter shewed no loss of heat, 
and thus, so far as could be measured by this apparatus, 
no heat seemed to be required for the expansion of the air. 

The above result however holds only for the process as a 
whole, and not for its individual parts. In the fiist receiver, 
in which the expansion takes place and the motion originates, 
heat is required; in the second, on the contrary, in which the 
motion ceases, and the air which rushes in first is compressed 
hy that which follows, heat is generated ; and so also in the 
places where Motion has to he oreroome during l^e passage. 
Since howevex the heat generated and the heat required are 
equal, they cancel each other; and we may say, so fiur as the 
general result of the whole jmoess is concerned, that no 
expenditure of heat takes place* 




To observe specially the different parts of the process, 
Joule varied his experiment by placing the two receivers and 
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the pipe carrying the cock in tliree diflferent calorimeters, as 
shewn in Fisf. 19. Then the calorimeter in which was the 
receiver containing the air shewed a loss of heat, and the two 
t>ther calorimeters again. The whole gain and the whole loss 
were so nearly equal that Joule considers the difference to be 
within the limits of error of the observation. 

§. 4. Expamsim of a Qua doing Partial Work. 

If a gas in expanding hasaresi^tanoe to overoome, but one 
which is less than its expansive force, then an amount of work 
wdll be performed less than the amount which the gas could 
perform during the ezpanidon. An example of this is the 
case of a gas rushing into the atmosphere out of a vessel 
in which it has a pressure higher than atmospheric pressure. 

In this case also the process is a complicated one. We 
have not only to deal with the work necessary for the 
expansion and the coiret^nding consumption of heat^ but in 
addition heat is consumed in producing the velocity with 
which the gas escapes ; and heat is again generated when this 
velocity is subsequently checked. Similarly, heat is con- 
sumed in overcoming the resistance of friction, and is 
generated by the friction itself. To investigate accurately 
all these individual parts of the process would involve us in 
great difficulties. 

If however we only wish to determine the quantity of 
heat, which on the whole must bo taken in from without in 
order to keep the temperature of the gas constant, the case is 
simple. We can then leave out of account those parts of the 
process which balance each other, and need only consider the 
mitial and final volume of the gas^ and so much of the work 
done as is not transformed back again into heat. Then the 
internal work is the sam^ as in any other case of the gas 
expanding at the same temperature and between the same 
initial and final volumes; while the external work is simply 
represented by the product of the increase of volume and tM 
atmospheric presstire.- 

To determine the required quantity of heat, we start 
again from equation (5), and there substitute for W the 
expression for the extmnal work performed in the preee&t 
case, viz. (i;,— v^, where p,.is tlie atmospheric pressure. 
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The equation thus becomes 

^'jl{^%-p)'^''+P»(-''»-''^ (8)- 

If tlie gas is a perfect one, the integral on the right-hand 
side, as shewn in the last section, will = 0, and the equation 
takes the simpler form 



■(d). 



which expresses that in this case the heat taken in is only 
that corresponding to the work required for ovorcomiiig the 
external pressure of the air. 

If the heat is to he measured according to the ordinary, 
not the mechanical unit^ we must divide the right-hand side 
of (8) and (9) by the mechanical equivalent of heat, whence 
we have 



«=2 



.(9a). 



This kind of expansion has also been experimented on by 
Joule. Having as before compressed air to a high pressure 
in a leoeiver, he allowed it to escape under atmospheric 
pressure. In order to bring the escaping air back to the 
original temperature, he caiued 
it, after leaving the receiver, to 
pass through a long coil of pipe, 
as shewn in Fig. 20, which was 
|ilaoed together with the receiver 
in a water calorimeter. There 
then remained in the air only a 
snail reduction of temperature, 
whidi it shared in common 
wiih the whole mass of the calo- 
rimeter. The oooUng of the 
calorimeteir gave the quantity of 
heat given off to the air during Fjg. 20. 
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its expansion. Applying equation (9a) to this quantity of 
heat, Joule was able to use this experiment as a means of 
calculating the mechanical equivalent of heat. The numbers 
obtained from three series of experiments gave a mean value 
of 438 (in English measures 798) ; a value which agrees closely 
with the value 444 found by the compression of air, and does 
not differ from the value 424, found by the friction of water, 
more widely than can be explained by the causes of enor 
inherent in these experiments. 

§ 5. Method of Experiment tised hy Thomson and Joule. 

The above-mentioned experiments of Joule» in which air 
contained in a receiver was expanded either by escaping into 
another receiver or into the atmosphere, shewed that the 

conclusions drawn under the assumption that air is a perfect 
gas are in close accordance with experience. If however we 
wished to know to what degree of approximation air or any 
other gas obeys the laws of perfect gases, and what are the laws 
of any variations that may occur from the conditions of a ]xt- 
fect gas, then the above mode of experiment is not sufficiently 
accurate; since the mass of the gas is too small compared 
w4th that of the vessels and other bodies which take part in 
the variation of heat, and therefore the sources of error 
derived from these have too great an influence on the result. 
A very ingenious method of making more accurate experi- 
ments was devised by W. Thomson, and the experiments wen 
<^ied out by him imd Joule with great care and skill. 

Let us imagine a pipe« through which is forced a 
continuous current of gas. At one place in this let a porous 
plug be inserted, which so impedes the passage of the gii^ 
that even when lliere is a considerable difference between tlM 
pressure before and behind the plug, it is only a modeittte 
amount of gas, suitable for the experiment^ which can pass 
through in a unit of time. Thomson and Joule used as plug 
a quantity of cotton wool or waste rilk, which, as aliewa 
in Fig. 21, was compressed between two pierced plates, AB 
and CD, 

Let us now take two sections, J^JFand GH, one before and 
one behind the plug, but at such a distance that the unequal 
motions which may occur in the neighbourhood of the plug 
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ara BOl disoeniible, and there is only a unifmn 
eniient of gas to deal with. Then the whok 
procees 6t expannon, oomnMnidisg to the differ- 
enoe of pfeaaore before and behind the plug, takes 
|daoe in the small space between Ihese two seo- 
tionsw If then the current of gas is kept uniform 
for a considerable time, a state of steady motion 
is produced, iu which all the fixed parts of the 
apparatus keep their temperature uualtered, 
and neither take in nor give off heat. Then if, 
as was done by Thomson and Joule, we surround 
this space with a non-conducting substance, so 
that no heat can either pass into it from without 
or vice versa^ the gas can only give out or take 
in the quantity of heat expended or generated in tho prooess; 




Fig. 21. 



temperature maj ezkt snfBcient to be easily noticed and 
accoiateiy measozed. 

§ G. Development of the Equatiom relating to the abom 
metJiod, 

In order to determine theoreticallj the difference of 
temperature in the above case, we will first form the general 
equations determining the quantity of heat which the ^ 
must have taken in, if the temperature at the second section 
is to have any required value. From this we can readily 
tind the temperature at which the heat imparted will be. 
nothing. 

The separate parts of the process in the present case are 
connected partly with consumption, partly w^ith generation of 
heat. Heat will be consumed in overcomiiiix the frictional 
resistance due to the passage through the ]x>r()us plug; whilst 
by the friction itself the same amount of heat will bo 
generated. At certain points in the passage heat is consumed 
in increasing the velocity; whilst at other points heat is 
geuerati (1 as the velocity decreases. To determine the quantity 
of heat which on the whole must be imparted to the gas, we may 
leave out of account the parts of the prooess which balance 
each other ; since it is sufficient fc^ our purpose to know what 
is the work which remains over as extenud work done or con- 
sumedy and at the same time the actual permanent change in 
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the VIS viva of the curirent. For this we need only consider the 
work done at the entrance of the gas into the space between 
the Bectiims, Le. at section EF^ and also at the exit from that 
space, Le. at^sedion OM; and similarly the yelooities of the ' 
current at those two sections* 

With regard to the velocities, the difference between their 
via vim can readily be calcnlated. If however they are at 
each section so small as they were in Thomson and Jonle*8 
experiments, their vis ffim may be altogether neglected. It 
then remains only to determine the work done at the two 
sections. The absolute values of these quantities of work may 
be obtained as follows. Let us denote the pressure at section 
£JF by and suppose thedensi-ty of the gas at this section to 
be sucli that a luiit-weight at tliis density has the volume v^. 
Then the work done (hiring the passage tlirough the section of 
a unit-weight of the gas equals p^r\. Simihxrly the work done 
at section GH will be pv^, where j)^ is the pressure and i^, 
the specific vohime at that section. These two quantities 
must however be affected with opposite signs. At section 
GH, where the gas is escaping from the given space, the, | 
external pressure has to he overcome, in which case the work 
done must be taken as positive; while in section EF, where 
the gas is entering the space and thus moving in the same' 
direction as the external pressure, the work must be con- i 
sidered as negative. Thus the net external work per* 
formed on the whole will be represented by the difierenoe 

We have now further to determine the quantity of heat^ 
which a unit-weight of the gas must take m while it passes 
through the distance between the two sections; suppos- 
ing the gas to have at the first section, where the pressure is 

the tem]»eratiire 1\, and at the second section, win re tlie 
pressure is p,^, the temperature T^, For this purjKJse we 
must use the equation whicli applies to the case in wdiich a 
unit-weight of the gas passes from a condition determined by 
the magnitudes j}^ and into that determined by the 
magnitudes and and performs in so doing the work 
p^v^—p^v^. We theretore recur to equation (2), in which the 
symbol w, denoting the external work, must be replaced by ' 
Pt^t — ; hence we have 

Q'U,-U,+pj,,-.p,v, (10). 
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Here we ineed only to determine t^— I^, for which 
purpose we can again use one of the dififerential equations for 
U set forth in the last chapter. In thia case it is oonvenient 
to dioose the diffejrential equation in whid^ T and ©are the 
independent Tariahles, Le. equation (30) of Chapter IX.: 

In this equation we may put 

It thus takes the following form : 

dU^C,dT-(^T^^v^dp^d (pv) (11). 

This equation must be integrated from the initial vahies 
7*,, l>i> to tne final values The integration of the last 

term can be peifonned at once, and we niay write : 

dT- - v) rfp] -p,v,+p,v, ....(12). 

Substituting this value of U^-^U^ in equation (10), we 
obtain 

«-j[a,dr-(r^|,-.)c/^] (is). 

Here the expression under the integral si^jn is the differ- 
ential of a function of 2' and. j>, since satisfies equation (6) 
of Chapter VIII. : 

. - . 'dp"" ^ dP' 

And thus the quantity of heat Q is completely determined 
by the initial and final values of T and p. 

If we now introduce the condition corresponding to 
Thomson and Joule's experiments, viz. that Q ~ 0, then the 
difference between the initial and final temperatures is no 
longer independent of the difference between the initial and 
fuud pressnres, bi^t on the oontraxy the one can be found 
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from the other. If we suppose hoth these differences indefi- 
nitely small, we may use instead of (13) the foUowing 
differential equation : 

dQ = C,dI-(T^-v)dp, 

If we here put c^Q"»0, we obtain the equation which 
expresses the relation' between dT and dp, and which may be 
thus written: 

frki'fr-') (»>• 

If the gas were a perfect gas, and therefore j>o* it 7*9 we 
should have , 

rfv JB _ V 

hence the aboTO equation would become 

dp 

Thus in this case an indefinitely small difference of 
pressure produces no difference of temperature; and the 
same must of course hold if the difference of pressure ie 
finite. Hence one and the same temperature must exist 
before and behind the porous plug. TI on the contrary some 
difference of temperatu're is observed, it follows that the gaa 
does not satisfy the law of Mariotte and Gay-Lussac, and oy 
obsenring the values of these differences of temperature 
under various circumstances, definite conclusions may be 
formed as to the mode in which the gas departs from that 
law. 

§ 7. Results of the Experiments, and Eg^mtimis of 
Ilaiimoity far the gases, as deduced therefrQia. 

The experiments made by Thomson and Joule in 1854^ 
shewed that the temperatures before and behind the plug 
were never exactly u(]ual, but exhibited a small difference^ 
which was proportional to the difference of pressure in each 

« PMI. 2^rafit., ISM, p. SSI. 
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case. With air at an initial temj^erature of about 15" losses 
of temperature were observed, which, if the pressure were 
measured in atmospheres^ could be expressed by the equation 

2'.-r. = 0-2C°(j,,-2>^. 

With carbonic acid the losses of heat were somewhat 
greater ; with an initial traatperature of about 19** they satis- 
fied the equation 

The differential ecpiations corresponding to these two equa- 
tions are as follows : 

^^«0-26 and ^ =1-15 (15.) 

In a later series of experiments, published in 1862*^, 
Thomson and Joule took special pains to ascertain how the 
cooling effect varies when different initial temperatures are 
chosen. For this purpose they caused the gas, before reach- 
ing the porous plug, to pass through a long pipe surrounded 
by water, the temperature of which could be kept at will to 
anything up to lx>iling point. The result showed that the 
cooling was less at high tnan at low temperatures, and in the 
inverse ratio of the squares of the absolute temperatures. 
For atmospheric air and carbonic acid they arrived at the 
following complete formulae, in which a is the absolute 
temperature of freezing point, and the unit of pressure is the 
weight of a column of quicksiiYer 100 Englibh inches high: 

If one atmosphere is taken as unit of pressure, these 
formulae become 

|.«8(iy-.f.i«(j)--.„..a«. 

"Wiib hydrogen Thomaoii and Joule obeerred in thdr 
later reseaicbes tliat a alight heating effect took place instead 
of cooling. They have however deduced no exact fimnla 

c. 15 
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for this gui, becMHe the obaeraitioDB irace not snflbsieiiily 
accinate. 

If in the two formulae for ^ , given in (16), we substi- 
tute for the Bmneiical ftctor a general symbol A, thejr 
combine into one general formula, viz. 

^-Hii ■• (")• 

Substituting in equation (14), we obtain 

rg.-»=^a(J)' (18). 

According to Thomson and Joule, this equation should 
be employed for gases as actually existing, in place of the 
equation referring to peilect gases, 

if we wish to express the relation which exists between 
the change of volume and temperature when the pressure is 
kept constant. 

If is taken as constant, equation (18) can be integrated 
immediatelj. Now it is only for perfect gases that it has 
really been proved that the specific heat 6', is independent 
of the pressure; and similarly it is only for perfect gasee 
that the condusion derived from Hegnault's experiments 
is strictly tnie^ via. that O^is also indepcDdent of the 
temperature. If however a gas differs very slightly inm 
the condition of a perfect gas, will have values mffering 
very diglitly from a constant^ and these differences maj be 
taken as quantities ct the same order. Since in addition 
the whole term containing is only another small quantity 
of the same order, the differences produced in the equa- 
tion by the differences of will be small quantities of 
a higher order, and such may in what follows be neglected ; 
thus we. may take as constant. Then multiplying the 

equation by ^ , and integrating, we have 
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' • - 

j « ' •-fT-i^C,(|y....: (19), 

i where P ib the oonstant of integntioiiy which in the present. 
GBte may be eonsidmd as « function ef the pressure p. 

According to the lav of Hariotte and Ghkj-Lussac 
we should have 

V'^T. (20); 

and it is therefore advantageous to give the function P 
the form 




where tt represents another function of p which however 
can onlj be very small, i^c^uatioa (19) then becomes 

V-Ji|+irr-Jil(7,(|,y (21). 

This equation Thomson and Joule further simplified 
as foUowa The mode in which the pressure and yolume of 
a gas depend on each other varies less firom the law of • 
^ Miuiotte according as the temperature is higher. Those 

terms of the foregoing equation which express this varia* 

, lion must thus become smaller as the temperature rises. 
I The last term is the only one which actually fulfils this con- 
j dition ; the last but one, ttT, does not fultil it Accordingly 
I this term should not appear in the equation, and putting 
1 wsO» we obtain 

.-ii|-Mc,gy (22). 

1 This is the equation which according to Thomson and 
Joule must be used for gases actually existing, in place of 
equation (20) which holds for perfect gjises. 

\ An exactly similar equation was previously deduced 
by Rankine*, in order to represent the variations fmm 
the law of Mariotte and Qay*Lussac^ found bj E^gnauit 

15—2 
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in the case of clirbonio acid* This. equation in its simplest 
form may be written ^^^j^y.^^ .......(23). 

in which a like R is constant. 

If we divide this equation hy p, and in the last term, which 
is very smalls i:eplace the product pv by the very nearly equal 

product BT, and finally write fi for the constant ^ > we obtain 

' ' _T.T p 

whicli is an equation of the same form as (22). 

§ 8. On the BAaviour of Fajpour during Ewpansum under 
Vaartoua (Xrcumetanoee, 

.As a further^ etampl6 of the different results wbkb 

may be produced by expansion, we will consider the behaviour 
of saturated vapour. We will assume two conditions: (1) that 
the vapour expanding has to overcome a resistance equal to 
its whole force of expansion ; (2) that it escapes into the 
atmosphere, and thus has only to overcome the atmospheric 
pressure. Under the last condition we may make a distinc- 
tion according as the vapour is separate from liquid in the 
vessel from which it escapes, or is in contact with liquid, 
which continually replaces by fresh evaporation the vapour 
which is lost. In all three cases we will determine the 
quantity of heat^ which must be ^ven to or taken from 
tne vapour during expansion, in oraer that it may ccmtiQae 
throughout at maximum density. 

First then let us suppose a vessel to contain a unit* 
weight of saturated vapour, and let this Tapour expand, e. ff, 
by pushing a piston before it In so doing let it exert upon 
the piston the whole expansive force which it possesses at 
each stage of its expansion. Foe this it is requisite only that 
the piston should move so slowly that the vapour which 
follows should always be able to equalize its expansive force 
to that of the vapour which remains behind in the voosdL 
The quantity of heat which must be imparted to this 
vapour, if it expands so far as that its temperature falls from 
a given initial value 2\ to a value 1\, is simply found by the 

equatiou Q^f'hdT^.', (24). 
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Here h is the magnitude introduce d ia Chapter VI., and 
named the Specific Heat of Saturated Vapour. as is the 
ease with most vapours, h has a negative value* the foregoing 
integrai, in which the upper limit ia less tha^i the jower, 
represents a positive quantity. 

In the case of water, k is given by fonnula (31) of 
Chiq?ter VL, viz., 800*3 

it JivXo ' • 

Applying this formula it is easy to calculate the value of Q for 
any two temperatures 1\ and T^. For example let us assume 
that the steam has an initial pressure of 5 or of 10 atmospheres, 
and that it expands until its pressure has fallen to one atmo- 
sphere; then by Eegnault s tables we must put T^j^ a+152'2j 
or =sa H- 180'3 respectively, and = a + 100; we thus obtain 
tiie values Q = 52*1 or ^7^*9 units of heat respectively. 

In the second case we suppose' that a vessel contains a 
unit-weight of saturated vapour apart from liquid, and at a 
temperature which is above the boiling point of the « 
liquid; and that an opening i^ made in the vessel, so that 
the vapour escapes into the atmosphere. Let us proceed to 
a distance beyond the opening such that the pressure of 
the vapour is there only equal to the atmosphenc pressure. 
To insure tiiat the current of vapour shall expand in the 
proper manner, let the vessel be fitted at the opening with a 
trumpet-shaped mouth KPQM (Fig. 22.) This mouth is not 
actually needed in order that the 
equati(jns which follow may hold, 
but merely serves to facilitate the 
conception. Let KLM be a surface 
within tliis mouth, such that the , 
pressure of the vapour is there only 
equal to atmospheric pressure, and 
its. velocity so small that its vis 
viva may be neglected. We will 
further assume that the heat gene- 
rated by the friction of the vapour 
against the edge of the opening 
and the surface of the mouth is 
not dissipated, but again in^Myrted 
to the vapour. 4 

Now to determine *the qtuintity'* Bg. sa. 




L lyi i^cd by Google 



t30 



OK m ICDCHAKtOAL THaOBY 07 HEAT. 



of beat which must be imparted to the vapour dorkig ez- 
paQaia&, if it is to remain throughoiit in the saturated oon- 
oition, we will again apply the general equation (2) ; wbioh 
gives, if in ibis case we denote tbe beat by 

(i''U,-U,+ W. (25); 

bere TT^ is tbe energy of the vapour in its initial condition 
within the vessel, the energy of the vapour in its liual 
condition at the surface KLM, and W the external work done 
in overcoming the pressure of the atmosphere. 

The energy of a unit-weight of saturated vapour at 
temperature T is given by the value of U in equation (37) 
of Chapter IX., if we there put tn==M= 1« It is 

First give to T the initial value and let p„ (^») » P% 
be the values ofjp* and p corresponding to this tonpera- 

ture. Again let T bave tbe final value Z^, and let p^, (^~^ , 

and be the corresponding values. Then subtracting these 
two equations fiN>m each other we bave 



1- 



-Pi 



1- 



The external work wbicb results from tbe oveiooniinff of 
tbe atmoflpberic pressure p^, during an expansion Sfom 
volume to volume #^ is given by tbe equation 
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We will give another form to this expreerion. If , as in 
Chapter VI., we pat 0*, where 9 is the specific Tolnme 
of the liquid^ the equation becomes 

Substituting for u the expression given in equation (13), 
Chapter we have 



£i 



. rpldp\ 



(27). 



Now substitntiDg in (25) the value of TJ^—U^ from (26), 
and of W irom (27)» we arrive at the equation 

(28). 



Here the heat is expressed in mechanical units. To 
express it in ordinary heat units the right-hand side must 

be divided by E. As before we will put ^ > £ ^* 

the same time, since o- is a small quantity and varies very 
slightly, we will neglect the quantities and (o-, - <rj. 
Thus we obtain 



(Pt-J'J (29). 



This equation is well adapted for the numerical calcula- 
tion of since the quantities which it contains have all 
been determined experimentally for a considerable number 

of liquids. 

For water we have according to Begnault 

whence 

cd r+ - r, = - 0-305 ( - T^). 



r 
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The quantities in the last term of equation (29) are alao 
sufficiently knowiii so that the whole calculation is easy. 
For example if we take the initial temperature at five or 
ten atmospheres, we have (j[ = 19*5 or » 17*0 units of heat 
respectively. 

Since Q is positive, it follows that in this case also heat 

nrmst be imparted to the vapour, not taken from it, if no 

part of it is to be allowed to condense; which condensation 
might take place not only at the opening, but e(jually well 
inside the vessel. The quantity ot vapour so condensed 
would however be less than in the first case, because Q' is 
les^ than Q. 

It may easily happen that the above equations give a 
larger quantity of heat for an initial pressure of five than 
of ten atmospheres. The reason is that at five atmos]?heres 
the volume of the vapour is already very small ; and the 
diminution of volume, when the pressure is raised to ten 
atmospheres, is so small that the corresponding increase of 
work during the escape of the vapour is more than bahinoed 
by the excess of the free heat in the vapour at 180*3^ over 
that in the vapour at 152'2^ 

L Lastly let us take the third case, 

in which the vessel contains liquid 
as well as vapour. Let the vessel 
ABCD (Fig. 23) be filled to the level 
J^^with liquid, and above this wiUi 
vapour. Let JPQ be the opening 
of escape, fitted, as in the last case, 
"with the trumpet -shaped mouth 
KFQMy to regulate the spreading 
out of the current of vapnir. Let 
there be some source of lieat which 
keeps the liquid at a constant tem- 
jierature ^T,, so that it continually 
gives off new vapour to replace that 
which escapes, and thus the condi- 
tions of the escape remain always 
the same. 

This last circumstance makes an important distinction 
between this case and the foregoing. The pressure, which 
the vapour newly given off exerts on that ahecMiy existinft 




£ 




B 



Fig. 28. 
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performs work during the escape of the vapour, which inust 
be brought into the calculation as negative external work. 

Let GHJ be a surface at whidi tke vapour which passes 
through has still the same enMDsive force temperature T^, 
and specific volume which exist within the vessel, and at 
which the new vapour is given off. Again let KLM be a 
surface at which the vapour passing through has simply the 
expailsive force equal to '^e atmospheric pressure p^. At both 
surfaces we shall assume the velocity to be so small that 
its via viva may be neglected. In its passage from one 
surfuse to the other, the vapour must continually have just 
that measure of heat given to it or taken from it^ which is 
necessary in order to keep it wholly in the gaseous condition, 
and completely saturated, and also in order that at the 
surface kLM it may have the temperature corresponding 
to the pressure (i,e, the boiling temperature of the liquid), 
and the specific volume belonging to that temperature. 
We have now to enquire how large this quantity of heat Q" 
must be for each unit-weight of the escaping vapour. 

To determine this we may proceed as in the last case, 
rememberincr that we have now a different vahie for the 
external work. This value is the difference between the 
work done at the surlace GHJ, tlirough which passes a 
volume of vapour at pressure p^, and that done at the 
surface KLM, through which passes a volume 8^ at pressure 
It is thus givea by the equation 

Putting once more 



we have 



If we now form for Q'' an equation of the same form as 

(25) , and in it substitute for 17, — the expression given in 

(26) , and for W the expression given above, uie main terms in 
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these two ezpresaioiui cancel each other, and tiiere le- 
mams 

^'"'ilX^'^S «'2'+/».-/»x+J»iir,-A<r.....(31). 

If we transform this equation so that it refers not to 
mechanical hut to ordinary units of heat, and neglect the 
terms containing a, we axiive at the simple equation 

Q'^^rcdT + r^-r, (82). 

JTi 

For water the equation takes the form 

=-0305 

and if we calculate the numerical values of Q" for an initial 
pressure of five or of ten atmospheres, we obtam 

Q'' = 15*9 or «s — 24*5 units of heat respectively* 

Since tlie values of Q arc negative, it follows that in this 
case heat must be taken out of the vapour, not imparted to 
it. If this withdrawal of heat does not take place to a 
sufficient extent at any place under consideration, then the 
steam is there hotter than 100° and therefore superheated. 
Here it is of course assumed that nothing but steam passes 
through the first surface GHJ, and thus that there are no 
particles of liquid mechanically carried off by the steam^ as 
may happen during violent ebullition. 
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CHAPTER XI. 



Apfligation of the Mechanical Theoby of Hi::at to 

THE ST£AM-£nQIN£. 



§ 1. Necessity of a nm InveMgatim imvto the Theory of 
the StecmrJSnffine. 

Since the altered views as to the nature and action of 
Heat, wLich are comprised under the name of the Mechanical 
Theory of Heat^ had their first origin in the known fact 
that heat can be applied to produce mechanical work, it 
might have been at once expected that the theory so formed 
would conversely serve to place this application of heat 
in a clearer light. In particular the more general point 
of view thus obtained would make it possible to pass a more 
certain judgment upon ihe particciiar machines used for 
this application^ as to whether they already completely 
fulfilled their purpose, or whether and how nr they fiiiled 
i to do so. 

To these reasons, which apply to all thermo-dynamic 
machines, are joined in the case of the most important 
of them, the steam-eftgine, certain special grounds^ which 
make it desirable to undertake a new investigation into 
its working, derived from the mechaDical theory of heat. 
This theory in fact, in the case of steam of maximum density, 
has brought to light certain important departures from the 
laws previously assumed as correct, or at least generally used 
I for purposes of calculation. 



Digitized by Google 



1 



236 OK THIS MECHANICAL THEORT OF HEAT. 

On this head we need only refer to two results given in 
Chapter VI. In most of the recent writings on the steam- | 
engine, amongst others the excellent work of de Pambonr, 
the foundation of the theory has been taken to be the 
law of Watt, vis. that saturated steam when contained In a ; 
non-conductiDg vessel remains during all changes of volume ; 
steam of maximum density. In some later writings, after the 
publication of Begnault's researches on the heat requiied to 
evaporate water at different temperatures, the assumption k 
made that steam partly condenses during compression, and 
during expansion cools in a les^ degree than corresponds 
to the reduction of density, and therefore passes into the 
superheated condition. On the other hand it is pr<»ved 1 
,in Chapter VI. that steam must beliave in a way which 
is different from the first assumption and the exact oppo- 
site of the second assniuptiou, viz. tliat it is superheated 
during compression, and is partly condensed during expan- 
• sion. 

Further it is assumed in the above writings, in default of 
more accurate means of determining the vohime of a unit- 
weight of steam at ditierent temperatures, that steam even at 
its maximum density still follows the law of Mariotte and 
Gay-Lussac. On the other hand it is shewn in Chapter YL 
that it departs widely from that hnv. 

These two points have naturally an important influence 
on the quantity of steam which passes from the boiler into the 
cylinder at each stroke, and on the behaviour of this steam 
&ring expansion. It is thus obvious that they are them- 
selves sufficient to make it necessary that we should f^ffiflftta 
in a different way from that hitherto adopted the amount 
of work which , a given quantity of steam perfoima ia the 
steam-engine. 

§ 2. On the Action of the Steam- Engine, 

lu order to illustrate more olearly the series of prooesses 
.which mdke up the ac^n of a condensing steam-ei^ine, 
and to bring out clearly the fiust that th^ form a eydieal 
process, continually repeating itself in the same manntf, 

the imaginary diagram (Fig. 24) may be employed. A is 
the boiler, the contents of which are kept uniformly at 
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a ^constant temperature 

T, by means of a source of 
heat. From this hoiler a 
part of the steam passes 
into the cylinder B, and 
drives the piston a cer^ 
tain distance upwards. 
Then the cylinder is shnt 
^ff from the boilar, and 
the enclosed steam drives 
the piston still higher hj 
ezpantton. The cylinder 
is now put in connection 
with the vessel G, which 
represents the condenser. 
It will be supposed that 
this condenser is kept cold, 
not by injected water, but by cooling from without : this makes 
no great difference in the results, but sinipiities the treatment. 
The constant temperature of the condenser we may call 1\, 
During the connection of the cylinder with the condenser, the 
piston returns through the whole distance it has previously 
traversed ; and thereby all the steam which has not of itself 
passed into the condenser is driven into it, and there con- 
denses into water. It remains, in order to complete the 
cycle of operations, that this condensed water should be 
broil gilt back again into the boiler. This is effected by the 
amaii pump D, the working of which is so regulated, that 
during the upward stroke of its piston it draws out of the 
condenser exactly as much water as has been brought into it 
hy the condensation during the last stroke ; and this water is 
then, by the downward stroke of its piston, forced back into 
the boiler. When it has here been heated once more to the 
temperature T^, all is again restored to its initial condition, 
and the same series of processes may be^ anew* Thus we 
haye here to deal with a complete cyclical jKrocesSb 

In the common steam-engine the steam passes into the 
Q^Under not at one end only, but at both ends alternately. 
The only difference thereby produced is, however, that during 
one up and down stroke of the piston two cyclical processes 
take place instead of one, and it is suffidei^ in this case to 




Digitized by 



23a OH. tBM mOBJkmOlL THBOBT OF 'HKIT. 



determine the work done during one proceaSi in order to be 
able to deduoe the whole work done daring any given tim& 
In the case of an engine without a condenser, we have only 
to assume that it is fed with water at 100^, and we may 
then suppoee it replaced by an engine with a oondenaery the 
tanpeiatoxe of the condeneer being lOV. 

§ Assumptions for ths purposs of Simpl^kaition, 

For the purpose of this investigation we will assume, as 

has usually been done, that the cylinder is a noii-cunducting 
vessel, and so neglect the exchange of heat which takes place 
during each stroke between the walls of the cylinder and the 
steam. 

The vapour within the cylinder can never be anything but 
steam of maximum density witli a certain admixture of 
water. For it is evident from the conclusions of Chapter VI., 
that during the expansion which takes place in the cylinder 
after it is sliut off from the boiler the steam cannot pass into the 
superheated condition, because no heat is imparted to it from 
without ; but must rather partially condense. It is true that 
there are certain other processes, to be mentioned later, which 
tend to produce a slight super-heating ; but this is prevented 
from taking place by the &ct, that the steam always carries 
with it into the cylinder a certain amount of water in the 
form of spray, with which it remains in contact. The exact 
amount of this water is of no importance ; and since far the 
most part it is diffused through the steam in fine dropsy and 
thereK>re readily participates in the changes of temperature 
which the steam under^poes during expansion, no important 
error will* be introduced if at each moment undcor considetation 
we assume that the temperature of the whole mass of vapour 
in the <^linder is the sama 

Furwer, to avoid toogreat complexity in the fimnnh^ we 
will first determine the whole work done by the steam pressurs^ 
without examining how much of this is actaally usenil wcA, 
and how mfich is expended 'en the engine itself m overcoming 
friction, and in actuating the pumps required, besides the one 
shewn in the figure, for the proper working of the machine. 
This latter part of the work may be subsequently determined 
and deducted from the whole, in the manner shown later on. 
It may further be remarked with regard to the friction between 
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the pistcm and cylinder, that the work expended npen this is 
not to be regarded ae wholly loet For since heat is generated 
hj this fnction, the inside 6t the ^linder is thereby kept* 
hotter tium it otherwise would be, and the power of the steam 
inoeaaed accordingly. 

Lastly, since it is desirable to understand the working of 
the most perfect niacliine possible, before enquiring into 
the influence of the various imperfections which occur in 
practice, we will iu this preliminary investigation make two 
further assumptions, which may afterwards be withdrawn. 
The first is that the inlet pipe from the boiler to the cylinder, 
and the outlet pipe to the condenser or to tlie atmosphere, 
are so large, or else the speed of the engine so slow, that 
the pressure within the end of the cylinder connected with 
the boiler is always equal to the pressure in the boiler itself ; 
and similarly that the pressure within the other end is always 
equal to tiiat in the condenser, or to the atmospheric pressure 
«s the case may be. The second is that there are no dear* 
ttioe or waste spaces sufficient to affect the result 

§ 4, Determination of the Woj'k done during a single 
stroke. 

Under the conditions just enumerated the amount of 
work done during the cyclical process corresponding to a 
single stroke may be written down by help of the results 
obtained in Chapter VI. without further calculation, and 
their sum comprised in a simple expression. 

Let M be the whole (piantity of vapour which passes from 
the boiler to the cylinder during one stroke ; of this let the 
part 77ij be in the form of steam and tlie remainder M — m 
in the form of water. The space which this mass occupies will 
be (by Ch. YL^^l) 4- Mo; where u^ represents the value 
of u correBponding to while o* is taken as constant and 
therefore has no suffix. The piston has therefore been raised 
BO far that this amount of spoibe is left under it ; and since this 
takes place at the pressure corresponding to T , the work 
done during the first pnfc^ which we may call is given 
hj the following equation*: 
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Let the expansion which succeeds to this continae so far 
that the temperature of the vapour enclosed in the cylinder 
falls from the value to a value T^, The w<M:k done during 
this expansion, which we may call TT^, is given directly by 
equation (62) of Chapter VL, if we there take 21 for the 
final temperature, and coiiespondiiig vidues for the other 
quantities involved. Thus 



- «»i ipt - «ii>J - 0. - «.i>J + if(7 (r, - (2). 



On the return stroke of the piston, which now hegins, 
the vapour, which at the end of the expansion occupied 
the space m^u^-yMa, is driven out of the cylinder into 
the condenser, overcoming the constant resistance The 
negative work thus performed is therefore given by the 
equation 

IT, « - fw, u^p^ - Map^ (3). 

Kow let the piston of the small pump rise until it leaves 
under it the space Ma\ the pressure then continues to be 
the pressure ji^ of the condenser, and the work done is 

W^^Map, (4). 

Finally, during the desert of this piston, the pressure 
of the boiler has to be overcome, and we have therefore the 
negative work 

W.^^Map, (5). 

Adding these five equations we have for the whole work 
done dming the cvclical process by the steam pressure, or in 
other words by the heat, which work we may call W, the 
following expression : 



From this equation we must eliminate m^. If for we 
substitute the value given by equation (13) Chapter VL, viz. 



th«b tny only occuzs in the 'prodoet ; for which equation 
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(55) Chapter VI. gives, if we substitute therein p and C for r 
luid the expression 

T T 

= m^p^ y? - irar, log y . 

Substituting this expression we obtain an equation in which 
all the quantities on the right-hand side are known, .since 
the masses J/ and 7?i,, and the temperatures T^, and are 
supposed to be known directly^ and the quantities p, and 

«e ««med to be kD<mii « fimctkm. of tempe«tui^ 

§ 5. Sjpecial Foi^nis of tJie JExpression found in tJie last 
section, 

J£ in equation (6) we put T^='T^, we obtain the work 
done in the case where the machine works without ezpaor 
sion, viz. 

F'-m,u,(;,,-p,) (7). 

If on the other hand we assume that the expansion con- 
tinues until the steam has cooled by expanding from the 
temperature of the boiler down to that of the condenser (an 
assumption which cannot be realized in practice, but forms 
the limiting case to whicb we may approach as near as 
is practicable) we have only to put T^^^T^; whence we 
have 

IF' - - />, + if - (8). 

. Eliminating m^p^ from this equation by means of the 
same equation (55; Chapter TI., in which we must also put 
T. = To,wehave 

n+T.log^) (9). 

§ 6. Imperfectiom m ike Construction of tJie Steam- 
En(juie. 

With all steam-engines as actually constructed the 
expansion falls much below the yft^-rim^^ value ^iven at the 
end of the last section. If for example we take we tempera- 
ture of the boiler at 150^, and that of the condenser at 50**, 
then if the temperature of the steam in the cylinder is to be 
lowered by expansion to the tempecature of the condenser^ 

c. IC 
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the steam must be expanded (by the table given in § 13 j 
ot* Chapter VI.) to twenty-six times its original volinne. lu 
practioe, on aooount of the many evils attending too high an 
expansion^ steam is not expanded beyond three or four times 
its volume in general, or ten times at the very utmost. Such 
an expansion, with an initial temperature of 151^ is shewn 
by the same tables to lower the temperature to 100^, or 75^ 
at the utmost, instead of to 50^ 

Besides this imperfection, which has already been taken 
account of in the above investi^tion and included in equation 
(6), the steam-engine is subject to several others, two of 
which have been already expressly excluded from considera- 
tion. These are, first the fact that the preissure'in one end 
of the cylinder is less than that in the boiler, and in the 
other greater than that in the condenser, and secondly the 
presence of waste spaces. Wo must now extend our previous 
investigations so as to include these further imperft etii^ns. 

The influence upon the work done of the difference 
between the boiler and cylinder pressures has been investi- 
gated most fully by Pambour in his work Theorie des 
Machines a Vapeur. The author may therefore be allowed, 
before himself entering on the subject, to reproduce the most 
important of theso investigations, only making some changes 
in the notation and omitting the quantities which refer to 
friction. It will thus be easier to shew how far Pambour a 
results are no longer in accordance with our present know- 
ledge on the subject of heat, and at the same time to connect 
with it the new method of investigation^ which in the 
author^s opinion must take its place. 

§ 7. Pandmirs Formulae fijr the relation betiweem 
Volume and Freseure. 

Pambour^s theory has its foundation in the two lavrs 
already mentioned, which at that time were generally applied 
to the case of steam. The first is the law of Watt, viz. that 

the sum of free and latent heat is always constant. From 
this law, as already mentioned, was drawn the conc lusion liiat 
if a certain quantity of steam at maximum density were 
inclosed in a non-conducting vessel, and the contents of this 
vessel then increased or dimmished, the steam woidd neither 
he superheated nor partially condensed, but would remain 
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precisely at maximum density; and that this would take 
place without any reference to the way in wliich the change 
of volume was produced, or to whether tlie steam had to 
overcome a resistance corresponding to its expansive force, 
or not. This was the condition of things which Pambour 
supposed to exist in the steam cylinder; and he also assumed 
that no change of importance would be occasioned by the 
|i presence of 1^ particles of water which aie always mixed 
with the steam. 

Next^ to determine more closelythe connection between 
volume and tempeiaturey or between volume and pressure, 
in the case of steam at maximum density, Pambour applied 
to&er the law of Mariotte and Gay-Lussae. If we take the 
Tdnme of a kilogram of steam at 100^ and at maximum 
density to be 1*696 c. m., as given by Gay-Lossae, and if we 
remember that the corresponding pressure of one atmo- 
sphere lepFos^ts a weight of 10383 kilograms to tiie square 
metare; and if for any other temperature T we call v the 
volume and 'p the pressure ; then the law of Mariotte and 
Gay-Lussac leads to the following equation: 

^«1.696x— x^-^g-p^ (10). 

Here we have only to substitute for p die value given by 
the table of pressures, and we can then determine the volume 
corresponding to any temperature, provided the foregoing 
aissuniptions are correct. 

Since ia the formulae for the work done by the steam- 
engine ^pdv plays a principal part, it was necessary for the 

convenient treatment of this integral, that the simplest 
possible relation between ^ and v should be use 1. The 
equations which would have been obtained, if it had been 
sought to eiimiuaiie the temperature T from the foregoing 
equation by means of one of the ordinary empirical formulae 
fi^p, would have been too complicated : Jrambour accordingly 
pe^rred to form a special emmiical formula for the purpose, 
and following the example of rTavier he gave it the fidlowing 
general form: 

•"6^? 
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wheteBmih aie oofistants. These oonstants lie endeayourel 
to fix 80 ihsib the Tolumes calcalaled hy^ this fonnnla might 

agree as nearly as possible with those calculated by the 

formula given above. As liowever sufficient accuracy cannot 
thus be arrived at in the case of all the pressures which are 
met with in the steam-engine, he made use of two ditierent 
formulae in the cases of engines with and without coudensera. 
The £rst^ for condensing engines, is as follows : 

20000 , 

This agrees best with the formula (10) for pressures between 
§ and 3^ atmospheres, but may be applied within soraewluit 
wider limita^ say i and 5 atmoEfpheros. The second. Sot uon- 
condennng engmes, is as foUowB : 

21282 

""20201^ 

This is most accurate between 2 and 5 atmospheres^ and waj 
be applied anywhere between Ij^ and 10 atmospherea 

§ 8. Pambour'a Detennination of the Work dene durmg 
a single istroke. 

The quantities needed for determining the work done, and 
depending on the dimensions of the engine, will be here 
denoted in a manner somewhat differing from that of Pambour. 
The whole space within the cylinder, including the waste 
space, which is left open for steam during a single stroke, 
we shall call v\ The waste space we shall call ev' and the 
space swept through by the piston (1 — e) v. That part of 
the whole space, which is left open for the steam up to the 
moment when the cylinder is shut off from the boiler, again 
inclusive of the waste space, we shall call ev'. Then the 
space swept through by the piston during the entrance o£ 
steam will be denoted by (6 — e)v\and t^Bit swept throo^ 
during expansion hj (1 — e) ii. 

First to detennme the work done during the entrance of 
the steam. For this purpose we must know the actual 
pressure in the cylinder at this time, which must be less than 
that in the boiler, otherwise there would be no flow from one 
into the other. The amount of this difference cannot hoiw- 
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ever be fixed in general terras, because it depeuds not only on 
the ooDstruction of the engine, but also on bow widely the 
valve in the steam pipe has been opened by the engineer, 
and on the speed with which the engine is moving. By a 
change in these circumstances the difference may be made to 
vary within wide limits. Again the pressure in the cylinder 
may not remain constant , daring the whole time the steam 
is entering, because the speed of the piston, and also the 
opening Idft by the valve, may be made to vaiy during this 
time. 

With reference to this latter point Pambour assumes that 

the mean pressure, to be used for determiniug the work done, 
may with sufficient accuracy be taken to be the same as the 
final pressure which exists in the cylinder at the moment 
when it is shut off from tlie boiler. The author does not 
think it desirable to introduce into the general formulae an 
assumption of this kind, although in the absence of more 
exact data it may fairly be resorted to for the purpose of actual 
calculations; but he is bound to follow Pambour's method, in 
order to complete the exposition of his theory. 

The actual pressure at the moment when the steam is 
shut off, Pambour determines by means of his equation, 
as given above, between volume and pressure ; assummg that 
special observations have been made to determine the quantity 
of steam which passes from the boiler to the cylinder during 
aa unit of time, and therefore during each stroke. We 
win, as before, denote by Jf the whole quantily which passes 
into the cylinder during one stroke, and b^ m the portion 
which is in the condition of steam. Ab this quantity oC 
which Pambour only recognizes the part which is in the 
condition of steam, fills at the moment when the q^linder is 
dosed the space ev', we have by equation (11), 

^ (i2>' 

where 'p^ is the pressure in the cylinder at that moment. 
Hence 

(12a). 

If we multiply this equation by — e) i;', which is the 
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space swept through by the piston up to this moment^ we 
have the following equation for the first part of the work 
done: 

Tr,«»i^x^-^— 1/ (e — e}i..*.- (IS). 

The law of variation of the pressure durine the expansion 
is also given by equation (II). If 1; is the volume and p the 
presBure at any moment, then 

mB , 
«■» b. 

This expression we must substitute in fpdv, and then 
integrate thu from v^enf to v^v\ Thence we obtain for 
the second paiit of the work done 

F,« mB log i-r (1 - e) J (14). 

Next, to determine the negative work done by the reeia- 
tanee during the return stroke, we must know tne value of 
that resistance. Without entering at present into the ques- 
tion how this resistance is related to the pressure in the 
condenser, we will denote the mean pressure by j>^; then the 
work done will be given by 

F. — i^a-«)A .(16). 

Finally there remains the work which must be expended 
in forcing back into the boiler the quantity of litjuid M. 
Pambour has taken no special account of this work, but 
included it with the friction of the engine. Since, however, 
for the sake of completing the cycle of operations, it has been 
included in the author's formulae, it will be investigated here 
in order to facilitate the comparison. If be the pressure 
in the boiler, and in the condenser, then equations (4) and 
(5) show, as in the example already considered, that this 
work is on the whole given oy 

F, = -Jlf<r(p,-i)J a6). 

For the present case, where is not the pressure in tlM 
condenser itself, but in the end of the cylinder which is open 
to the condenser, this eauation is not quite exact ; but since 
on account of the smallness of c the value of the whole 
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expression is almost too small to be taken into account, 
d fotHori we may neglect an enor which is small eyen in 
comparison with that value; and we shall therefore retain 
the expression in the form given above. 

AcMing these four several quantities of work together, we 
obtain the following expression for the whole work done 
during the cyclical process: 

W = mB (^-^ + log ^) -!;'(!- c) (5 + J - Ma {p, - p J 

(17). 

§ 9. Fambaui^s VcUuefor the Work done per l/idt-weiglU 
o/Steam, 

If instead of the work done in one stroke, during which 
the quantity of steam used is m, we prefer to find the work 
done per unit-weight of steam, all that is needed is to divide 
the foregoing value by in. Let us denote by I the fraction 

— , which gives the ratio of the whole mass which passes into 

the cylinder to that part of it which is in the form of steam, 
and is therefore somewhat greater than 1 ; by F the frac- 

tion — , Le. the space which on the whole is occupied by the 

unit-weight of steam in the cylinder ; and by W the firaction 
W 

— , Le. the work done per unit-weight of steam. Then wo 
m 

have 

If - B + log 1) - F (1 - «) (6 +p,) -la(p,-p:) 

(18). 

In this equation there is only one term which involves 
the volume K, and this contains F as a factor. Since this 
term is negative, it follows that the work, which can be 
obtained from one unit- weight of steam, is the greatest, other 
things being equal, when the volume which that steam occu- 
pies in the cylinder is the least possible. The least value of 
this volume, to which we may continually approximate, but can 
never exactly obtain, is that which is given by the assumption 
that either the engine goes so dowly, or the steam-pipe is so 
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large, that the pressure in the cylinder is as great as that in 
the boiler* This then ^ves the maximum quantity q£ work. 
If with an equal admission of steam the speed of the engine 
is greater^ or if with equal speed the admission of steam ia 
less, tiien in each case a less quantity of wcA is obtained 
from the same quantity of steam. 

§ 10. Changes in the Steam during its passage from the 
Baiter into the Cylinder. 

Before we pass on to treat the same connected series of 
processes on the principles of the Mechanical Theory of He-at, 
it will be advantageous to consider one of tlieni, which 
requires a special investigation of its own, in order to fix 
beforehand the results which refer to it. This process is the 
flow .of the steam into the clearance or waste space and into 
the cylinder, in the case when it has a smaller pressure 
to overcome than that which forces it out of the boiler. 

The steam as it comes from the boiler passes first into 
the waste space ; there it compresses the steam of less density 
which remains over from the last stroke, fills up the space 
thus obtained, and then acts upon the piston ; this, according 
to the assumption, on account of its comparatively lighter 
load recedes so fast, that the steam cannot follow it quickly 
enough to keep the density in the cylinder the same as in the 
boiler. Under such dicumstances^ if nothing but satoiated 
steam escaped from the boiler, this would become superheated 
in the cylinder, inasmuch as the vis vtwt of the now would 
be transformed into heat ; byt since the steam alwm carries 
with it small particles of water, the superabuiimnt heat 
goes to vaporize a part of these, and the steam thus remains 
in the saturated condition. 

We must now consider the following problem : Given the 
initial condition of the whole mass under consideration, as 
well that already found in the waste space as that which is 
newly received from the boiler; given also the amount of 
work which is done during the entrance of the steam by the 
pressure which acts on the piston ; lastly given the pressure 
which exists at the moment when the boiler is shut otV from 
the cylinder; then to determine what proportion of the mass 
within the cylinder is at that moment in the condition of steam. 

Let fi be the. mass which exists in the waste space 
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before the entrance of the steam ; for the sake of generality we 
will asBume this to be partly in the liquid, partly in the 
gaseous Gondition, and will call the latter part p^. The 
pressure of this steam may ^ar the moment be denoted by p^, 
and ihe ooneroonding ansolute temperature by T^, without 
I implying iherei^ that these are exactly the same values as 

hdd for the same quantities within tbs condenser. Let 
I and 2^ be, as before, the pressure and temperature in the 
boiler, M the mass which flows from the boiler into the 
cylinder, and the part of M which is in the condition of 
steam. The pressure exerted on the piston chirinij the 
entrance of the steam need not, lis already explaiiifd, be 
constant. We will call jr^ the mean pressure, by which the 
space swept through by the piston during the entrance of the 
I steam must be multiplied, in order to obtain the same 
I amount of work as is actually done by the varying pressiu-e. 
Let be the actual pressure in the cylinder at the UKJinent 
when the steam is cut off, T^the corresponding temperature. 
Lastly let be the magnitude we have to determine, viz. 
the part of the whole mass if -f within the cylinder, which 
is in the condition of steam. 

To determine this quantity, let us suppose the mass M+fi 
to be brought back to its initial condition in any. way 
whatever, e.g. the following. Let the gaseous part be 
condensed in the cylinder by the fall of the piston, it beLDg- 
assumed that the piston can force itself even into the waste 
space; at the same time let the mass have such a quantity of 
heat continuously imparted to it, that its temperature re- 
mains constant Then let the part if of the whole liquid mass 
be forced back into the boiler, where it again takes up its 
original temperature T^. We have now within the boiler 
the same condition of things as before the flow of the steam, 
since every part of the boiler has its original temperature; 
^ and there f(.) re the projjortions of li(|uid and steam must be 
the same as at the commencement. Whether the individual 
; molecules, which are in the gaseous and in the licpiid 
! condition, are exactly the same as at the commencement does 
; not concern us ; Ave make no distinction between these, and 
never enquiro wliat molecules, but simply how many mole- 
cules, are in each of the two conditions.* 

* If it be viibed that eiaotly the Muae moileoiilee sboiUd •ht In flie* 
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Let the mass /x, wUeli xB not foiosd Ixiok into the boiler, 
be ftret cooled in the liquid condition from to and then 
at this temperature let the part /x„ be transformed iuto stearn ; 
the piston receding so fai', that this steam can again occupy 
its original space. 

Thus the mass M-\- fi will have passed through a comjilete 
cyclical process, to which we may now apply the principle 
that the sum of all the quantities of heat tfiken in during 
a cyclical process must be equal to the total external 
work done. In this case the following quantities of heat 
liaye been taken in : 

(1) In the boOer, where the mass M has been heated 
from 2^ to 2^, and at the latter temperature l&e part 
transformed into steam, we have the qnanttly of heat 

(2) During the oondensation of at temperatnxe we 
haye 

(3) During the cooling of the part ft £:om 2^ to we 
hare 

(4r) During the vaporization of the part at tempesratoie 
2*^ we have 

The whole quantity of heat taken in^ which we may 
call Q, is thus given by 

m^, + JfC (7, - + /i^, ~ /^(7 (2; - 2'J. ..(19). 

The quantities of work are obtained as follows: 

(1) To determine the space swept through by the 
piston during the entranoe of the steam, we must remember 

gaseons condition at the end as at the heginning, we need only assume that 
tho water forced back into the boiler is not only in quantity, but also in 
its actual molecules, tho same as that which left the boiler previously; and 
that when this water takes up the temperature T^, tiie q^uantity ;/^. which was 
formerly vapour, is again vaporised, ^milit an equal quantity of uie edsliiig 
steam is condensed. For this porpoee there is no need that the whole man 
in the boiler should take in or prive out any heat, because that required for 
the vaporization, and that generated by the condensation, exactly balance 
each other. ... 



uiyui^ed by 



APPLICA310K TO T£[$ 8X£A)£-£NQDIfi. « 251 

that the whole space taken up by Jlf at the end of this 
time is given by 

From this we must subtract the waste space. Since this 
is filled at the commencement by a mass ^ at temperature T^, 
of which the part /^^ is in tbu cuudition of btc^m, it may 
be represented by 

If we subtract this expression from the former, and multiply 
the remainder by the mean pressure we obtain for 
the first part of the work done 

(2) The work done in the condensation of the mass 
in, is 

(3) The work done in forcing the mass M back into the 
boiler is 

(4) The woik done in vaporizing the part is 

Adding these four quantities together we obtain the 
following expression for the whole work done : 

m^u, (j>; -i>J - Ma (p, -p^) - (p/ - j^J (20). 

Since Q—W,ire may equate the expressions in (19) and 
(20) ; and bringing to one side of the equati<m the terms 
containing m^, we obtain 

-pj +M<r (j>, -p,') (ai). 

By meaoa of this eqiiation ihe quantity m, is given 
in Uxms of qoamtiti^ aasumed to be ali^ady known. 

■ 

§ 11. Biffergenoe of the above SesniUs from Ihmbouit's 
Assumption, 

In cases where the mean pressure p/ is much larger 
than the Ihial pressure jj^^, — e.g. it' we suppose that during 
the greater part of tbe time of admission of the steam. 
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the pressure in the cylinder is nearly the same as in 
the boiler, and that it is only by the expansion that the 
pressure is finally brought down to the vaLue p^, — it may 
happen that the value found for is less than m^ + Mo* 
and accordingly that a part of the original steam must 
have condensed. On the other hand if jp/ is only a little 
greater or even a little smaller than then uie value 
of will be greater than + fi^. This latter is in general 
true of the steam-engine, and in particular holds for the 
case assumed by Ptonoour, in which p^' =p^ 

Here as in Chapter VL we have arrived at a result 
widely diverging from the views of Pambour. "Whereas 
he assumed for the two different kinds of expansion, which 
succeed each other in the stcain-engine, one and the same 
law, according to which the original quantity of steam 
can neither grow less nor greater, but must always remain 
exactly at nuixiniuni density, we have been led to two 
separate equations, wliich indicate an opposite condition 
of things. In the first exjiansioii, during the admission of 
steam, there must by equation (21), be a continual genera- 
tion of fresh steam ; in the further expansion, after the 
steam is cut off, and while it is doing the full work 
corresponding to its force of expansion, there must by 
equation (56) of Chapter YL be a condensation of some part 
of the existing steam. 

Since these two opposite processes of increase and 
diminution of steam^ which must also exert an opposite 
influence on the amount of work done by the engine^ 
partly go to cancel each other, the final lefmlt may in 
certam circumstances be nearly ihe same as under the 
simpler assumption of Pambour. We must. not however 
on this account cease to take into consideration the di&rence 
we have discovered, especially if our object is to determine 
what effect a change in the arrangement or speed of the 
engine will have on the amount of work done. 

§ 12* DeterminfiHim of the Work doM during one tbroke, 
taking into consideration &e ImperfecUono cdready noHoed, 

We may now return to the complete cyclical process 
performed hy the steam-en j^^ine, and treat its several parts 
one after another in the same way as before. 
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The mass M flows from the boilw, in which the pressure 
is into llie eflinder. Of this mass the part 77?^ is in 
the condition of steam, the remainder of water. The mean 
pressure in the cylinder during this time we will as hefore 
call Py and the final pressure The steam now expands, 
until Its pressure has mllen from P| to and its temperature 
from to Then the cylinder is opened to the condenser, 
the pressure in which is p^y and the piston moves back 
again through the whole length of the stroke. The back 
pressure which it has to overcome is on account of its 
comparatively rapid motion somewhat larger than j^^^ and the 
mean value of this back pressure we will for the sake of dis- 
tinction call p^. The steam which remains in the waste space 
at the end of the return stroke, and must be taken into ac- 
count for the next stroke, has a pressure which may not be 
equal either to or to and therefore must be denoted 
by Pq. It may be greater or less than p^, according as the 
steam is shut off from the condenser a little before or after 
the end of the return stroke ; for in the former case the steam 
will be compressed still further, while in the latter it will 
have time to escape partially into the condenser and so to 
expand again. Finally the mass M must be returned from 
the condenser into the boiler, during which as before the 
pressure assists the operation, and the pressure has to 
be overcome. 

The quantities of work done during these processes will 
be represented by erpressiciis very similar to those in the 
simpler case already ecmsidered : a few obvious chaises must 
.be made in the suffixes to the letters, and the quantities 
added which refer to the waste space. We thus obtain the 
following equations : 

During the admission of steam we have, as in § 10, 
only writing u^' instead of 

= (m,t(,+ Ma - (22). 

During the expansion from pressure to pg, we have as 
in equation (62) of Chapter WL, writing <M 4- instead of if, 

(23). 
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I 

During the return stroke the piston, where the whole 

space swept through by the piston equals the whole space 
occupied by ilf + ft at pressure p^, less the waste space which 
is represented by fi^u^' + ^la, we have 



.(24). 



During the forcing back of the mass M into the boiler we 
have 

F,=-il/<r(p.-|,J (25). 

Hence for the total work done we have 

r-m,p,-iiv,+(if+/*) ©(T.-a-j 

-M<r{p,-p; +p;-p,)-w." (P.' -A') -(ae). 

. In this equation the masses and m. are given by 
equation (21) and by equation (55) of Chapter vL respectively; 
substituting in the former p^" for p^, and changing T^, ii, 
in the same way, wbUe in the latter M + fi is to be sub* 
stituted for Jf, p for r, and 0 for a The elimination of 7/1^ 
and is thus rendered possible: here however we shall only 
make the substitution in the case of one of them, m., as it ie 
more convenient for purposes of calculation to combine the 
equation so obtained with the two named above. Thus the 
system of equations serving to determine the work done 
by the steam-engine will, in its most general form, be as 
follows : 



+ i*»p:' -i^ciT,- r;') + m.«, (p. -/»;) 

+mA" (P.'-P.")— «'<r(p;-J>^ 

+ MO (r, - 2U + - mO (r. - r.") 



,..(27). 
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§ 13. Pressure of Steam in the Oylinder during the dif' 
fer&nt Stages of the Fraoeee, a/nd oorre^ptrnding Bim^jUsatione 
of the Equatims. 

To obtain numerical values from equations (27), we 
must first determine more accurately tne quantities p/, 

No general law can be laid down as to tbe mode in which 

the pressure within the cylinder varies during the acimission 

of steam, because the opening and closing of the steam pipe 
is performed with different engines in different ways. For 
the same reason no fixed general value can be laid down for 
the relation between the mean pressure p^' and the final 

pressure ;P2' ^'^^^^^^^ ^^^^ strictest meaning. This 

is however possible if we make a slight change in the signid- 
cation of;?.,. 

The shutting off of the cylinder from the boiler cannot 
of course be instantaneous: the necessary motion of the 
valve or cock must consume a certain time, less or greater 
according to the arrangement of the gear. During this time 
the steam in the orlinder expands somewhat, because as the 
xypening narrows the quantity of fresh steam which enters is 
less than corresponds to the speed of tbe piston. We may 
therefore assume in general that at the end of this time the 
•pressure is already somewhat less than 

A^D, if we do not limit ourselves to taking the end of 
tbe time required to dose the valve as tbe moment of cut-off, 
but allow ourselves some freedom in fixing this moment, 
other values may be obtained for The moment may be 
so choseu that, if at this moment the whole mass M had 
already been admitted, a pressure would then exist exactly 
equal to the mean pressure calculated for all the time up to 
this instant. If we substitute for the actual cut-off the 
instantaneous cut-off as thus determined, the resulting error 
in the calculation (;f the work will be quite insignificant. 
With this modification therefore we can fall in with Pam- 
bour's assumption, thatpj^^p , but we must then for each 
particular case make a special investigation of the circum- 
stances, in order to determine accuratdy the moment to be 
fixed for the cut-off. 

As regards the back-pressore p/, which exists during the 
return stroke, the difierence '-jPo is obviously smaller, 
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Other things being equal, as is smaller. It is therefore 
smaller for a condensing engine than for a high-pressure 
engine, where equals one atmosphere. In the ease of the 
most important high -pressure engine, the locomotiye, there 
is generally a special circumstance which tends to increase 
this difi'erence, viz. that the steam is not usually led into the 
air by the shortest and widest channel possible, but is led 
into the chimney, and there allowed to escape thiongh a 
somewhat contracted blast-pipe, in order to increase the 
draught In this case an accurate determination of this 
difference is o£ importance to obtain a trustworthy result. 
It must also be remembered that this difference is not con- 
stant even with the same engine, but depends upon the 
spued, aiid the law of this dependence must therefore be 
investigated. This subject, with the researches made upon 
it, will not however be entered on here, since it has nothing 
to do with the present application of the Mechanical Theory 
of Heat. 

In the case of engines where the exhaust steam is not 
thus employed, and especially with condensing engines, p' 
differs so little from j^^,, and therefore varies so slightly with 
the speed, that it is usually sufficient to assume a mean 
value for ^^'« Moreover, since enters into equations (27) 
only in terms whidbi are multiplied by c, and therefore htam 
but small influence on the value of the work done, we tOMj 
also substitute for p^ the most probable value farp^*. 

The pressure p^'\ which exists in the waste space, deponds^ 
as already mentioned, on whether the shutting off from the 
condenser takes place before or after the end of the ateoke^ 
and may therefore have very different values. But this 
pressure, and the quantities depending on it, occur in equa- 
tions (27) only in terms containing the small factors ^ and 
fi^, so that an approximate value is sufficient for our purpose. 
In cases where there are no special circumstances wliicii 
cause to vary widely from p^', we may neglect this differ- 
ence, as we did that between ^^^^ /V> ^^^^ "^^J thus ivssume 
as a general value for all three quantities the most j)rubal>le 
mean value for the back-pressure within the cyliud^T. This 
value W(^ may call p^. 

These simplifications change equations (27) into the 
folio wiog ; 
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m^- »V, + MC (r, -T^ + ^^,-i*C(T,-T^ 



[ (28). 



§ 14. Suhstitution of tJie Volume for the corresponding 
Temperature in certain cases. 

In the above equations it is assumed that, besides the 
TnasHOB M, fi, and /i^, of which the two first must be found 
by direct observation, and the two latter can be approxi- 
mately determined from the size of the waste space, we have 
also given the four pressures p^, p^, p^^ and jPo> or, which is 
the same thing, the four temperatures T,, 1\, and T^. 
In practice however this condition is only joartially fidiilled, 
and we must therefore bring in other data to assist us. 

Of the four pressures here mentioned, two only, and p^, 
may be taken as known : of these the first is giv^en directly 
by the gauge on the boiler, and the latter can be at least 
approximately fixed by the gauge on the condenser. The 
two others, and are not given directly; but we know 
the dimensions of the cylinder and the point of cut-off, and 
can thence deduce the volume of the steam at the moment 
of cut-off and at the end of the stroke. We may then take 
these volumes as our data in place of the pressures and p^. 
For this purpose we must throw the equations into a form, 
which will enable us to use the above data for calculation. 

Let us now, as before in the explanation of Pambour's 
fheoiy, denote by the whole space within the cylinder 
whicn is open to the steam during one stroke, including the 
waste space; by eif the space opened to the steam up to the 
moment of cut-off ; and by ev' the waste space. Then in the 
same way as before we have the following equations : 

m, «, 4- (^/+ /i) <r = ev\ 

I*, u, + fur » a', 
a.- 17 
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Tho quaniities p and o* .aire both so small that their pro- 
duct may be at once neglected ; whence we have 



(29). 



Further, we have by equation (13) of Chapter VL 

do 

writing the single lettjsr,^ for which will oooiir Veiy 

frequently in what follows. We can therefore replace and' 
pj in equations (28) by and u^. Then the masses and 
7W3 occur only in the products rn^ii^ and m^u^, for which we 
may substitute the values given in the two first of cqiia-" 
tions (29). Again, by the last of these equations we inay' 
eliminate the mass fi^ ; and as regards the other mass 
though this may be somewhat larger than /i^, yet, since th»* 
terms which contain /a are generally insigni^cant, we 



without serious error use the value found for f^o''^^ other 



words we may drop for the purposes of calculation the 
linmption made for the sake of generality, that the orighial 
mass in the waste space is partly liquid and partly gaeeoua^ 
and consider the whole of it to be in the gaseous form. 

The above substitutions may be effected in the more 
genend equations (27), as well as in the simplified equations 
|2d). Tms* substitutioh presents no difficulty, and we will 
here confine ourselves to the latter set, in order to have the 
equations in a form adapted' for calculation. With these 
changes they read as follows : 



+ « 



,p.-C(r.-r.) 



{«' - Mr) Tjj^ » + Jf 0 (T. - 

(v' - M<T)g, = («;' - Mc)g, + {m + C log | 



(30). 
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§ 15. Work per Unit 'Weight of Steam, 

To adapt the above equations^ inrhich give the. work per 
stroke or per quantity of steam iit|> to determine the work 
per unit-weight of steam, we must apply the same method 
as before in transforming equation (17) into (18) : vi& to 
divide the three equations by and then put 

^ = t ^«r, and^=Tf; 
then the equations beeome 



> (31). 



(.F- 7.7) = (e F- M £r, + + ^) C log | 
§16. 2Veatiii€fi^ q/'^.£|grtia^ioR^ 

The application of the above equations to calculate the 
work done may he effected as follows. Assuming the pres- 
sure of steam to be known, and also the speetl at which the 
engine works, we can thence . determine the volume V of one 
unit-weight o£ steam. By help of this value we first calcu- 
late the temperature from the second equation, then jT, 
from the third, and finally apply these tb determine the work 
done ^m the first equation. 

Here however we are met by another difficulty. In ordw 
to calculate and 7, from the two latt^ equations^ these 
must be solved for thrae temperatures. But tbej contain 
those temperatures not only explicitly but also miplicitly, 
once p and ^ are functions of temperature. If to emninate 
these 4]|uantitie8 we use for p one of the ordinary ^pirical 
expressions for the pressure as a function of tempera- 
ture, and for g the differential coefficient of the same ex- 
pression, then the equations become too complicated for 

17—2 
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fuiiher treatment. It would probably be possible to adopt 
the same metbod as Pambour, and to form new empiriiad 

formulae, more convenient for the present purpose, and . suffi- 
ciently accurate, if not for all temperatures at least within 
certain limits. This however will not here be attempted, but 
another method will be adopted instead, which makes the 
calculation somewhat extended, but easily performed in its 
individual partSt 

§ 17. i>0forf7i«na^iof» of^ or ami ofths Product Tg. 

If the range of pressure of the vapour at different tempen^ 
tures is known with sufficient accuracy for any liquid^ then 
the values of g and Tg can also be oalcalated for the same 
temperatmesi and collected in tables, as usually done with 
the values of p. For steam, which has hitherto been the 
only vapour used for the steam-engine, the author has per- 
formed such a calculation, by help of Regnault^s tables, for 
temperatures from (f to 200*. For this purpose he diffimn- 
tiated according to t the formula used by Regnault to«calca- 
late the values of p under and above 100® ; and then calcu- 
lated <7 by means of the new formulae thus obtained. But 
since these formulae did not seem to answ'er the purpose so 
well as to repay the great labour involved, and since the 
, forming and calculating of other more suitable formulae 
proved still more tedious, the author was contented to use 
the numbers already calculated for the pressure to determine 
approximately the differential coefficient of that pressure : 
e.g^ if the pressure for the temperatures 146® and 148^ were 

denoted by j^^q and p^^^^, it was assumed that would 

represent with sufficient aocuraqr the value of the differen- 
tial coefficient for the mean temperature 147*. 

Above 100° the same numbers were employed as were 
used by Regnault*. With regard to values under 100*' it lias 
been recently pointed out by Moritzf that the formula used 
by Eegnault is somewhat inaccurate, especially in the neigh* 

♦ Mem. de VAcad. deg Sciences, Vol. xxi. p. 625. 

t Bulletin de La CUu$e ^hygico-niath£iiuUi<iue de l'Acad,deSt F^tenbourg. 
YoL zm. pi. 41* 
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bourbood of 100®, owing to bis baving employed for the 
calculation of tbe constants logarithms to seven places of 
decimals only. Morits has therafore recalculated these con<* 
slants firom the same obserred yalves, but nsine ten places 
of lo^arithmsy and has pnUished the valaes oip deriTed from 
this improved formula^ so far as the^ differ £rom Begnault's 
values^ which first takes place at W. These axe the values 
used by the author*. 

When g has been calculated for the various temperatures, 
the product Tg can be calculated without further difficulty, 
since T is given by the simple equation 

The values of g and Tg thus found are given in a table 
at the end of this Chapter. To complete this the corre- 
sponding vahies oi p are added, those from 0** to 40* and above 
100** being Regnault's numbers, and those from 40** to 100® 
being Moritz s. By the side of each of these three columns are 
given the differences between each two successive numbers, 
so that this table enables the values of these three quantities 
to be found for any given temperature, and conversely the 
temperature conespondiiig to any given value of one of these 
three quantities. 

§ 18* IiUraduction of other Measures of Pressure and 
Heat 

One other remark is to be made as to tbe mode of using 
this table. In equations (31) it is assumed that tbe pressure p 
and its differential coefficient g are expressed in Kilograms 
per square metre, whereas in the table the same unit of 
pressure is employed as in Regnault's tables, vi& a milli* 
metre of mercury. Hence^ if in the fcnnuhs vrhich follow 
we are to consider p and g as ezpresaed in these latter units, 
we must alter equations (81) by multiplying p and g by the 
number 13*596 which expresses the specific weight of mercury ; 
inasmuch as this, by Chapter VI., § 10, is the ratio between 
the units. If we denote this number by ^', we must sub- 
stitute kp and kg for p and g, whenever these occur in the 
above equations. Similarly for the quantities G and p, which 
express the speci£c heat and the heat of vaporization in 

* Beenotostendolclispter. 
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Ikiechanical units, we will use o aend r which refer to the ordi- 
nary unit of heat For this purpose we must write Ee and 
Er for 0 and o. 

' If we now divide the equations by jr, so as to bring the con* 
Gftants E and h together as much as possible, these e^^ations 

^e the follpwing form, from which to calculate -j^ ^ and 

thereby obtain TT^the work done : — 

^ j^E r.-dT^-T,) 



E 



(I^-fc)<7. = (eF-?c7)y,+ (; + ^)|?log5 



(32). 



E 

The quantity has the following value : 

^- • , i;^ 423-55 



8M525 (33). 



r 

V §19. i>et6m«nati(>» (/t^ I'eaTipera^iaw oi^ 

The second of equations (32) may be written as follows : 

C+ a ft - 0 - 6 {p, -^'J 

"iirhere (7, a and 6 are independent of T^, and have the values 



■ _E 



6- 



(Ma). 
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Of the three terms on the right-hand side of (34) the first 
IS by far the most important; and it is thus possible to 
detennine T^g^ and thereby also the tempemture ^ by 
successive approzimatioDS. To obtain the first approximation 
to Tg, whicli we may call Tg\ we may write for and 
p. {orp. Then we have 

Tg^O (35). 

The temperature t' corresponding to this value of Tg 
must be found from the table. Then to obtam tlie second 
approximation to Tg we may write tlie value t' thus found 
for in equation (34), and the corresponding value p of the 
pressure for p^. Thus, rememberiug equation . (35), we have 
for the second approximation 

ry '-rgf + a(t,'-if)^b(p,^p') (35a). 

The temperature If' corresponding to tbia value of Tg 
must be found as before from Uie table. If a seoond ap- 
proximation be not sufficient, the process n^ust be repeatea. 

Writing in equation (34) ^"andj!?' in the place off, and 

and remembering equations (35) and (35a), we have 

r V' = ry + a - <• ) - b (/ - p') (356). 

The new temperature If" can again be found from the table. 

In this way we may proceed to any degree of approzima^. 
tion; but the third apprdximation only difEm'by about ti? 
degree, and the fourth by less thon of a degree from the 
trueTalueofl^ 

The treatment of the *thUd of equations (32) is very 
similar. If we diride by F— {0-, and for convenience of calcu* 
kktion replace the natural by common logarithms (for which 
purpose we have to divide by the modulus M) the equation 
takes the form 

y,=a+aLog'^'. (36),.' 

whm 0 and a have the following values independent of T^i 

^ eV—la- 



V-Ur 



.(36(i). 
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In equation (36) the first term is agam the most im- 
portant» and we can therefore proceed by saccessive approxi- 
mations. First write for T^; we then have as the first 
approximation for 

a ..(37). 

The corresponding temperature t' can be found from the 
table, and from this we can easily obtain the absolute tem- 
perature T\ Write T for in equation (36); then we have 

i^"=y + aLogJ (37a). 

This gives T'\ Similarly we can obtain the equation 

/'=tf" + alog^ (875). 

which again gives J""; and so on. Here again a very few 
approximations will give a value which very closely agrees 
with the actual value of 

§ 20. Determination of c arid r. 

It now onljr remains to determine the quantities c and r, 
before proceeding to the numerical application of equations 
(32). 

The quantity c, or the specific heat of the liquid, hss 
hitherto been treated as constant This is not perfectly coaRect» 
since it increases slightly as the temperature inoreasea U 
howev^ we take as its general value the correct value for 
the mean of the temperatures which occur in the inrestigatioii, 
the divergencies may be neglected. This mean tempmtine 
in the case of eneines driven by steam may be taken at 10(f , 
which for an oi^inaiy high-p^ssure condensing engine it 
about a mean between the temperature of the boiler and that 
of the condenser. Taking tlierefore the value of the specific 
heat which Regnault gives for water at 100*^, we may put 

c = 1-013 .' (38). 

To determine r we start from the equation wbidi B^anlt 
gives for the whole quantity of heat required to neat a 

unit-weight of water from 0* to the temperature t, and to 
tranisform it at that temperature into steam. This equation is 

X s 606-5 + 0*305^ 
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If here we nibBtitate for X the ezprasrion oorresponding 

to the foregoiAg definitioB, viz. j ccU + r, we have 

r « 606-6 + 0-305e- £ eii. 

In the integral we must use for c the function of tem* 
perature exactly determined by Hegnault*, if we are to 
obtain for r the precise values which Regnault gives. For 
the present purpose it is perhaps sufficient here also to use 
for c the constant above-mentkmedL This gives 

j^oA a- 1-0131; 

and die two terms involving t in the last equation can now 
be ooaMadd into 0De» viz. —0*7081. We must at the same 
time make some change in the constant term of the equa- 
tion. This we will so detennine, that the same value of r 
which is probably the most accurate of all given by observa* 
tion, shall also be correct as given by tiie formula. Now 
at 100* Begnault found for X, as the mean of 38 observations, 
the value 63G*67. If from this we subtract the quantity of 
heat required to heat the unit-weight of water from 0** to 
100^ which according to Regnault is IOU'5 heat-units, there 
remains to one place of decimals only 

Applying this value we obtain for r the formula 

r = 607-0-708f (39). 

This formula is already laid down in Chapter VII., § 3 ; 
and a short table is. there given, which exhibits the close 
aooordance between the values of r as calculated by this 
formula^ and as given by Begnault in his tables, 

§ 21. Special Farm of EgucUion (32) for a/n Engim 
working without expansion. 

In order to distin^^uish the effects of the two different 
kinds of expansive action, to which the two latter of equa- 

• Relation des e.Tpirience»^ Vol. i. p. 748. 

f Begnault himself used in his tables the number 586*5 instead of the 
■Iiovb; this simidT «riiM tnm the UmI tbat be has need tbe round number 
687 for X St lOQ^miteMl of 686*67 M given Above: 
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tions (32) refer, it seems desirable first to consider an engine 
in wliicli onlv one of the two occurs. We will therefore 
begin with an engine that works w^ithout expansion. In this 
case we may substitute for e, or the ratio of the volumes 
before and after expansion, the value 1 ; and may also put 
T^=T,,. The equations (32) are thus greatly simplified. 
The last becomes an identity, and is therefore useless. In 
the second the right-hand side remains unaltered, whilst ther 
left-hand side becomes (F— ^a)!"^,. Finally the first 
equation takes the form 

f = f {»•. + (r. - 2;)} r (J^-M (^.i?.- A 

k ' . ^ 

If we here replace ( hr) T^g^ by the expression on the 
right-hand side of tiie second equation, all the terms oobh 

JS 

taiuing as factor cancel each other, as do two terms con- 
taining la as factor, and the terms which remain can be 
collected together as two products. Then the two equations 
are 

W 4 ' ' 

-J- « F ( 1 - e) (p, - J) J - ZiT (p, - 



{E r,- 



(40). 



• • • ' • 

The first of these equations is exactly the same as ia 
given by Pambour^s theoiy, if in equation (18) we put e» 1» 
and then by means of equation (12) (having first put e«I 

V 

i^d - » r -in that equation) replace B by the yol1^ne F. 

The only difference therefore is in the second equation, wliicli 
replaces the simple relation between volume and pressure 
assumed by Pambour, 
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. * § 22. Numerical Values of the Constants. 

The quantity e which occurs in these equations, and re- 
presents the ratio of the waste space to the whole si>ace left 
open to the steam, may be taken as 0 05. The qusmtity of 
water which the steam carries over with it into the cylinder 
is different in different engines. Pambonr considers that it 
averages 0*25 of the whole mass entering the cylinder in the 
case of locomotives, but mnch les^ 005, in the case of station- 
aiy engines. We will here take tiie latter valu^ which gives 
1 : 0*95 as the ratio of the whole mass entering the^lmder 
to that part of it which is in the form of steam. Further, 
let the pressure in the boiler, or be five atmospheres, to 
which corresponds the temperature 152*22®; and let it be 
supposed that tlie engiue has no condenser, or, which is the 
same thing, a condenser at the pressure of one atmosphere. 
The mean back-pressure in the cylinder is then greater than 
one atmosphere. With locomotives this excess of back- - 
pressure may be considerable, for the special reasons already 
mentioned ; with stationary engines it is insignificant. Pam- 
bour, in his tables for stationary non-condensing engines, has 
altogether neglected this excess ; and since our present object 
is to compare the new formula with his, we will follow his. 
eicample and putp^ = one atmosphere. 

We have then in this case the following values to insert 
in equations (40) : 



(41). 



p^ = 3800 
i), = 7liO 

We may also fix 'once for all the following values: 

;fe = 13-596, 
IT- 0-001. 

There now remain only the quantities V and jp, undeter- 
mined in equations (40), in addition to the quantity TT, of 
which we are seeking the value. Of these V is the volume 
of steam in the cylinder per unit-weight, and is the hnal 
pressure within,the cylinder. 



L 
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§ 23. The least posMU Valu$ of Y, and the correspond^ 
vng amowKb of Work. 

We»must first enquire what is the least possible value 
of F. This value corresponds to the case in which the 
pressure in the cylinder is the same as in the boiler, and we 
have therefore only to substitute for ia the last of 
equatioxis (40j.^ Thus we obtain 

(J! r -ciT -T) ) —('*^'- 



In order to give an example of the influence of the waste 
space, two values have been calculated from this expression ; 
the first that which would exist if there were no waste space, 
and therefore € = 0 ; the second tliat which exists upon our 
assumption that e = 0'05. These two values expressed in 
cubic metres per kilogram of steam passiitg out of the bmler 
are 0 3637 and 0*3690. 

The reason why the second value is greater than the first 
is that the steam rushes at first into the waste space with 
great velocity; the via vwa of this motion is then transformed 
into heat> and this heat again evaporates some part of the 
priming water. A second reason is that the steam already 
existing in the waste space before the admission goes to 
increase the whole quantity of steam during the rest <tf the 
process. 

If we substitute these two values of F in the first of 

equations (40), at the same time putting evO in the one 

case, and € «• 0*05 in the other, the corresponding quantities 
of work, expressed in kilogrammetres, are respectively 14990 

and 14450. 

According to Pambour's theory it makes no difference 
with regard to the volume, whether part of it is waste space 
or not; in both cases it is given by the same equation (11^), 
if for is substituted the special value p,. The value thus 
obtained for the vokime is 0 3883. The fact that this value 
is gi rater than tlic value 0*3637 found above for the same 
quantity of steam, is explained by the circumstance that it 
has been until now usual to assume for steam at its maxi- 
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mum densil^ a volume greater than is allowed the 

mechanical theory of heat; this view finds its expression in , 
equation (lib). If by means of this latter volume we deter- 
mine the work from Pambours equation upon the two 
assumptions that e = 0 and that € = 0 05, the values obtained 
are 16000 and 15200. These quantities, as follows immedi* 
ately from the greater volume, are both greater than those 
found above, but not in the same ratio, because the loss of 
steam due to the waste space is smaller <icco?ding to oujr 
equations than according to Pambour's theory. 

§ 24. CalculaUon of the Work for other VaiueaofY. 

With an engine of the kind here considered, the effi- 
ciency of which was investigated by Pambour, the speed 
which the engine actually assumed bore a proportion iu one 
case of 1*275 : 1, and in another, with a lighter load, of 
1*70 : 1, to the minimum speed as calculated by his theory 
for the same intensity of evaporation, and for the same 
boiler-pressure. To these speeds correspond in our case the 
volumes 0*495 and 0'6(iO respectively. We will now, as an 
example of the mode of determining the work done, choose a 
speed which lies between these two, say in round numbers 

F= 0-6. 

Oar first business in now to find the Talue of corre* 
spending to this value of V. For this purpose we use equa* 
tion (34), which takes the following special form : 

=• 26-577+56-42 -.0-0483 {p,-p,) ...(43). 

If by means of this equation we obtain successive approxi* 
mations to t^, as deseiibed in section (19), the series of yahies 
is as follows: 

r -183-01, 
134-48, 
r -184-82, 

- 134-33. 

Further apprcmmations would differ only in hisher places of 
decimals, and if we confine ourselves to two places we may 
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take the last number as the true value of t^. The corre- 
sponding pressure is " ' / ' ■ 

If we irabBtitnte in the first of equations (40) these ^alnee 

of V and p,, together with the approximate iralues of cour 

stants 83 fixed in § 22, we obtain • ; 

11960. 

* 

By Pambour's equation (18) we have for the same volume 0*C . 

• IT- 12520- 

In order to exhibit more clearly the dependence of the 
work upon the volume, and at the same time the divergence 
between Pambour's theory and the author's on this point, 
calculations similar to that for volume 0*6 have been made 
for a series of other volumes increasing by eqiial intervals^ 
The results ace given in the followiDg table, llie first hori- 
zontal row of numbers, which is separated from the rest; 
contains the values for an engine without waste space. The 
further anfmgemeht of the table is eacdly tinderstood. 





i 


• V ' ' ' 


Pambour's Values 


V 


ft 


W 












V 






« 








0*8687 


158-22» 


14990 


0-8883 


16000 


0-3690 




14 450 


0-3883 


15 200 


0-4 


14912 


14 100 


0-4 


15 050 


0-5 


140-83 


13 020 


0-5 


13 780 


0-6 


134-33 


11 9(K) 


0-6 


12 520 


0-7 


129*03 


10910 


0-7 


11260 


0-8 


184-66 


9880 


0-8* 


• 9980 


0-9 


120-72 


8 860 


0-9 


8 710 


1 


117-36, 


784a 


1 


7 440 



It wiU be seen that the quantities of woA, when calculated 
by Pambour^s theoiy, decrease more* rapidly as the Tohime 
increases than when oalevlated by the authors ; so that whilst 
at first they are considerably the laiger they get nearer and 
nearer to the latter and finally become smaller. The ex* 
planation is that by Pambour's theory, whilst the expansion 
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18 going on during the admission, the amount of steam re- 
mains always the same as it was at the commencement; 
while, according to the authors theory, a part of the priming 
water is afterwards evaporated, and this quantity is greater 
the greater the expansion. 

§ 25. Work done for a given Value of Y by an Engine 
working with Expamion, 

We will now treat in the iteme way an engine working 
with expansion, and will choose as par example a condensing 
engine. To fix the degree of expansion, we will assume that 
the steam is cat off at one third of the stroke. We th^ 
have, to detennine ^, the equation 

e-€=4(l-e); 
whence, giving to s the talae 005, we have 

s-^- 03666. 

' Let the hoiler*pres6ure be as before five atmospheres. The 
CQndenser-pressnre can with good arrangements be kent 
below atmosphere. But since it is not always bo small, 
and in addition the back-pressure in the cylinder somewhat 
exceeds the pressure in the condenser, we will assume the 
mean hack-nreasure to be in round numbers ^ atmosphere, 
or 152 millimetrea To this corresponds the temperature 

=s 60'4f6*. If lastly we ^ve to { the same value as before, 
the constants to be used m our example will be as follows:. 



s«0-36667l 
6»0'05 
* 'I-1-053 
j?j«f3800 . 
«.»152- 



(44). 



To be able:to calculate the work done, we only now need 
to know the value of F. • To assist us in choosing this, 
we must first know ihe least possible value of FI This is 
found exactly as in the case of the engine without expansion, 
by patting fcfr in ther second of equations (32), and 
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altering the other magnitudes, which are in combination 
with in the same way. We thus obtain in the present 
case the value 1*010. Starting from this^ we will first 
suppose that the actual jspeed of Ae engine exceeds the least 
possible in the ratio 8 : 2. We may then put in round 
numbers F» 1*5, and we will calculate the work done at this 
speed. 

We first determine the two temperatures and t^, hy 

substituting this yahie of V in the two last of equations (32). 
Of these f,, lias already been approximately found for the 
non-condensing engine; and since the present case only 
differs from the former inasmuch as the quantity e, which 
was there taken equal to 1, has here a ditferent value, we 
need not go through the process agaiOi but will merely give 
the final result, which is 

« 137-43'. . 

To determme we have equation (36), which takes in 
this case the form 

- 26*604 + 51*515 Log ^ (45). 

From this we obtain the following successive appronma* 
tions: 

r «99*^4M 

r =101-93 
r -10174 
r'- 101-76 J 

The last of these, from which further approximations would 
only diveige in higher places of decimals, we -will consider 
to be the correct i^ue of (L and will apply it, together with 
the known values of and to the nnt of equations (82). 
Thus we obtain 

TT- 31080. 

If, taking the same value for Vy we calculate the work 
done by Pambour s equation (18), remembering to determine 
B and b not from equation (11^>) as with the non-condensing 
engine, but from equation (lia) which refers to condensing 
engines, we hnd 

32640. 



f 
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§ 26. SumTniory of Various Oaaes relating to the Wovk-y 
tuff the JSngme. 

The work done for the vohiraes 1*2, 1"8 and 2*1 has 
been calculated in tlie same way as described above for the 
volume 1*5, further, in order to make clear by an example 
the influence, which the different imperfections of an engine 
have upon the amount of the work done, the following cases 
are subjoined. 

(1) The case of an engine which has no waste space, 
and in which the cylinder pressure is equal to the boiler 
pressure, and the expansion carried so far that the pressure 
has fallen from its original value to p^. If we only assume 
further that p^ is exactly equal to the condenser pressure, 
this case is that to which equation (9) relates, and which gives 
the greatest possible amount of work for a given quantity 
of heat, when the temperatures at which the heat is taken 
in and given off are also given. 

(2) The case of an en^ne, where there is again no waste 
space, and the cylinder and boiler-pressures are equal, but 
where the expansion is not as before complete, but is only in 
the proportion of e : 1. This is the case to which equation (6) 
refers ; except that there, in order to determine the magnitude 
of the expansion, the change of temperature in the steam 
caused thereby was assumed to be known, whereas here the 
expansion is fixed by the volume, and the change of tern- 
pexature must be calculated there&om* 

(3) The case of an engine haying waste space and in-* 

I complete expansion, in which the only one of the above 
favourable conditions which remains is the fact that the 

, steam in the cylinder has during admission the same pres- 
sure as in the boiler, so that the volume has its least possible 

\ value. To this are appended the cases already mentioned, 

'. in which this last favourable condition is also absent, and 
the volume has some other given value instead of the least 
possible. 

For purposes of comparison Pambour's theory has also 
been applied to all these cases except the first, for which, 
equations (11a) and {lib) do not hold, inasmuch as even 
the equation which he has detennined for low pressures caoL 

C. 18 
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only be apidied to ^ or at the lowest ^ of an atnKM||»herei 
whereas here the pressure has to descend to ^ of a& atmo- 
sphere. For this first case the numerical values given bj our 
equations are as follows : 

Volume before expansions: O .'^nSTf 

„ after „ » 6*845, 
Work done « 50460. 

The result for all the other cases are contained in the 
following table ; in which a line is drawn between the values 
for an engine without waste snace and the remaining values. 
For the volume are given only the values after expansion^ 
because those before expansion can be at once derived from 
these by diminishing them in the ratio 1 : e or 1 : 0*d6667. 











Pftmbosr'ft Vilnes 


r 




h 


W 




» 1 










r 


W 


0-992 


152-22^ 


113W 


34300 




86660 






1-010 


152-22'^ 


113-680 


32430 


1-032 


34090 


1-2 


145-63 


108-38 


31870 


1-2 


33570 


1-6 


137-43 


101-76 


31080 


1-5 


32640 


l-B 


18102 


96-55 


80280 


1-8 


81710 


21 


125-79 


92-30 


29490 


2-1 


^0780 



§ 27. Work done per Unit of Beat ddivered Jrom A$ 
source ofheaL 

The quantities of work done, ss given in the above iable^ 

and in the previous table for non-condensing engines, are 
calculated per kilogram of steam received from the builor. 
It is easy to ck-duce from this the quantity of work done 
per unit of heat delivered from the source of heat, if we 
remember that for each kilogram of steam so much heat 
must be delivered, as is necessary tu raise the mass I, which 
is somewhat greater than one kilogram, from the initial 
temperature, at which it enters the boiler, to the boiler 
temperature itself, and transform it at this latter temperature 
into steam. This quantitj of heat can be calculated 
the data already given. 
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§28. Friction. 

Something must be said in conclusion on the subject of 
fidction. This will be confined to a justification of the course 
adopted in leaving friction alt^tner out of account in the 
equations hitherto developed. lV>r this purpose we will shew 
that instead of introducing friction at once into the first 
genqral expressions for the work^ as Pambour has done, the 
same principles will allow us to take it into account sub- 
sequently, according to the method already adopted by other 
authors. 

The forces which the engine has to overcome during its 
stroke may be distinguished as follows : (1) The resistance 
which it meets with from without, and in overcoming which 
consists its useful work. Paml>our has named this the load 
(charge) of the engine. (2) The resistances which originate 
within the madiine itself so that the work expended in 
overcoming them produces no useful effect. These latter 
resistances we combine under the name of Friction, although 
in strictness they comprise other forces than those of friction, 
especially the resistances of the various pumps driven by the 
engine, with the exception of the feed-pump, the effect of 
which has already been considered. 

Both these kinds of resistances Pambour takes into ac- 
count as forces which oppose the motion of tlie piston ; and 
in order to be able to combine them readily with the pres- 
sures of the steam on both sides of the piston, he made his 
method of denotation agree with that used in the case of the 
steam pressures, so that the symbol denotes not the whole 
force, but the force referred to one unit of surface of the 
piston. On this understanding let the load be represented 
hjM. 

A yet further distinction must be made with regard to 
the friction. This has not the same constant value for any 
one engine, but increases witii the load. Pambour divid^ 
it tlierefore into two parts, tiiat which exists when the engine 
runs unloaded tod that which is brought into action by 
the load. The latter he takes to be proportional to the load 
itself. He accordingly expresses the friction per unit of 
surface hyf+BR, whore / and 8 are quantities which 
depend on the construction and dimensions of the engine, 

18—2 
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but for any one engine may accordiug to Pambour be con- 
sidered as constant. 

We may now refer the work done by the engine to these 
resisting forces, instead, as hitherto, to the moving force 
of the steam. The negative work done by the former must 
equal the positive work done by the latter, because otherwise 
an acceleration or retardation of the speed would take place, 
i^id this is against ovix oiigiDal assumptioa that the spe^ is 
laniform. Whilst one unit-weight of steam enters the cylin- 
der, the piston passes through the space (1 — e) F, and WB 
^us obtain the following expression for the work W; 

The usrful part of this work, which for distinction we may 
call {W), is expressed as follows: 

(TF) = (l-c)TxJS. 

If we eliminate R from this* equation hy means of the one 
above, we obtain 

; (,^..H'-(i^-.)K/_. ^ 

By help of this equation, since V is assumed to beknowoi 
we can' deduce the useful work ( W) from the whole work 
TT, as soon as / and fi are given us. The manner in wlueh 
these are determined by Pambo:ur will not be entered upon 
here, since that determination rests upon insecure grounds, 
and friction is not the special subject of this chapter. 

§ 29. General TrmstigaHon of the Action of Tlienm- 
dyna mic EiLgines and of its Relation to a Cyclical Process. 

We have now so &r completed our treatment of the 
steam-engine, that we have followed out all the p roo c w oa 
which take place, determined the several positive or nega- 
tive quantities of work performed therein, and combined 
these into one algebraic expession. We will proceed to 
consider thermo-dynamic engines from a more general point 
of view. The expression that an en^e is dnven by heat 
must not of course be understood of tibe-direct action of As 
heat, but only that some substance within the engine sets 
the working parts in motion through the changes which it 
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imdeigoes by means of heat. This sabstanoe we will call the 
tKDsmitter of the heat's action. 

If a continuously working engine is at uniform speedy 
all the changes which occur must be periodic^ so that the 
nme condition in which the engine and all its parts may be 
fomid at any given timOi will recur at regular lAteryala 
Therefore the substance transmitting the heatf s action must 
also at such recurring moments exist within the engine in the 
same quantity and under the same conditions. This may be 
accomplished in two different ways. (1) The same original 
quantity of this substance may always remain within the 
engine; in which case the changes which it undergoes during 
the motion must be such, that at the end of each period it 
returns to its original condition, and the same cycle of 
changes then begins anew^ (2) The engine may get rid at 
the end of each period of the substance which during that 
period has served to produce its action, and may then take 
jn the same quantity of the same substance from without. 

This latter method is the more usual in practice. It ex* 
istSy e.g. in the hot-air engine, as hitherto constructed, since 
after eyeiy stroke the air which has driven the piston in the 
working cylinder passes out into the atmosphere, and is 
refdaced by an equal quantity of air drawn from the atmo- 
rohere by the feedii^ cylinder. The same is the case with 
tne non-ooDdensing steam-engine, in which the steam passes 
from the cylinder into the atmospheiey and is replaced by 
fresh water, pumped from a reservoir into the boiler. It 
also applies, partially at least, to the ordinary condensing 
steam-engine. In this the condensed water is indeed in part 
pumped back into the boiler, but not as a wdiole, because 
it mixes with the cold water, a part of which also enters 
the boiler. The part of the condensed water which is not 
used again, together with the remainder of the cold water, 
must go to waste. 

The first method has hitherto been applied in a few 
engines only, amongst others in engines driven by two dif- 
ferent vapours, e.g. steam and ether*. In these the steam 
is condensed by contact with metal pipes filled inside with 
liquid ether, and is then wholly pumped back into the 

* Jfiiialef iki JMMf, 1858, 90e, m 
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boiler. Similarly the ether vapour is condeiiaed in metal 
pipes suirounded by cold water, and is then pumped back 
mto the Teasel used for evaporating the ether. To keep up 
a unifonn working, it is tibierefore necessaiy merely to add 
so mnch water and ether as is lost by leakage. 

In an engine of this kind, in which Uie same mass of 
Tapour is conlmnally used anew, the different changes which 
this mass undergoes during each period must, as shewn above, 
form a complele circuity or in the terms of this treatise a 
cyclical process. On the contrary the engines in which a 
periodical admission and emission of vapour takes place are 
not necessarily subject to this condition. Nevertheless they 
may fulfil it, provided that they emit the vapour in the same 
condition in which they received it. This is the case with a 
condensing steam-engine, in which the steam passi's away 
from the condenser as water and at the same tem])erature at 
which it passed from the condenser into the boiler. The 
waste water, which enters the condenser cold and leaves it hot, 
need not be taken into account, because it does not appertain 
to the substance transmitting the heat's action, but znerely 



With other engines the conditions at the emission and 
admission are different. For example, hot-air engines, eren. 
if fitted with a regenerator, send the air back to the atmo* 
qphere at a higher temperature than that at which it enteis; 
mi non-condMising engines take in water and emit steam. 
Ixk ihese cases no complete cyclical process takes place ; but 
it is always possible to oonoeiye that ihe actual engine baa 
anotiber attached to it, which receives the vapour nom the 
first, restores it in some way to its original condition, and 
then lets it escape. The two can then be considered as one 
engine satisfying the above condition. In many cases the 
process can be completed in this way, without making the 
investigation too complicated ; e.g. we may suppose that a 
non-condensing steam-engine, assuming that the feed water 
is at 100", is replaced by an engine having a condenser, the 
temperature of which is 100*. 

\Ve may thus apply to all thermo-dynamic engines the 
principles which hold for a cyclical ])r()cess, if we only sup- 
pose those engines which do not of themselves fulfil the con- 
dition, to be completed in the manner described: and we can 





I 



AFPUOinON TO THB SmM-ENOINE. S79 

thereby arrive at ceitain Qondurioiui which are indepeiideiit 
of the special nature of the process in each particular engine. 

§ 30* EquatioM far &e Work d(m during any CycUctd 
Praceas. 

For any cyclical process the two equations hold which 
have been previously developed (Chs. II. and IV.) as analytical 
expressions of the two fundamental principles, provided the 
second is further extended so as to embrace ^on-reversible 
changes. These equations are 




where N denotes the uncompensated transformation occurring 
during the process, which is always positive, and has for 
reversible processes the limiting value zero. 

If we apply these equations to the cyclical process which 
takes place during a period of the thermo-dynamic engine, 
we see at once that if the whole quantity of heat taken in by 
the substance tiaasmitting the heat's action is given, then 
the work also is immediately given by the first equation, 
without our needing to know the nature of the process itself. 
By combining the two equations we may also determine the 
work from ower data in an equally general manner. 

We will suppose that the quantities of heat^ whidb the 
variable body receives successively, and its temperature at 
the moment of receiving each, are given, with the exception 
of one temperature 21, at which the body receives a certain 
quantity of heat (or if it is negative generates it) the magni- 
tude of which is not at present known. Let be the sum 
of all the known quantities, and let he the unknown 
quantity of heat. Now let us divide the integral in the 
second of equations (47) into two parts, one of which relates 
to the known quantity of heat Q^, and the other to the un- 
known quantity Q^. In the latter T has the constant value 
\ it is therefore immediately integrable, and gives the 
expression 

<), 
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The seoand equation thus becomes 

J, T + a; 

whence 

Again, since Q = Q^+Q,, the fiist equation gives 
or, substituting for Q, its value just found, 

F- Q,- r. J* ^ - r.^- (48). 

If we make the special asBamption that the whole process 
is reversible, then 0, and the above equation becomes 

W=Q,-T,j^-^ 

This equation differs fiom the former only in the term 
— T^K iSnce ^is always positive, this term must be nm- 
tive; whence we see^ as is easily proved directly, that under 
the conditions fixed above with respect to the imparting of 

the heat, the greatest possible amount of work is obtained 
when the whole cyclical process is reversible ; and that every 
circumstance, which causes the ehaiigos iu a cyclical process 
not to be reversible, diminishes the amount of work done. 

Equation (48) therefore leads to the required value of 
the work done in a way which is the exact opposite to ihv 
ordinary ; for we do not, as in other cases, detennine the 
several quantities of work done during the several changes, 
and then add them together, but we start from the maxi- 
mum of work, and then subtract from this the losses of work 
due to the various imperfections of the process. This me- 
thod may therefore be called the method of subtraction. If 
we limit the conditions under which the heat is imparted, hf 
supposing that the whole quantity is imparted at a given 
tempeiature T^, then the other part of the integral also 
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^becomes immediately iutegrable^ and gives Equation 



(47) fhen takes the fbllowiDg form for the maximum work ; 



§ 31. Application of the above JBquatians to the Limiting 
Case in whioh the Olfcldood Fraoeea in a SteomfEngvne ie 
MevereMe. 

Among the cases eonsideied flbo^e with regard to the 

action of the steam-engine, there is one which cannot indeed 
be attained in practice, but which it is desirable to approach 
as nearly as possible, viz. the case in which there is no waste 
space, in which the cylinder-pressure is the same as in the 
boiler or condenser respectively, and in which the expansion 
extends so far, that the steam is thereby cooled from the 
temperature of the boiler to that of the condenser. In this 
case the cyclical process is reversible in all its parts. Let us 
suppose that evaporation takes place in the condenser at the 
temperature ; that a mass if, of which the part is in the 
gaseous, and the part if — in the liquid form, passes into 
the cylinder and drives the pistOD upwards ; that by the fall 
of the piston the steam is first compressed until its tempera- 
ture rises to T^, and then at that temperature forced into the 
boiler ; and that lastly the mass M is again brought out of 
the boiler in the liquid form into the condenser^ by means of 
the small pomp, and there oools to the initial temperature 7,. 
Here the steam passes through the same series of conditions 
as before, but in the reverse order. The various quantities 
of beat are imparted or withdrawn in the opposite sense, but 
to the same amount and at the same temperature of the 
mass ; and all the quantities of work have the opposite signs 
and the same numerical values. Hence it follows that in 
tliis case there is no uncompensated transformation in the 
process. We may therefore put ^=0 in equation (48), 
thereby obtaining an equation similar to (49), but in which, 
for the sake of distinction^ we will write W instead of 
vi& 



F=0 




(50). 
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Here is in our case the beat imparted within the boiler to 

the mass M, whereby M is heated as liquid from to 
and thea the part v\ transformed into steam. Hence 

Q,-m.ft+lf(7(2;-TJ (51). 

To determine we must consider separately the 

two quantities oontaaned in Q^, viz. MC^T^ — T^ and m^p^. 
To integrate for the first of ^ese» let us write the element 
dQ in the form MOdT; then thia part of the integral 
becomes 

Whilst the latttf quantity of heat is being imparted, the 
temperature remains constant at T^, and the integral in this 
case is simply 

Sabstitatiiig thete values, the e^praesion finr W beoomes 
W~m,p, + MC{T,-T^-T,(^^^ + MG log 

- + MO (r. - z; + r. log |f) . 

This is the exact expression given in equation (9), and found 
in sections 4 and 5 by tlie successive determination of the 
several quantities of work done during the cyclical process. 

§ 32. AnafhtT Wwf^ of ike Last Expressum. 

It was observed in the last section with reference to 
equation (51) tiiat the two quantities of heat which make up 
Q,, viz. m,p, and MC (T, - TJ, mu^ be treated differant^ 
in the calculation of the work done ; inasmuch as the one is 
imparted to the substance which transmits the heaths actim 
at a fixed temperature 7^, and the other at temperatures 
rising continuously from to- T^. 'Similarly these two 
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mantities heat oocur also in dififerent forms in thQ expres- 
sion for the work, as is more dearly shewn if we write our 
last equation as follows : 

W'^m,p,^^' + MOiT,^T;) (l ^ ^o^^log|J)...(62). 
Here m^p^ is multiplied by the foctor 

which occurs in equation (50), while MC (T^ — is multi- • 
plied by the factor 

hk order to eompore these factors better with each other, 
we win throw tiie latter into another form. If for brevity 
we write 

(^^)' 

T 1 — -» T 
then 3^-1-,. 

and we thus obtain 



s . ^ . 



+ s — s + s — r + etc. 



1x2 2x3 3x4b 

Equation (52) or (9) thus becomes 

TT' - m^, X « + JfC ( r. - X ^ (^-1^ + 2 ^ 3 + 3^ + etc.) 

(54). 

The value of the infinite series in the bracket, which 
makes the difference between the factor oiMC [T^ — Tq) and 
the factor of p^, varies, as is easily shewn, between ^ and 1, 
whilst s increases from 0 ta !• 
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§ 33* Influence of the Temperature of the Source af 
Eeat. 

Since, under the assumptions we have made, the cyclical 
process passed through periodically by the engine during its 
motion is reversible in all its parts, as shewn in § 31, and 
since a reversible process gives the maximum work attain- 
able, we are able to lay down the following principle : — 

If the temperatures at which the substance transmitting 
the heat's action takes in the heat from the source, or givea 
it out externally^ are taken as given beforehand, then the 
steam-engine, under the assumptions made in the develop* 
ment of eqjuations (9) or (52)» is a perfect engine, inas- 
much as with a given quantity of heat impartea to it, it 
performs the greatest quantity of work, which according to 
the Mechanical Theory of Heat it is possible to perform at 
those temperatures. 

It is otherwise, if we consider these temperatures not as 
ffyea beforehand, but as a variable element which must be 
taken into account in our estimate of the engine. 

The fact that the water, whilst being heated and evapo- 
rated, has a much lower temperature than the fire, and there- 
fore the heat imparted to it passes from a higher temperature 
to a lower, produces an uncompensated transformation which 
is not included in X of equation (47), but which greatly 
diminishes the useful effect of the heat. We see by equa- 
tion (54) that the work obtained by the steam-engine from 
the quantity of heat m^p^ + MO {2\ — TJ = Q^, is somewhat 

kss than ^* . But if we assume that the subetanee 

transmitting the heat's action could haVe, throughout the time 
when it is taking in heat, the same temperature as those parts 
of the fire which furnish that heat; and if we denote the 
mean value of this temperature bv and the temperature at 
which the heat is given off, as before, by T^; then under these 
circumstances the work which it is possible to obtain from 
the quantit^<rf heat wSL by equation (50) be expressed 

^ Qt compare the values of this expresaon in 

various cases, let t^, the condenser temperature, be fixed at 
50°, and let us take for the boii^ temperatures 110^ 150^^ and 
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180*; the two first of which ahont correspond to those'of the 

low-pressure and ordinary high-pressure engines, while the 
last may bo cousidered the limit of temperature, which has 
as yet beeu^ractically atteiapted for the. steam-engine.. In 

these cases has the following values (adding in each 

case the number 273 to give absolute temperatures) : 

When ^, - 110^ « 0157, 

150* ! 0-23G, 

180» 0-287. 

On the other hand if for example we assume i at 1000", 

the corresponding value of — 0*746. 

Hence -it is easf to see, as already observed by Gamot 
4nd subsequent authors, that in order to get the greatest 
advantage from engines driven by heat, the most important 
pomt is to increase the temperature interval Sr — Z^. 
For example the hoi-air engine can only be expected to 
shew a decided advanti^ over the steam-engine, when 
the poaaibilify is established of its being wonted at de- 
ddedty higher temperatures, such as are forbidden to the 
steam-engine for fear of explosion. The same advantage 
may however be obtained by the use of superheated steam, 
since, as soon as the steam is separated from the water, it 
may be heated with no more risk than a permanent gas. 
Engines which use the steam in the superheated condition 
ought to unite many advantages of the steam-engine with 
those of the air-engine, and may therefore be expected to 
achieve a practical success much sooner than the latter. 

In the class of engines mentioned above, iu which besides 
the water another more volatile substance is used, the inter- 
val ITj — JJ> is widened, inasmuch as is lowered. It has 
been already suggested that the interval flight be widened 
at the higher Umit in the same manner, by adding yet a 
third liqidd less volatile than water. The fire would then 
directly evaporate the first of the three only ; tliis in con- 
deusing would evaporate the second, and this in like manner 
the thud. As as principle goes this combination would 
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undoubtedly be advantageous ; the practical difficulties, which 
might hinder its being canied out^ cannot be "conjectured 
beforehand. 

§ 34. Example of the appUoaiian of ths Method of Sub^ 
traction. 

The ordinary steam-engine, besides the imperfection 
described aboTe, which is inherent in its nature, possesses 
many other imperfections, which are rather due to its con- 
struction in practice : some of these have already been taken 
into account in our investigations to determine the work done. 
We will now in conclusion exhibit the method in which, with 
engines possessing such imperfections, the work done may 
be determined by the method of subtraction given in § 30, 
In order that we may not extend this investigation, w^hich 
is merely an example of the mode of applying this method, to 
too great a length, we will only take into account two of 
these imperfections, viz. the existence of the waste space and 
the difference of the pressures in the cylinder and boiler 
duriio^ the admission of steaoL On the other hand we will 
suppose the expansion to be complete, so that the final tem- 
perature equals the condenser temperatuio T^; and we 
will also take and 1\" as equal to 

The process is founded on jequation (48), which, calling 
the work W\ ia as follows: 

Here Q^ — TA represents the maximuTn work, ooiv 

responding to the case when the cyclical process is reversible; 
and jPgiV represents the loss of work due to the imperfections 
which arise from the process not being reversible. For this 
maximum work we have in the case of the steam-engine the 
expression already given at the end of § dl» yi& 

HV, + MG {T, - - + if 0 log D . 

It only remains to determine N, the uncompensated 
transformation which occurs in the cyclical process. This 
transformation arises when the steam is passing into the 
waste space and into the cylinder, and the <Ukta for its deter- 
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mination are already given in § 10. There, by assuming 
that the mass of steam admitted was at once forced back 
again into the boiiec» and also that eveiythipf^ wai brooght 
back by a reversible path to its initial condition, we arrived 
at ft fl^pecial cyclical prooen, for which we determhied all the 
quantities of heat imparted to the Taiiable maai^ and to 
whioh we cuk now i^piy the eqaation 

These quantities of heat^ some positive some negative, aie as 
fcUows: 

m^^, MC{T^- and J> 

The ihrde first of tliese aie imparted at the constant 
tempeiatares T^, and respectively : and the coiiespond- 

ifig parts of the integral an and The 

two last are imparted at temperatures which vary continu- 
ously between and T^, and between and respectively; 
aad the corresponding parts of the integral are 

T T 
MOlog-^, and -/A(71og^. 

If we substitute the sum of these quantities for the integral, 
the last equation hecomea 

Multiplying this expression for JV by T^, and subtracting 
the product from the expression given above for the mazi- 
mum work, we obtain finally for W' the equation 

1^' - «V, - 2? «V.+ - - (^+/*) or. log ^ +/V 

(66). 

To compare this expression for TT' with that given in the 
first of equations (28), we have only to substitute in the 
latter the value of "in^^ given in the last of those equations, 
and then put = T^. The expression thus obtained agrees 
exactly with that in equation (56), . 
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In the same way we may also deduct the Iosb of work 
due to incomplete expansion. For this purpose we must cal- 
culate the uncompenaated transformation which arises durinff 
the passage |0f steam from the cylinder to the condenser, and 
then include this in the ezpresncm for If. By this ca)iimlar 
tion» which we shall not here perform at length, we arrive 
at the same expression for the work as is given in equation 
(28). 



NOTE ON THE VALUES OF ^. 

ffinoe ih. diiB««ntid ooeffident f ^ 

Upon steam, it is important to know how far the convenient method of 
determinatioa employed by the authw is allowable; and foot ibis 
purpose a few values are here placed side by side for oomparisoo. 

The. formula employed B^gnault to calculate the preflsureB «t 
steam in his tables^ for temperatona above lOO'^, is the IbUowiag : 

where Log denotes the oommon system of logarithms, x denotes the 
temperature from -20^ to the vahie imder oonsideraticHi, so that 
s^t+2IOf and the five oonstania have the fbUowintg values: 

a-6-2640348, 

Log6=0 1397743, 

Logc-0-6924351, 

IiOga-9-904048898 - 10, 

IiOg/9-9'998343862 - 10. 

do 

From thn formula we obtain the loUowiog equation Ibr ^ : 

where a and ^ have the same Talues as before, and A and £ have the 
following valuee : 

Logul-8*5197e08-10^ 

• * Log 8-6028403 -la 



Suppose that from this equation we oakmlate the value of ^ fbr tiba 



dp 

temperatiire 147^, then we obtain 
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Next for the apprcgdmafte method of detenoinatioiiy «b obiaiii from 
Begtumlt^e tables the preesures 

/)Mi«3214-74| 
whence* a«Z£i«« 1?^4«90-12. 

This approximate value agrees so closelj with the exact value deduced 
• above, wat It may be aaMj used font in tfU'investigatioas upon the 
steam-engine. 

With regard to temperatures between 0^ and 100®, the formula used 
by BegnauR to calculate the pressuzes of steam betvreen these limits is 
, . the following : 

Here the oonstantSy hj Morits's impioved tafalM^ have the following 
values; 

4-7393707, 
Log i»8*13109O7118 - 10^ 
Loge-0-6117407675, 

Log a = 0 006864937 162, 
Logi3«9-9967255de856- 10. 

cip 

From this formula we oaa again obtain for ^ an eq^uation of the form 

where the values of a and /3 are the same as given above, and those of 
A and are as follows : 

Logii«6il930586-10, 

Logi?«8-8513123-10. 

dp 

If we osloukto from this equation the value of ^ ooimponding to a 

temperature of 70^, we obtain 

By the approximate method of determination we obtain 

Pn-Pm _ 243-380 - 223154 , ^ • 
2 2 

Thk moli agdn agrees soffiioiently dosdy with that obtained fr 
iha mofe exaot equatum. 

c. 19 
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Tabls gking ihs wlhm for ^ieam of the pressure p, its 

differential coeJflcienC and the fnvduct Tg, fir 

differeni tmiperuimes: M ea^mseed in millimetres 0/ 
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CHAPTER XIL 



ON THE CONCENTRATION OF RAYS OF LIGHT AND HEAT 
AND ON THE LIMITS OF ITS ACTION. 



§ 1. Object of tJie Investigation, 

The prindj^le assumed by fhe author as the ground of 
the second mam principle, viz. that heat cannot of itself, or 
without compensation, pass from a colder to a hotter body, 

corresponds to everyday experience in certain very simple 
cases of the exchange of heat. To this class belongs the 
conduction of heat, which always takes place in such a way 
that heat passes from hotter bodies or parts of bodies to 
colder bodies or parts of bodies. Again as regards the ordi- 
nary radiation of heat, it is of course well known that not only 
do hot bodies radiate to cold, but also cold bodies conversely 
to hot ; nevertheless the general result of this simultaneous 
double exchange of heat always consists, as is established by 
experience, in an increase of the heat in the colder body 
at the expense of the hotter. 

Special circumstances may however occur during radia- 
tion, which cause the rays, instead of continuing in we same 
straight line, to change their direction; and this change of di- 
rection may be such, that all the rays from a complete pencil 
of finite section meet together in one pointy and there combine 
their action. This can be accomplished, as is well known, by 
the use of a burning-mirror or burning-glass ; and several 
mirrors or glasses may even be so arranged, that several 
pencils of rays finom dinerent souroes of heat meet together in 
one point. 
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For cases of this kind there is no ezperimeDtal proof that 
it is impossible for a higher temperature to exist at the point 
of concentration than is possessed by the bodies from which 
the rays emanate. Bankiue* aocordinffly, on a special occasion, 
of wMeh we shall speak in another pkce, has drawn a parti- 
cular conclusion^ which rests entirely on the assumption that 
rays of heat can be concoitrated by reflection in such a way, 
that at the focus thus produced a body may be raised to a 
higher temperature than is possessed by the bodies which 
emit the rays. If this assumption Be correct, the prindple 
enunciated aboye must be false, and the proof, decnioed by 
means of that principle, of the second fundamental principle 
of the Mechanical Theory of Heat would thus be overthrown. 

As the author was anxious to secure the principle a^^aiust 
any doubt of this kind, and as the concentration of rays of 
heat, with which is immediately connected tliat of rays of 
light, is a subject which, apart from this special question, is 
of much interest from many points of view, ho has attempted 
a closer mathematical investigation of the laws which govern 
the concentration of rays, and of the influence which this con- 
centration can have on the exchange of heat between bodies. 
The resuItS'are contained in the following sections. 

L &SAS0K8 WSt THB OBDINABT MEXHOD OF DSXSB- 
HINIKa THB KUTUAL RADIATION OF TWO SUBFACBB 
DOES NOT EXTEND TO THE PBESENT CASE. 

§ 2. Limitation of the treatment to perfectly black bodies, 
mid to homogeneous and unpolarized rays of heat. 

When two bodies are pilaced in a medium permeable to 
heat rays, they communicate heat to each other Dy radiaiiim. 
Of the rays wnich fall on one of these bodies, part is in gene- 
ral absorbed, part reflected, part tmnsmitted; and it is known 
that the power of absorption stands in a simple relation to 
the power of emission. As it is not here our object to inves- 
tigate the diflPerences between these relations and the laws 
to which they conform, we will take one simple case, viz. 
that in which the bodies are such that they completely ab- 
sorb all the rays which fall upon them, either actually on the 

* On the Be^oncentisiloii of iha Hedhsniosl BiMiSJ of Ihs UnHwtib 

PkU, Mag., Series rr., Vol. it. p. 358. 
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surface, or in a layer so tliin that its thickness may be neg- 
lected. Sueh bodies have been named by Kirchhofif, in his 
well-known and eieeUeiit paper on the relation between 
emission and absorption, "perfectly black bodieB*." 

Bodies of 1^ kind have also the maiimnm power^ of 
emission. It was fonneriy assumed to be beyond question 
tiiat their intensity of emission depended only on their tem- 
perature; so that all perfectly msdi bodies, at the same 
temperature and with the same extent of 8ur£Aoe, would 
radiate exactly the same quantity of heal But as tiie rays 
emitted by the body are not homogeneous, but differ accord- 
ing to the scale uf coluuis, the question of emission must be 
studied with special reference to this scale; and Kiix'hh»)tr has 
extended the foregoing principle, by laying down that per- 
fectly black bodies at equal temperatures send out not only 
the same total quantity of heat, but also the same quantity 
of eiich class of ray. As the distinctions between the rays 
according to colour have no place in our investigation, we 
will assume throughout that we have to do with only one 
known class of ray, or, to speak more accurately, with rays 
whose wave-length only varies within indefinitely small 
limits. Whatever is true of this class of rays must similarly 
be true of any other class; and thus the results obtained 
from homogeneous heat may easily be extended to heat 
ivhich contains a mixture of di£ferent elttssos of rays. 

With the same oUect of avoiding unnecessary complica- 
tieDfl^ we wiU abstain mnn discussinff polarization, and assume 
that we have oidj to do with onpolarized rays. The mode 
tS taking polaria»tion into account in such cases has already 
been exphoned by Hehnholtz and EirchhoS 

§ 3. Kirchhoff's formula for the mutual Radiation of 
two Elemmts of ISurface, 

Let 8^ and «y be the suifiMses of two perfectly black 
bodies of the same given tenqperatore ; and- let us consider 
two dements of these surfaces da^ and da^ in order to 
detmnine and to compare the quantities of heat which they 
mutually send to each other by radiation. If the medium, 
which surronnds the bodies and fills the intervening space, 

* Pogg. Ann,t YoL ciz. p. 275. 
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is homogeneous, so that the rays simply pass in straight lines 
from one surface to the other, it is easy to see that the quan- 
tity of heat which ds^ sends to ds^ must be the same as that 
whiab lb, sends to c^^ ; if on the contrary this medium is 
not homogeneous, but liiere are variations in it which cause 
the rays to be broken up and reflected, the process is less 
simple^ and a closer investigation is needed to prove whether 
the same perfect reciprocity holds in this case also. This 
investigation has been perfonned in a very elegant manner 
bjr Kirohhoff ; and his results will be stated here, so 
fiir as they relate to the case in which the rays on their 
way from one element to the other suffer no diminntion of 
strength ; in other words in which the breakings up and re- 
flections of the ray take place without loss of power, and 
there is no absorption during its passage. A few variations 
will alone be made in the denotation and in the system of co- 
ordinates, to produce a better accordance with what follows. 

If two points are given, only one of the infinitely large 
number of rays sent out by one point can in general attain 
the other*; or if the rays are so broken up and reflected, 
that several of them meet in the other point, yet they fonn in 
general only a limited number of separate rays, each of which 
can be treated by itself. The path of such a ray from one 
point to the other is detemsined by the condition that the 
time expended in traversing this path is a minimum, com- 
pared with the times which would be expended in traversing 
all other neighbouring paths between the same points. This 
minimum time is detennined, if where several separate rays 
meet we investigate only one at a time, by the positicn 
the two points between which it passes ; and we will denote 
it, as Kirchhoff has done, by T. 

* Th0 form of exi^ession that a point sends out an infinitely large ami- 
ber of mys is perhaps, in the strict mathemaliofll lenie, iaaoeiixaita, tittoe hmX 

and light can only bo sent forth from a f^nrfat-o, and not from a mathematical 
point. It would bo more accurate to refer the sending out of the beat or lij^lit 
not to the point itself, but to the element of area at the point. As, however, the 
oonoeption of a ray is itself only a mathemaiioal abiftcaotiim, ^ may, withool 
fear of miMOHOeiitioin, retain the statement that an infinitely large number of 
rays proceed from each point of the purfiu e. If it were our object to detormirp 
quantitatively the heat or light radiated by a surface, it ia evident that iho 
size of the surface must be taken into accouut, and that its elements must be 
eoosidend, not as points, but as indeflnitaly tman snifiatti; the tm of 
which must appear as a factor in the fnnnnln flUWflMWlug the Qflintitiy Of Uwit 
or light radiated from an element of anrfaoe. 
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Betoming now to the elemeots of stn&oe ds^ aad ds^, we 
will suppose a plane tangential to the sor&oe ta be drawn 
through one point of each element; and we will treat ds^ and 

ds^ as elements of these planes. In each of these planes let us 
take any system of rectangular co-ordinates, which we will 
call iTj, in the one case, and x^y in the other*. If we 
now take a point on each plane, the time T^, expended by 
the ray in passing from one point to the other, is determined, 
as stated above, by the position of the two points; and this 
time may therefore be treated as a function of tiie four co- 
ordinates of the two points. 

On these assumptions Kirchhoff's expression for the 

Suantity of heat, which the element da^ sends to the element 
per unit of time, is as follows i*: , 

e,f d^T <Pr dFT ]dsds 
Tr\dx^dx^ dy^dy^ dx^dy^ dy^dxj * 

where tt is the well-known ratio between the circumference 
and diameter of a circle, and e. is the intensity of emission 
of the surface 5j, in the locality oi the element ds^, so that ds^ 
represents the whole quantity of heat radiated by ds^ per unit 
of time. 

Conyersely to express the quantity of heat wbioh ds^ 
sends to d^, we need only substitute for in the above 
expression the quantity 6,, which is the intensity of emission 
of the surface Everything else remains unaltered, as 

being symmetrical with regard to the two elements ; for the 

time jT, which a ray expends in traversing the path between 
two points of the two elements, is the same in whichever 
direction it is moving. If we now assume that the surfaces, 
which are supposed to be at the same temperature, radiate equal 
quantities of heat in the same time, then = e., ; and there- 
f« )re the quantity of heat sent by c^s^ to is exactly the same 
as that sent by ds^ to ds^, 

* debhofF has ohosen two plaaes «t xi^t angles to the direotioiis of the 
rays in the neighbourhood of the two elements; he has takon axes of co- 
ordinates in these planes, and has {trojected ttie elements of aoriaoe npon 
them. 

t Pogg. Ann., Vol. on. p. 286. 
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§ 4. IndetermimUenm of the Formuia in the case of ths 
ConCentratiQn of Raff a. 

We have already observed that in general only one ray, or 
a limited number of separate rays, can pass between two given 
points. In spedal cases, however, it may happen, that an 
definitely large number of rays, forming a pencil in either two 
or three dimensions (Le. in the latter case forming a cone), 
and starting from the first point, may again unite in the 
second. This of course holds with rays of light as well as 
of heat, and it is usual in Optics to call sudi a point, in 
which all the rays of a certain conical pencil sent out from 
a given point unite agam, the image of the given point; or, 
since conversely the first point may become the image of the 
second, the two points are called C(3njugate foci. When what 
is here described in the case of two particular points holds 
of all the points of two surfaces, so that every point of 
the one surface is the conjugate focus of some point on the . 
other surface, then the one siuiace is called the optical image 
of the other. 

We may now ask how the exchange of rays takes place 
between the elements of two such surfaces ; whether the 
above-mentioned reciprocity holds, so that at equal tempera- 
tures any element of the one surfieu^ sends to any element 
of the other exactly the same amotmt of heat as it received 
from it, and therefore one body cannot heat the other to a 
higher temperature than its own ; or whether in such cases 
the concentration of the rays makes it possible for one body 
to heat another to a Ingher temperature than it possesses 
itself. 

To this case Eirchhoff's expression does not directly apply. 
For let the surfiu^ be an optical image of the surface ^. 
Then all the rays, which. a point jp^, lying upon 8^, sends out 
within a certain cone, unite on some point of the surface a^ 

and all the surrounding points of receive no rays whatever 
frompj. Hence if the co-ordinates a;,, of the point are 
given, then the co-ordinates x^y of the point are no 
longer to be taken at pleasure, but are also fixed ; and 
similarly, if a;,, are given, then x^, y^ are also detennined. 

A differential coefficient of the form , , , where is eon- 
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88 -variable when difforentiaiuig according to x^, 
wldfet the seeond eo-oidixiate of the same point, and the 

co-ordinates x^,y^<A the other, are assumed to oe constant, — 

and where similarly in differentiating according to x^, this is 
taken as the only variable — can thus represent no real quan- 
tity of finite value. Therefore in this e^use we must find an 
expression of somewhat different form from Kirchhoff s ; and 
for this purpose we must first consider some questions similar 
to those considered by Kirchhoff in arriving at his expres- 



sion. 



n. Determination of cokrksponding points and cor- 
responding ELEMENTS OF SURFACiS IN THREE PLANES 
CUT BT THE RAYS. 

§ 5. Equations between the co-ordinaJtea of the points in 
which a ray cuts three given planes. 

Let there he three given planes a, 6» e (Fig. 25), and in 
each of theon let there be a system 
of rectangdlar oo-ordinates, which 

we may call respectively x^^* ^bi/i* 
and x^^. Let us take a point 
ill plane a, and a point jj^ in plane 6, 
and consider a ray as passing from 
one of these to the other ; then to 
determine its path we have the con- 
dition that the time, which the ray 
expends in traversing it, must be 
less than it would expend in travers- 
ing any other neighbouring path. 
Call this minimum time T^y Tt is 
a function of the co-ordinates of p^ 

and p^, i.e. of the four quantities w^y^ x^^» Similarly let 

be the time of the ray's passage between two points 
andp^y in planes a and o; and let be the time of its pas- 
sage between two points ji^ and |>.» in planes h and c. T^\&% 
function of the co-ordinates ; and 2^ is a function 

of the co-ordinates x^^, x^,, 

^ Now as a ray, which jpasses between two of these planes, 
will in general cut the thurd plane also^ we have for each ray 




Pig. 25. 
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three points of section, which are so related to each other 
that any one of them is in general determined by the other 
two. The equations which serve for this determination may 
be easily deduced from the above-mentioned cundition. Let 
us first suppose that points and are given befurohaml, and 
that the point is still unknown in which the ray cuts the 
intermediate plane b. This point, to distinguish it from 
other points in the plane, we will call p\. Take aiiy point 
whatever in this plane, and consider two rays» which we 
may call auziliaiy rays, passing the one from to p^, and 
the other from 2h Pc- ^ ^ these lays are shewn by 
dotted lines, and the primary ray, which goes direct frx>m 
to Po, by a full line*. If, as before, we call the times ex- 
pended Of these two rays and T^, the value of the som 
of these tmies jP^+ jTi. will depend on the position of j^, and 
there&re, since the*pointa p« iodj^^ are assumed to be given, 
it may be considered as a function of the co-ordinates x^i/^ 
of point Among aU the values, which this sum may 
assume if we ^ve to pdnt various positions in the neigh- 
bourhood of J9 the minimum value must be that which is 
obtained by making coincide with j/^, iu which c;ise the 
auxiliary rays merely become parts of the direct ray. We 
therefore liave the following two equations to determine the 
co-ordinates of this point : 

As T^j^ and T^^, in addition to the co-ordinates of the un- 
known point p^, contain also the co-ordinates of the known 
points p^ and p^^ we may consider the two ecpiations thus 
established as being simply two equations between the six 
co-ordinates of the three points in question. These equatioii8» 
therefore, can be applied, not merely to determine the co- 
ordinates of the point in the intermediate plane from those 

• These linf»s nro Bhewn nirvrd in tlio fiprnre, to indicate that the path 
taken by a ray between two given points need not be simply the Btraight line 
drawn between the two points, bat a dififerent line detennined by the re- 
• fractions or reflections whioh the ray may nndflrgo: it m%j thtti be either a 
broken lino, matlc up of several straight lines, or (if the medimn throu^ih 
which it pusses changes iia oharacier continuoua^ instead of fiuddenl^) a 
continuous curve. 
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of the two other points, but generally to determiae any two 
of the six co-ordinates from tne other four. 

Next let us assume that the points aiid/)^ Q^^^• 
which the ray cuts planes a and 6, are 
given, and that the point is yet un* 
known in which it cuts plane c. This 
point let us call to distinguish it 
from other points in the flame plane. 
Take any point in plane and con- 
skier two atudliaiy rays, one of which 
goes from jp^ to jp,, and the other from 

to in Fig. 26 these are again 
shewif dotted, mile the primary ray 
is shewn full Let and be the 
times of passage of these auxiliary 
rays. Then the value of the differ- 
ence T^^ — depends on the position 
of in plane c. Among the various 

values obtained by giving to various positions in the neigh- 
bourhood of the maximum must be that obtained by 
making coincide with p\. For in that case the ray passing 
fromp,^ to cuts the plane h in the given point p^, and is there- 
fore made up of the ray which passes from jp„ to and of 
that which jpasses from to p^. Accordingly we may put 

Hence the required difierence is given in this special case by 

If on the other hand pc does not coincide with then 
the ray which passes from p« to p^ does not coincide with 
the two which pass from p^ to and from p^ to pe\ and 
since the direct ray between j>« and trayels in the shortest 
tiine, we must hare 

and therefore we have in general for the required difference 
the ineq^uality 
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This difference is thus generally smaller than In the 
special case ivhere lies iti the continuation of the ray 
which passes from p» to jp», and this ^)eoial value of the 
diffmnce thus fonns a maximum*. Hence we have the 
two following conditions : 

— ^. — ^' dy. 

If we lastly assume that the points and jp« in the \ 

planes b and c are given beforehand, while the ^int in which j 

the ray cuts the pane a is still unknown, we obtain by an \ 
exactly similar procedure the two following conditions : 

da?. dy, 

In this way we arrive at thiee pairs of equations, each 
of which serves to express the corresponding^elation between 
the three points in which a ray cuts the three planes a» ft, 
so that if two of the points are given the third can he > 
found, or, more generally, if of the six co-oidinateB of 
the three points four are given the other two may he deter* 
mined. 

§ G. Relation between Corresponding Elements of Sur^ 
face. 

We will now take the following casa Given on one 
of the planes, say a point and on another, say ft, an 
element of surface d8^\ then if rays pass from j»« to the 
different points of ds^, and if we suppose these rays produced 
till they cut the third plane c» the^ will all cut that plane i 
in general within anotner indefinitely small element of 
surface, w hich we will call dso (Fig. 27). Let us now deter- 
mine the relation between ds^ and dse, 

i 

* In Xixehlioff's paper (p. 285) it it stated of the qaantity Uiero M* 
sidered, which is esseiitially the same as the difference here treated of, exfllpi 
that it refers to four planes instead of three, that it must be a yniuirmtm. 
This may possihly be a printer's error, and in any case an interchange of max- 
imum and minimum in this place would have no further influence, becaoaa 
ibe prindple used in the nalwilatinni whioh fallow, ill., thai Hit dfAmnltel 
McmefantsO, holdi •qnaUjr lor s msxiianm or s 
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Fig. 27. 



In tills case, of the six co-ordinates which relate to each 
ray (viz. those of the tlirce points 
in which the ray cuts the three 
planes) two, viz. and are 
given beforehand. If we now 
take any valaes we pl^hse for 

and the oo-ordinates and 

are m general thereby deter- 
mined. Thus in tlus case we 
may consider and y« as two 
functions of and y^m As the 
form of the element d9» may be 
any whatever, let it be a rect- 
angle djc^, dijf,, and let us find the 
point in phme c corresponding 

to every point in the outline of this rectangle. We shall 
then have on plane c an indefinitely small parallelogram 
which forms the corresponding element of surface. 

The magnitude of this parallelogram is determined as 
followa Let \ be the length of the side which corresponds 
to the side cla?» of the rectangle in ^ane 5, and let and 
be the angles which ^is side makes with the axes 
of co-ordinates. Then 

Again, let be the other side of the parallelogram, and let 
(/XvT ) and (^y^ be the angles it makes with the axes. Then 
we iiave 

/ACOs(/ia;J = ^^(Zy,; cos (/i^e) =^<iy». 

Let (V) be the angle between the sides X and fi. Then we 
have 

COS (Xf&) scos (X^O ^ Q^^)-hcoB(ky^ cos 
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Now to determizie the aiea of the paraUelogranii we 
may write 

da^ = X/i sin (X/i) 

a« X/A s/l — cob" (X;a) 

»^xy-co8^(X/A)xv- 

Here we may substitute for cos (X/x) the expressi^ai just 
and for X* and /u," the following expressions derived 
from the above equations : — 

X« = 




"-{(IMI;)]*-- 



Then several terms under the root cancel each other, and 
the remainder form a square as follows : 



/ idx, dy, _ dx, dyA* , 

This quadratic equation can therefore be solved at once. 
But it must be observed that the difference within the 
brackets may be either positive or negative, and, as we 
have only to do with the positive root, we will denote this 
by putting the letters v.n. (valor numericus) before this 
difference. We can then write 

To ascertain how and depend upon a-^ and we 
nuist apply one of the three pairs of equations in § 5. We 
Avill first choose equations (1). If we differentiate those 
equations according to a-^ and y^, remembering that each of 
the quantities denoted by T contains two of the three pairs 
of co-ordinates a?., y„ x^, y^, x^, as denoted by the indices; 
and if in differentiating we treat and |f« as functions of 
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and y^, whilst we take and y« as oonstaQt; then we 
obtain the following four equations : 



0 



{dx^^ dx^dx^ dx^ dxj^dy^ dx^ 

dx^dy^^ dy^dat^ dy^ dw^dy^ dy^ 

dx.dt/f, dy^dx^ dx^ dy^dy^ dx^ 



(dy,y 



+ 



d^c . 



dy^da^ dy^ dy^dy. dy^ 



If by help of these equations we determine the four 

differential coefficients ^ , ^* , , ^* and substitute 

aa?^ ay» dx^ ay^ 

the values thus found in equation (4), we obtain the required 

relation between c^^^^ and ds^. To be able to write the result 

more briefly, we will use the following symbols : 

' Kdx^dx^ dy^dy^ dx^dy^ dy^dxj ^ ^* 

1 da^dy^ )J 
(7). 



JE 



= v.n. [ 



Then the required relation may be written as follows : 



ds, 
ds^ 



E 
A 



.(8). 



Again, if we suppose in like manner that a point pc is 
given on plane c (Fig. 28), and find on plane a the element 
ds^, which corresponds to the given element dSf, on plane 6, 
then the result can be derived from that last given by simply 
interchanging the indioea a and c. If for brevity we write 

a.vn.r^x-^.-^^- x^«-0 (9) 
\dxja6^ dy^dy^ dx^dy^ dyjixj ^ ^' 

20—2 
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then we baive 



(10). 




Lastly, suppose a point jp^ to be given on plane 6 (Fig. 29) 




and choose any element of surface ds,^ on plane a, Ltl 
us suppose that rays from different points of tliis element 
pass through ^9^, and that they are produced to the plane c. 
Then the magnitude of the element of surface ds,., in which 
all these rays meet plane c, is found, using the same syiabolb 
as before, to be as follows : 



ds^ A 



.(ii>. 



that the two oorresponding.elomeiits in 
this case bear exactly the same relation to each other, aa tlie 
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two elementa which are obtained when we have an element 
cZfl^ given in plane b, and then, having assumed as the 
origin of the lays a point first in plane a, and secondly 
in plane Of detemune in each case the element of surfiace 
in tiie third plane corresponding to the element ds^ 



§ 7. Fractions jbrmed out of six quantities to exjjress 
iJie Relations between Corresponding Elements, 

In the last section we have only employed the first of the 
three pain of equations in § 5. We can however employ the 
two otiker pairs (2) and (3) in the same manner. Each pair 
leads us to three quantities of the same kind as those already 

denoted by Ay (7, and E, These quantities serve to express 
tbe relations between the elements of surface. Of the nine 
(quantities thus obtained, however, there are four which are 
equal to each other, whereby the actual number is reduced to 
six. The expressions for these six are here placed together 
for the sake of convenience, although three of them have been 
already given. 



"^^'^Xdx^dat^ dy^dy^ dx^dy. dy^, 



\dxjdx^ dy^dy^ dxjiy^ dyjixj 



ah 



oft 



#2!. 



dyjy^ dxjty^ dyjx, 
-^"'•"•j {dxj* ^ (dy^ ~L dx.dy, 

(L). 

By help of these six quantities every relation between 
two elements of sorfiBuse can be expressed by three different 
fractions, as may be shewn in tabular form as follows : 
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i$._E A 

dt^ a B 

dB, A_F 




0 
B 
D. 



(II.). 



It is easily seen that the three horizontal rows relate to the 
three cases, in which the given point through which the 
rays must pass is taken either in plane a, plane c, or plane h. 
Of the three vertical rows of fractions, which express the 
relations between the elements of surface, the first is deduced 
from equation (1) of § 5, the second isom (2) and the third 
from (3). 

Since the three fractions, which express a given relation 
between two elements of siu^Aoe, must be equal to each 
other, we haye the following equations between the ax 
quantities : 



Our forther investigations will be performed by means of 
these six quantities ; and since every relation between two 
elements of surface is expressed by three different fraction^ 
we can always choose amongst these the fraction most suit* 
able for each special case, 

IIL Determination of the mutual radiation, when 

THEEE IS NO CONCENTBATXON OF BAYS. 

§ 8. Magnitude of the Element of Surface corresponding 
to dSg on a plane in a particular position. \ 

We will first consider the case to which KirchhofiTs ex- I 

pression refers, and seek to determine how much heat two ! 

elements send out to eAdi other, on the assumption that j 
eveiy point of one element receives from every point of the 

other one ray and cmly one ; or at most a limitea number of | 
particular rays, which may be considered separately. 




(12). 



A*^£F; £^^FD\ O'^DE 



(13). 
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Given two elements ds^ and ds^ ia planes a and c (Fig. 
30), we will first determine the heat 
which ds^ sends to ds„. For this pur- 
pose let us suppose the intermediate 
plane 6 to lie parallel to plane a at a 
distance which is so small, that 
the part which lies between these 
two planes of any ray j^assing from 

to cb« may be considered as a 
straight luie» and the medium thiougfa 
wlueh it passes as homogeneous. I^t 
us now take any point in element 

and consider the pendl of rays 
which passes irom this point to the 
element ds^. This pencil will cut 
plane h in an element ds^^ whose magnitude is given by one 
of the three fractions in the uppermost horizontal row of 
equations (XL). Choosing the last of these we have the 
equation 




(14). 



The quantity C may in this case be brought into a 
specially simple form, on account of the special position of 
plane b. For this purpose let us follow Earchhoff in choos- 
ing the system ot co-ordinates in 6 so as to correspond 
eoractly wiUi that in the parallel plane a; ie. let the ongins 
of both lie in a common perpendicular to the two planes 
and let each axis of one mtem be parallel to the correspond- 
ing axis of the other. Let r be the distance between two 
points lying on the two planes, and haviug co-ordinates «r., 
and x^^ respectively. Then 

r-V^'+T*.-^J'+(y.-yJ' (15). 

Let us now suppose a single ray to pass from one of these 
points to the other ; then, since its motion between the two 
planes is supposed to be rectilinear, the length of its path 
will be simply represented by r ; and if we denote by its 
velocity in the neighbourhood of plane a, which by the 
assumption will remain nearly constant between a and 6, 
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then the time which the ray expends in the passage will be 
given by the equation 

The expression for C may therefore be written 

* 'v^Kdx^dx^ dy^dy^ dx^dy^ dy^dxj' 
Su1)stittttiiig for r its value as given by (15), we obtaia 

C = ^.xg (16)- 

Hence equation (14) becomes 

d8,^v*Xj^Bd8, (17). 

If we denote by 6 the angle which the indefinitely small 
pencil of rays, which starts from a point on ds^, makes with 

the normal at that point, then oostfs and the last equa- 

tion also takes the form 

•^•=^^*^- : 

§ 9. Expressions for Uie quantities of Heat which d^ and 

radiate to each other. 

When the magnitude of the element of surface ds^ is 
determined, the quantity of heat which ds^ sends to ds^ can 
be easily expressed. 

From eveij point of ds^ an indefinitely small pencil of 
rays sees to d9«; and the solid angle of the cone made by the 
pencu firom each of these points may be taken as the same. 
The magnitude of this angle is determined by the magnitude 
and position of that element da^ in which the cone cuts 
plane h. To express this an^le geometrically, let us suppoae 
that a sphm of radius p is £awn round the point ftem 
which the rays start, and that within this sphere we may 
consider' the path of tlie rays as being rectilinear. If da ia 
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tbe' element of eai&oe in irhich this sphere is cot by the 

peacii of rays, then ^ represents the angle of the cone. But 

ance the element ds^ is at the distance r from the vertex of 
the cone, and since tlie normal to the surface at ds^, which 
is parallel to the already mentioned normal to the surface at 
ds^, forms with the indefinitely small cone of rays the 
angle 6^ we have the equation 

? • 

If we sabstitate for d^^ its value from (18), we obtain 

7'^0^^' • (20). 

Wo have now to determine the magnitude of that part of 
the heat sent from ds^ which conresponds to this indefinitely 
small cone; or in other words, how much heat ds^ sends 
through the given element lio- upon the spherioal area This 
quantity of heat is proportional (1) to the magnitude of the 
radiating element (2) to the angle of the cone, or to 

and (3), aocording to the well-known law of radiation, to 

tiie cosine of the angle 0^ which the indefinitely small oone 
mi^es with the normal It may therefore be expressed by 

« cos ^ ^ d8^ 

whore 6 is a factor depending on the temperature of the 
surface. To determine this factor we have the condition 
that the whole quantity of heat which ds^ radiates, or which 
it sends to the whole surface of any hemisphere above plane 
a, must equal e^da^ where e„ is the intensity of emission from 
plane a at the position of df«. Hence we haFe 

The integration extends over the whole of the hemisphere^ 
and ^ves 

sir • tf^a 



« 
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SiibstitutiDg this value of e in the above expression, we 
obtain for the quantity of beat which da^^ sends through clo- 
the formula 

— cos ^ ds^. 

We have only to substitute in this formula the value for 
^ given in equation (20), and we obtain the required ezpres* 
sion for the qoantitj of heat which cb« sends to da^^ viz.: 

IT 

If conversely we require the quantity of heat which ds^ 
sends to ds^^ and if we denote by the intensity of emission 
from plane c at the position of da^^ and by the velocity of the 
rays in the neighbourhood of cb,, we obtain the expression : 

v.* 

TT 

§ 10. liadiijdion as dependent on tlie surrounding Medium. 

The expressions obtained in the last section are in general 
the same as Kirohfaofif's expression given in § 3, and differ 
only inasmuch as they contain as factor the square of the 
Telocity, which does not oocur in KircbhofiTs expression* 
because he considers nothing but the velocity in vacao^ and 
takes this as unity. Since however the bodies, whose mutual 
radiation we are consideringi may often be in difierent media, 
where the velocity of the rays is different^ this factor is not 
without importance; and its introduction leads also to a 
special conclusion of some theoretical interest. 

As mentioned in § 2, it has been hitherto assumed that 
with perfectly black bodies the intensity of emission depends 
only on the temperature, so that two such bodies of equal 
temperature would radiate equal quantities of heat from 
equal areas of surface. As far as the autlior knows, the ques- 
tion whether the surrounding medium has also au influence 
on the intensity of emission has never been considered. 
Since however the two expressions given above for the 
mutual radiation of two elements contain a factor which 
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depeikds on the nature oi the medium, it becomes necessary 
to consider this medium, mi tiie method of detennini]^ its 
inftuenoeu 

If from the above two ennesrioDS we omit the fiMstor 
irhioh is common to both, viz. — ds^da^ we have the result 

TT 

that the quantity of heat, which the element ds^ sends to the 
element ds^, bears to that which ds^ sends to ds,^ the ratio 
^a^a ' ^A*- we now assume that at equal temperatures 
the radiation is always equal, even when the media in contact 
with the two elements are different, then for equal tempera- 
tures we must put e^=e^; and the quantities of heat, which 
the two elements radiate to each other, would then not be 
equal, but would be in the ratio vj : v/. It would follow 
thiat two bodies which are in different media, e.g. one in 
water and the other in air, would not tend to equalize 
their temperatures by mutual radiation, but that one would 
he able by radiation to raise the otiier to a higher temperature 
than that which itself possessea 

K on the other hand we maintain the nniyennl correct- 
ness of the fimdamental principle laid down by the author, 
yix, that heat cannot of itself pass from a colder to a hotter 
body, then we must consider we mutual radiatioiis of two 
perfectly black elements of equal temperature as heing 
themselves equal, and must therefore put 

e.v:^e.v! (21). 

Hence 

: e,:: vy.vj (22). 

« 

Since the ratio of the velocities is the reciprocal of that 

of the coefficients of refraction, which we may call and 
this proportion may be written 

e^: e,:i : n* (28). 

Hence the radiation of perfectly black bodies at equal 
temperatures is different in different media, and yaries in- 
versely as the squares of the velocities in those media, or 
directly as the squares of the coeffici^ts of refraction. Ilius 
the radiation in water must bMr to that in air the ratio 
ay : 1, neeriy. 
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We have also to remember that in the heat radiated from 
perfectly black bodies there are rays of very different wave- 
lengths; and if we assume that the equality of mutual 
radiation halds, not merely for the heafc as a wbole, but also 
for each wave-length in particular, we must have for each 
of these a jproporfion similar to (22) and (23) but in which 
the quantities in the right-hand ratio have somewhat dif- 
ferent values. 

Lastly, instead of perfectly black bodies, let us oonsid^ 

bodies in which the absorption of the rays received is partial 

only. We must then introduce in the formula, in place of 
the emission, a fraction having the emission as numerator and 
the coefficient of absorption as denominator. For this fraction 
we can obtain relations similar to those obtained for the 
emission alone. This generalization, in which the influence 
of the direction of the rays upon the emission and absorption 
must also be taken into account, need not here be entered 
upon. 

IT. DETBBlflNjLTIOK 07 THE MUTUAL nkDUTlOV OP 
TWO ELEMENTS OF BURFACE, IK THE CASK WHBM CHE 
IS THB OPnOi&L UAOE OF THE OTHER. 

§ 11. Bdations b^een B, D, F and £L 

We have hitherto assumed that the planes a and e, aa 

far as we are concerned with them, give out their lays in 

such a way, that one ray and one only, or at most a limited 
quantity of individual rays, pass from any point in tlie one 
to any point in the other. We will now pass on to the case in 
which this does not hold. The rays which diverge from points 
in the one plane may be made to converge by reflections 
or refractions, and to meet again on the other plane ; so that 
for any point on plane a there may be one or more points 
or lines on plane c, in which an indefinitely large number 
of the rayg coming from cut that plane, whilst otlier parts 
of the same plane receive no rays whatever from p^. The 
same of course holds of the rays which start itom plane c 
and arrive at plane a, since the rays pasrii^ to and fio be* 
tween the same points describe the same paths. 

iLmong the innumerable cases of this description we wQI, 



Digitized by Google 



CONCSNTBATION OV RiLTS OF UQHT AMD HUT. 817 




Fig. 31. 



for the sake q£ doamess, consider 
first the extreme case illustrated 
in Fig. 31. In this case all the 
rays sent out hf within a cer* 
tain definite cone meet again in a 
single point of plane a This 
case oooaxB finr ezample, when the 
deflection of the lays is cffiNted 
by a lens, or by a spherical minor, 
or by any system of eoncentrio 
lenses or mirrors. We are here 
supposed to neglect the spherical 
and chromatic aberration, which 
we have a right to do with regard 
to the latter, inasmuch as we have confined ourselves to 
homogeneous rays. Two points thus corresponding to each 
other, as the points of starting and of re-union of the rays, 
are called, as already mentioned, conjugate foci. For each 
ray in such a case the co-ordinates of the point in 

which it strikes plane c, are determined by the co-ordinates 
of the starting point p^ The other points on plane c 
in the neighbourhooa of p^ receive no rays from ; for 
there is no path to them which has the property tnat the 
time in which the ray would traverse it is a minimum, as 
compared with the time in which it would traverse any other 
adjacent path, Hence the quantity 21^ which expresses 
this minimum time, can have a real value only for p^, and 
not for any of the points round it. The differential coeffi- 
cients of in which the co-ordinates x^, are assumed to 
he constant and one of the co-ordinates o;^ v« to be variable, 
(or conversely x^, y^ to be constant and one oi the co-ordinates 
to be variable) can thus have no real finite values. 
It follows that of the six quantities Ay By (7, jD, E, F, which 
have been determined by equations (I.), the three B, D, F 
are not applicable to the present case, inasmuch as they 
contain ditierential coefficients of T,^; whilst the three 
others Ay (7, E contain only ditferential coefiieients of 
and T^^. Let us now assume that plane h is so chosen 
that between it and the planes a and c, so far as we are 
concerned with them, the radiation takes place on the 
fcNrmer system, so that one ray and one only, or at most a 
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'limited number of rays, pass from any point on plane b 
to any point on plane a or c. Then for all the points with 
which we are concerned, the quantities and T^^ and their 
differential coefficients have real values not indefinitely large. 
The quantities A, C and E ace then as applicable in this oaae 
as in the former. . 

.One of these quantities, Ey takes in this case a special 
valae, which may at once he found. For the three p(^tB 
in which the ray cuts the three planes a, 6, c» the two equa- 
tions given in (1) must hoidy vis. : 

In the present case the position of the point in wUdi the 
ray cuts plane 6 is not determined by the position of the two 
points and but plane h may be cut in all points of 
a certain finite area. Hence the two equations above must 
hold for all these points, and therefore the equations obtained 
by differentiating these according to and must also hold, 
viz. : 

tTcgU+rj , <P(gu+rj . 

If we apply this to the equation determining E in eqnar 
tions (L), we obtain * 

(25% 

The two other quantities A and G have in general finite 
values, which differ in different circumstances^ and which we 
must now use in our further investigation, 

§ 12. AppUcation of A and C to determine the Seladm 
between the Elements 0/ tSur/ace. 

Let us suppose that the element cb« on plane a has an 
optical image ds^ on plane e, so that every point of <if. has 
a point on as its conjugate focus, and vice versL We 
have now to enquire whether the quantities of heat, which 
these elements send to each other, when taken as elements 
of the surfaces of two perfectly black bodies of equal tem- 
peratures, are equal or not 



Digitized by Google 



CONCENTRATIOK OF BA.TB OF LIOBT AND HSAT. 819 



Fixst to determine the position and magnitude of the 
image ds^ ooneBponding to the given element de^. Take 
any point on the intennediaie plane h, and consider all 
the rays starting firom points on Os^, which pass tlnov^ 
p^m Each of these rays stdkes plane c in the conjugate focds 
to that ftom which it starts ; and therefore the element of 
surface in which this pencil of rays cats plane c is pie- 
daely the optical image of the element dt^ ThererorOp 
to express the ratio between the areas of df^ and (b«, we 
may use one of ihe three fractions in the lowest row of 
equatioiis (IL), which express the relation between the two 
elements of surface, in which an indefinitely small pencil, 
passing through a single point of plane 6, cuts the two 
planes a and o. Of these three fractions the first is alone 
applicable in thb case, since the other two are undetermioed. 
We have thus the equation 

•■(«)■ 

This equation is interesting also from an optical point 
of view, as being the most general equation which can be 
given to determine the ratio between the area of an object 
and that of its optical image. It sliould be remarked that 
the intermediate plane b, to which the quantities A and G 
are related, may be any whatever, and can therefore in any 
particular case be diosen as is most convenient for calcula- 
tion. 

§ 13. Relation between the Quantities of Heat which 
ds^ and ds^ radiaie to each other. 

Having thus determined the element of surface d.\., wliich 
forms the image of c^.,, let us take on plane 6, iustLJul of a 
single point, an element of surface dSf,, and let us con- 
sider the rays which the two elements ds^ and ds„ send 
through this element ds^^. All the rays, which start from 
one point of ds^ and pass through ds^, unite again in one 
point of ds^ ; and thus all the rays which ds^ sends through 
dsj^ exactly strike the element d^^, and vice versa. The 
two quantities of heat which ds^ and ^/.9. send to dSf, are thus 
the same as the quantities of heat^ which ds^ and ds^ send 
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to each other through the intermediate element ds^. These 
quantities of heat are therefore given at once by what has 
gone before. Thus for the ([uautity of heat which ds^ 
sends to dsg,, the same expression will hold, as held in 
§ 9 for the quantity of heat which ds^ sends to ds^, provided 
we substitute 0 for B and ds^ for da^. The ezpreeeion thus 
becomes 

ejvJ — ds^ dfiv, 

• • IT • • 

Similarly for tlie quantity of heat which ds^ sends to (f^^, 
the expression will be the same as that for the quantity <'f 
heat which ds^ sends to ds^, provided we substitute A for M 
and da^ for ds^, or will be 

IT 

Remembering that by equation (26) 

we see that these two expressions stand to each other in the 
ratio e^v^ : e^v*. 

We obtain precisely the same result, if we take any other 
element c/a-^ on plane b, and consider the quantities of heat 
which the two elements ds„ and ds„ send to each other 
through this new element. These will always be found to 
stand to each other in the ratio ejuj : ejv*. Since the qaaii* 
titles of heat, which and ds^ send to each other on the 
whole, are made up of those which they send to each other 
through all the different elements of the intermediate plane, 
the same ratio must hold for the whole ; and we thus obtain 
the final result, that the total quantities of heat whidi cfar. and 
cb, radiate to each other, stand in the -ratio e^vj : e^v^\ 

This is the same relation as was found in sections 8 and 9 
for the case where there is no ooncentration of rays ; it thus 
follows that the concentration of rays, however much it alters 
the absolute magnitudes of the quantities of heat which two 
elements radiate to each other, leaves the ratio between them 
exactly the same. 

It was shewn in § 10, that if in the case of ordinary un- 
concentrated radiation the principle holds that heat cannot 
pass ^om a colder ,to a hotter body, then the radiation mutft 
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differ in different media^ and must be- such that for perfectly 
black bodies of equal tempeiatuies 

If ihis eqoatioii is satisfied, then in the present case ako» 
where the etements ds« and ds^ are images one of the other, 
the Quantities of heat whioh they mutually radiate must be 
equal; and therefore, in spite of the concentration of the rays, 
one element cannot raise th« other to a higher temperature 
than its own. 

V. Relation between the increment of area and tue 

EATIO OF THE TWO SOLID ANiSLES OF AN ELEMENTAliY 
PENCIL OF BAYS. 

§ 14. Statement of the Proportions for this Case, 

As an immediate result of the foregoing we may here 
develope a proportion, which appears to have some general 
interest, inasmuch as it illustrates a peculiar difference in the 
hehaviour of a pencil of rays in the case of an object and of 
its image. This difference must always exist and have a de- 
terminate value, when the object and the image have differ- 
ent areaa 

Cknurider an indefinitely small pencil of rays, whioih starts 
from a point on ds^, passes through the element (b» on the 
intermedute piUaie» and then uniles again in a point on ds^. 
We may compare the divergence of the rays at tneir starting 

point with the convergence of the same at their point of re- 
union. This divergence and convergence (or, to use the 
ordinary phrase, the solid angles of the indefinitely small cones, 
which the pencil forms at its points of starting and re-union) 
are given directly by the same method which we have used 
in § 9, as follows : — 

Suppose til at round each of the points there is described 
a sphere of so small a radius, that we may consider the rays 
as going in straight lines as far as the surface of this sphere ; 
and then consider the element of surface in which the pencil 
of rays cuts the sphere. Let d^r be this element and let p be 
the radius <rf the sphere; then the angle of the indefimtely 
small cone, whidi contains the rays so &r as they are recti-' 

c. 21 
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linear;villbe ez|xre88ed by^. This fraction we have de- 
termined for a similar case in § 9 by equation (20), and in 
the expression there given we liavc only to alter the letters 
in (»rder to transform it into the expression for the present 
case. In order to express the angle of the cone for that 
starting point of the rays which lies in plane a, we have only 
to substitute in thnt expression c/i-j, for cZs^, and G for B. In 
addition, the symbol 0, which expresses tlio angle between 
the ])encil of rays and the normal to the surface of c?^^, may 
be changed to 0^ , so as to express more clearly that it relates 
to plane a; aad for the same reason the su^ a may be 

added to . Thus we obtain 

To obtain the other equation, which gives the angle of the 
cone at the point of re-union on plane c, we have only to 
change the suffix a into c throughout, and also to substitute 
A for Thus we have 

i^l =-^^d8. (2S). 

From these two equations we obtain the psoportu 

■■^&)-€:A.d,,:d.. (29). 

sinoe equation (26) Cds^ » Ada,. 

If we substitute for the velocity the coefficient of refraction, 
this proportion becomes 

n.'co8^.(^)^ : «.'cosO.(^)^ s ds. : d». (30). 

Here the ratio on the right-hand side is the ratio between 
the area of an element of surface of the image, and the area of 
the corresponding element of the object^ or in short the propor- 
tionate increment of area; and we thus obtain a simple rela- 
tion between this increment and the ratio of the angles of the 
conef made by an elementary pencil of lays. It is eaeify seen 
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that it is not necessarjfolr the truth of this proportion that the 
ni^ should finally converge, and meet at one point, hut they 
may also he divergent, in which case their directions meet in 
one point when produced hackwards, and form what is called 
in optics a virtual image. 

If we take the special case in which the medium at the 
point of starting and of re-iuiion is the same (e.g. where 
the rays issue from an ohject which is in air, and, after cer- 
tain refractions or reflections, form an image which really 
or virtually is also in air)^then and fi«»n,; whence 

we have 

cos^. : :: ds^ : ds^. 

If we add the further condition, that the pencil of rays 
makes equal angles with the two elements of sui&ce (e.g. 
that hoth are right angles), then we have 

(?). 0^). '■ 

Ibi this case the an^es of the cones formed the pencil 
of rays at the object and at the image stand simply m the 
inverse ratio of uie areas of the C(»reqK>nding elements of 
ohject and image. 

In tlie valuable demonstrati<m which Hehnholtz has given 
in his ''Physiological Optics"* of the laws of refraction in 
ti^ case of spherical sunaoes, he seeks to connect with these 
tiie case of the refractions which take pbce in the eye ; and 
he finds in page 50, and extends further in pa^e 54, an equa- 
ti<m whidi expresses the relation between uie size of the 
image and the convergence of the rays, for the case in which 
the change of direction of the rays takes place by refraction 
or by reflection at the surface of co-axial spheres, and in which 
the rays are approximately perpendicular to the planes which 
contain the object and the image. The author however be- 
lieves that the relation has not before been given in its 
general form, as in proportions (29) and (30). 

* Karsten's Tlnivmal Encyclopedia of Physics. 

21—2 
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VI. General determination of the mutual radiation 

BETWEEN TWO SURFACES, IN THE CASE WH£B£ ASY 
CONCENTEATION WHATEVislfi MAY TAKE PLACE. 

§ 15. OenercU View of the Concentration of Mays, 

We must now extend our investigation so as to embrace 
not only the extreme case, in which all the rays which issue 
from a point on plane a within a certain finite cone unite 
again in one p(jint forming a conjugate focus on plane c, but 
also every conceivable case of the concentration of rays. 

To obtain a closer view of the phenomena of concentration, 
we may use the following definition. If rays issue from any 
point 2^a ^^^^ ^^^^ plane c, and if these rays when close to 
that plane have such directions that on one part of the plane 
the density of the impinging rays is indefinitelj great com- 
pared to the mean density, then at this part there is conoes* 
tration of the rays which issue from With this definitioii 
w e may easily treat mathematically the case of concentratioii. 
Between point and plane c take any intermediate plane J, 
which is so placed that there is no conoentiation in it of the 
lays issuing from p^; and also that its velation to plane eis 
such, so far as we are concerned, that tiie pencils of rays isn- 
ing from points on one of those planes sumr no concentnition 
on the other. Now consider an indefinitely small penal 
which starts from p„ and cuts the planes h and c. jLet ui 
compare the areas of the elements ds,^ and ds^ in which these 
planes are cut. If ds^ vanishes iu comparison to ds^, so that 
we may put 

^r' " <'^^' 

this is a sign that there is a concentration of rays, in tbs 
sense defined above, at ])l;inc <?. 

Let us now return to equations (II.) of § 7. The equations 
in the first horizontal row are those that refer to the preseut 
case : and of the three fractions, which there represent the 
ratio of tlic elements of surface, the first applies to our case^ 
because under the assumption made as to the position of the 
intermediate plane we may detennine A and £in the oidi- 
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nary maimer. We have thus the equatioa 

da^ E 

This fraction can only equal zero if the numerator E is 
zero, since under the assumption made as to the position of 
the intermediate planes the denominator A cannot be indefi- 
nitely large. We have then as a mathematical criterion, 
livhether the rays issuing from suffer concentration at plane 
e or not, the condition 

S»0 (32), 

wliidi must be fulfilled where there is concentration. 

Now assume conrersel^ that on plane c a point is given, 

and that we have to decide whether the rays issuing from 

this point suffer concentration at any part of plane a. Then 

• ds 
we have in the same way the condition 0» since by 

ds E ' * 
(IL) ^ = ^ > ^ arrive at the same final condition 

It is in fact easy to see that when the rays issuing from a 
point on plane a suffer concentration at plane c, then con- 
versely the rays issuing from the latter point must suffer con- 
centration on plane a. 

Since equations (13) express the relations which hold be- 
tween the six quantities A, By C, D, E, F, we may apply 
those e((uatiuns to ascertain what becomes of B, D and F, 
in the case where E=0, whilst A and 0 liave finite values. 
By those equations 

^-2= <^>- 

Henoe it follows that all three quantities must in the present 
case be indefinitely great. 

§ 16. Muttml Radiation of an Element of Surface and 
of a FimU SvrJuGe, through an EUment of an ItUemiediate 
Plane. 

We will now attempt so to determine the ratio between 
the quantities of heat which two surfaces radiate to each 
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other, tliat the res\ilt must hold in all cases, indeiDendontly 
of the question whether there is any concentration of heat 
or no. 

For greater generality we will substitute for the planes a 
and c, as hitherto considered, two surfaces of any kind, which 
v.e may call and s^. Between them let us take any third 
surface s^, which need only fullil the condition that the rays 
which pass from to s^, or vice versa, suffer no concentration 
in Now choose in any element ds^, and in 5^ an ele- 
ment ds^y so situated that the rays which pass through it 
from ds^^ will when produced strike the surface s^. Then we 
will first determine how much heat ds^ sends through ds^ to 
the surface 8^, and how much heat it receives back from 
through the same element of the intermediate plane. To 
ascertain the first mentioned quantity of heat, we have only 
to determine how much heat ds^ sends to ds^, since, by our 
assumption as to the position of c^^^, all this heat after pass* 
ing ds^ must strike the surface 8^ This quantity of heat may 
be expressed at once by means of our previous formulae. 
Suppose a tangent plane to be drawn to at a point of the 
element ds^, and similarly a tangent plane at a point of ds^ ; 
and consider the given elements of surface as elements of 
these planes. If in these tangent planes we take two sys- 
tems of co-ordinates y., and x^, y^, and if we form the 
quantity G by means of the third of equations (I.), then the 
required quantity of heat, which da^ sends through ds^ to the 
sumce is given by the expressions 

It 

Next with regard to the quantity of heat which cb« le- 
ceiyes through from the surface 8^ the relations ctf the 
points in 8^ from which these rays issue, axe not in general 
so simple as that which holds in the special case, where <b« 

has an optical image ds^ lying on and therefore is also 
itself the optical image of da^ If we choose a known point 
on the intermediate element ds^, and consider the rays 
which pass through this point from all points of cfo„ we have 
an indefinitely small pencil of rays, cutting 8^ in a certain 
element of surface. It is this element which sends rays to 
through the selected point p^. But if we now choose 
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^othei^ pomt* of '&»' a8 ihe vertex of the pencil, we arrive 
at a somewhat different element on the surface s^. Thus 
the rays, which ds^ receives from through Jiliereiit points 
on ds^ do not all issue from one and the same element 

Since however the area of ds^^ may he any whatever, 
nothing hinders us from supposing it so small, that it is an 
indefinitely small quantity of a higher order than ds^. In 
this case, if the vertex of the pencil changes its position 
within ds^, then the element of which corresponds to ds^ 
will change its position through a distance so small that 
in comparison ivith the dimenrions of the element it is 
indefinitely small and may he neglected. Hence in this 
case the element ds^ which we obtain when we choose any 
point whatever on element da^ and make it the vertex of 
the pencil of rays issuing from ds^ may be considered as the 
part of which exchai^es rays with through di^. The 
area of tins element cb; is easily found from what precedes. 
Let tis suppose as before that a tancent plane to the surfm ^ 
is drawn at p,,, and that tangent puines to the surfaces and 
8^ are drawn at points on the elements cb« and ds^ respectively ; 
and let us consider the two latter elements as elements of 
the tangent planes. Take systems of co-ordinates on these 
three tangent planes, and form the quantities A and (7, as 
given by the first and third of equations (L). Then by 
equation (II.) we have 




The quantity of heat which ds^ sends to ds^, and which, 
as mentioned above, may be considered as the quantity which 
ds^ receives from the surface 8^ through c^^^ is expressed by 

» 

e^v^^ds^ds^i 
OT, substituting for ds^ its value given above, 

0jf^^d8^d$^ 
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J£ w% compare tifais expn&Baxm ivUh ihat faand aboie, 
which expresses the quantity of beat sent hy ds^ tiumigh ib^ 

to 5,, we see that the two stand to each other in the nlie 

e^v* : e^v^. If we now suppose that and are the sur- 
faces of two perfectly black bodies of equal temperature, and 
make for such surfaces the assumption (which we have al- 
ready seen to be necessary in the case of radiation without 
concentration), that the two products e„v* and e^v,^ are equal, 
then the quantities of heat given by the two expressions above 
are also equal 

§ 17. Mutual Radiation of Entire Surfaces, 

If on the intermediate surface 5^ we take, instead of the 
element hitherto considered, another element which is also 
sapposed to be an mdetinitely small quantity of a higher 
Ofder, then the element of s^, which exchanges rays with ds^ 
through this etomeni of «^ has a different position from Uwi 
in the last case ; but tb^ two quantities of heat thus ex- 
changed are i^gam equal to each other; and the same hoUi 
of all otb»r elements of the intermedial siiiface. 

To obtain the quantity of heat which ds^ seoda to not 
through a single etoment of the intermediate sar&o^ bat as 
a whole, and sunilaily the quantity of heat which as a whole 
it receives from s^, we must integrate the two expressions 
found above over the surface s^, so far as this surface is cut 
by the rays which pass from ds^ to 5^, and vice vers^. It is 
evident that if for each element of surface dSf^ the two 
dit!erentials are equals th^n the iivhole integrals must abo 
be equal. 

Lastly, to find the quantities of heat, which the whole 
surface exchanges with 5^, we must integrate both these 
expressions over the surface 5,,. This process again will not 
disturb the equality, which exists for each of the sepaiate 
elements ds^. 

Thus the principle previously diaoovered in a special caae^ 
via. that two perfectly black bodies of equal temperatuea ex* 
change equal quantities of heat with each other, ao &r aa the 
equation ejf/^^ejo* holds for them, api>ears also aa the result 
of an investigation, which in no way depends upon idiether 
the raya issuing from ao&r a concentration at and Ties 
YerA, (Mr not; aince the only condition was^ that the raja 
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•UBomg from 9^ and Buffer no ooooeotntioii at the inter* 
mediate surfiMe ^ a conditioii whioh may be alwajs MfiUed, 
since this aiorfaoe may be bhoaen at pleaBam 

It follows further from this result that, if a given hlack 

hody exchanges heat not only with one but with any number 
of black bodies, it receives from all of them exactly the same 
quantity of beat as it sends to them. 

§ 18. Conrideration of Variam CoUatmxi CircuimstancsB. 

The previous investigation has been made throughout 
under the assumption that any reflections and refractions 
take place without losB^ or that there is no absorption of 
heat. We can, however, easilj go on to shew that the lesnlts 
are not altered^ if this condition is dropped. For consider 
any one of the difierent processes, by which a lay may be ' 
ireakened on its way from one body to another; say that at 
a place where the ray cnts the boundaiy of two media,, one 
|>art passes into tiie further medimn by refraction, and the 
oth^ is reflected. Then whettier we consider the one part 
or the other as the continnaAion of the original ray, we have 
in both cases a weakened ray to deal wi& The same holds 
if a ray be partially absorbed by entering a medium. But 
in each of these cases we have the law that two rays which 
traverse the same path in opposite directions are weakened 
in equal proportion. The quantities of heat, which two 
bodies mutually send to each other, are therefore weakened 
by such processes to the same extent ; so that, if they would 
be equal without such weakening, they will also be equal 
when thus weakened. Another circumstance may be con- 
sidered in connection witli the processes above mentioned, 
viz. that a body may receive from the same direction rays 
which proceed from di£ferent bodiea For example, a body A 
may receive from a pointy which lies on the bounding surface 
of two media, two rays coinciding in direction, but issuing 
from two different bodies B and C. One of these may come 
from the bounding medium and be refracted at the point, 
whilst the other is aheady in the bounded medium, and is 
i^ected at the point. In this case^ however, the two ravsaref 
weakened by rmaotion and reflection in such a way, tbat^ if 
both were before of equal intensity, their sum aft^ards is 
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of the same intensity as either one of them had befofehasid.' ^ 

Now suppose a ray of the same intensity to issue from the 
•body A in the opposite direction, this will be divided, at the 
same point, into two parts, of which one enters the bounding 
medium, and passes forward to the body i?, while the other 
is reflected and passes to the body G. The two parts which 
thus reach i^and C from ^1 arc exactly as great as those which 
A receives from B and (J. The body A thus stands to each 
of the bodies B and C in such a relation, that, assuming 
equal temperatures, it exchanges with them equal quantities 
of heat. The equality of the moditications which two rays 
undergo, when passing in opposite directions in any path 
whatever, must produce the same result in all other cases 
however complicated. 

Again if, instead of perfectly black bodies, we consider 
such as only partially absorb the rays failing on them ; or if 
instead of homogeneous heat we consider heat which con- 
tains systems of waves of different lengths ; or lastly, if 
instead of taking all the rays as unpolarized we include the 
phenomena of polarization; still in all these cases we have to . 
do only with facts, which hold equally for the heat sent out ' 
by any one body, and for that which it receives from other 
bodies. It is not necessary to consider these facts more 
closely, since they also take place with ordinary radiation 
without concentration, and the object of the present investi- 
gation was only to consider the special actions which might 
possibly be produced by concentratiou of the rays. 

§ 19. Summary of MesiUts, 

The main results of this iiiTestigatioii may be brieflj 
stated as follows: 

(1) In order to bring the action of ordinary radiation, 
without concentration, into accordance with the fundamental 
principle, that heat cannot of itself pass from a colder to a 
hotter body, it is necessary to assume that the intensity of ' 
emission from a body dejjends not only on its own composi- 
tion and temperature, but also on the nature of tlie sur- 
rounding medium ; the relation being such, that the in- . 
tensities of emission in different media stand in the inverse 
ratio of the squares of the velocities of radiatioa in the 
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media, or in the direct tatio of the squares of the coefficients 
of refiraction. 

(2) If this assumption as to the influence of the sur- 
rounding modia is correct, the above fundamental principle 
is not only fulfilled in the case of radiation without concen- 
tration, but must also hold good when the rays are concen- 
trated in any way whatever by reflections or refractions; 
since this concentration may indeed change the absolute 
magnitudes of the quantities of heat, which two bodies 
radiate to each other, but not the ratio between these 
quantities. 
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CHAPTER XIU. 



DISCUSSIONS OK THE MECHANICAL THEOBT 07 HEAT 
AS HEBE DEVELOPEDy AND ON ITS FOUNDATIONS^ 

§ 1. Different Views as to ike Belation between Heat and 
Work. 

The papers of the author on the Mechanical Theory of 
Heat, as reproduced in all essential particulars in this volume^ 
have frequently met with opposition; and it may he desiraUe 
to give here some of the discussions which have taken place 
on the question, since many points are raised in them* on 
which the reader may even yet he in douht The removal 
of these douhts may he ftdhtated hy liis learning what has 
been already written upon these points. 

As already mentioned in Chapter III., the first important 
attempt to reduce to general principles the action of heat in 
doing work was made by Carnot. He started from the 
assumption that the total quantity of heat existing was in- 
variable, and then supposed that the falling of heat from a 
higher to a lower temperature brought about mechanical work, 
in the same way as the falling of water from a higher to a 
lower level. But simultaneously with this conception the 
view gained ground that heat is a mode of motion, and that in 
producing work heat is expended. This view was set turth 
at intervals from the end of the last century by individual 
writers, such as llumford, Davy, and Seguin*; but it wius not 
till 1840 that the law corresponding to this view, viz. that of 

* In a paper by Mobr, published lb37i beat is in some places called a 
motion, in otnen a fovoe. 
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tlie equivalence of heat and work, was definitelj laid down 
by Mayer and Joale» and proved by the hitter to be o(»rrect 
by means of numerous and biilUant ezperimenta Soon 
afterwards the general principle of the conservation of energy 
was laid down by Mayer* and Helmholtzf (by the latter in a 
specially clear and convincing manner), and was applied to 
various natural forces. 

A fresh starting point was thus given to researches on 
the science of heat ; but in carrying these out great difiicul- 
ties presented themselves, as was natural with so widely 
extended a theory, which was intertwined with all branches 
of natural science, and influenced the whole range of physi- 
cal thought. In addition, the wide acceptation which Oar- 
not s treatment of the mechanical action of heat had won for 
itself, especially after being brought by Clapeyron into an 
elegant analytical form, was unfavourable for the reception 
of the new theory. It was believed that there was no alter- 
native but either to hold to the theory of Carnot, and reject 
the new view according to which heat must be expended to 
produce work, or conversely to accept the new view and 
reject CSamot's theory. 



§ 2. Fapen on the Subject by Thomion and the Author. 

A very definite utterance on the then position of the 
question was given by the celebrated English physicist, now 
8ir William Thomson, in an interesting paper which he pub- 
lished in 1849 (when most of the above-mentioned researches 
of Joule had already appeared and were known to him), 
under the title, "An Account of Carnot's Theory of the 
Motive-Power of Heat, with numerical results deduced from 
Begnault's experiments on steam He still maintains the 
position of Camot, that heat may do work without any change 
i in the quantity of heat taking place. He however points 
out a difficulty in this view, and goes on to say, p. 545 : " It 
might appear that this difficulty might be wholly removed, if 
we gave up Carnot's fundamental aziom^ a view which has 
been strongly urged by Mr Joule.** He adds, ''but if we do 

* Die organische Betoegunif in ihrem Zuumminheaige wut dem SU^, 
weehtel. Heilbronn, 1845. xL 
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this we stumble over innumerable other difficulties^ which 
are insuperable without the aid of further experimental 
. researches, and without a complete reconstruction of the 
Theory of Heat. It is in fact experiment to whidi we 
must look, either for a confirmation of Camot's axiom, and a 
clearing up of the difficulty which we have noticed, or tar a 
completely new foundation for the Theory of Heat" 

* At the time when this paper appea^:ed the author was 
writing h}s first paper ''On uie Mechanical Theory of Heat," 
which was faicouffht before the Berlin Academy in 1850, and 
printed in the Biarch and April numbers of PoggendorCTs 
AnncUen, In this paper he attempted to begin the recon- 
struction of the theory, without waiting for ^rther experi- 
ments; and he succeeded, he believes, in overcoming the 
difficulties mentioned by Thomson, so far at least as to leave 
the way plain for any further researches of tlus character. 
He there pointed out the way in which the fundamental 
conceptiou, and the whole mathematical treatment of beat, 
must be altered, if we accepted the principle of the e^uiva* 
lence of heat and work ; and be fnrfcner shewed that it was 
not needful wholly to reject the theory of Camot, but that 
we might adopt a principle, based on a different foundation 
from Camot's, but differing only slightly in fonn, which 
might be combined with the principle of the equivalence of 
heat and work, to form with it the ground-work of the new 
theory. This theory he then developed for the special cases 
of perfect gases and saturated vapour, and thereby obtaiued 
a series of equations, which have been universally employed 
in the form there given, and which will be fuund in Chap- 
ters II. and Y I. of this volume. 

§ 3. On Bank%ne*8 Paper mid Thomson^a Second Paper, 

In the same month (February, 1850) in which the 
author's paper was read before the Berlin Academy, a valu- 
able paper by Rankine was read before the lloyal Society of 
Edinburgli, and was afterwards published iu their Tram- 
actions (Vol. 20, p. 147)*. 

Rankine there proposes the hypothesis, that heat consists 
in a rotary motion of the molecules ; and thence deduces with 

* In 1851 it was reprinted with mOM llkntiotis, in tlw PM7. Jfo^^ 
Benes 4, VoL tu. pp. 1, 111, 172. 
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mucli skill a series of principles on the action of beat» which 
agree with those deduced by the author from the first main 
principle of the meehanieal theoiy*. The second main prin- 
tiple vas not touched by Bankine in this paper, but was 
treated in a second paper, which was brought before the 
Boyal Society of Edinburgh a year afterwards (April, 1851). 
In this he remarksi* that he had at first felt doubtful of the 
correctness of the mode of reasoning by which the author 
had arrived at this second principle ; but that liaviug com- 
municated his doubts to Sir W. ThomsoD, ho was induced 
by him to investigate the subject more closely. He then 
found that it ought not to be treated as an independent . 
principle in the theory of heat, but might be deduced from 
the equations, which he had given in the first section of his 
former paper. He proceeds to give this new proof of the 
principle, which however, as will bo shewn further on, is in 
opposition, for certain very important cases, with his own 
views, as elsewhere expressed. 

This paper of 1851 Bankine added as a fifth section to 
his former paper on account of the connection between them. 
Thence has arisen with some authors the mistaken idea that 
this new paper was actually part of the former one, and that 
Bankine had therefore given a proof of the second main 
principle at the same time as the author. From the fore- 
going it will be seen that his proof (waiving the question 
how far it is satisfectory) appeared a year kter than the 
authors. 

In March of the same year, 1851, a second paper by Sir 
W. Thomson on the Theory of Heat was laid before the 
Royal Society of Edinburgh J. In this paper he abandons his 
former position with regard to Carnot s theory and assents to 
the author's exposition of the second main principle. He 
then extends the treatment of the subject. For whilst tlie 
author had confined himself in the mathematical treatment 
of the question to the case of gases, of vapours, and of the 
process of evaporation, and had only added that it was easy 
to see how to make similar applications of the theory to other 

• Edi7ib. Trans., Vol. xx. p. 205; FhiU Mag,, Series 4, Vol. vn. p. 249. 
t FhiU Mag,, Vol. vu. p. 250. 

% BdinuTtam., YaLzz«p.8Sl; FkU. Jfoy.! StiiM 4» Vol. it. pp. 8, 105, 
168. 
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CBBdB, Thoawoii developes a series of g^eral equations, wUch i 
are independent of the body's ecuidition of aggregation, and 
only then passes on to more speeial applications. 

On one point this seoond paper still falls short of the 
author*a For here also Thomson hoUs &st by the kir of 
Maiiotte and Oay-Losssc in the ease of saAniated vapour, 
and hesitates to aeoept an hypothesis with lesjiect to permap 
nent gases, which the author had made use of in his insti- 
gation (see CSiapter II., § 2, of this work). On this he 
remarks^: ** I cannot see that any hypothecs, such as that 
adopted by Clausius fundamentally in his investigations on 
this subject, and leading, as he shews, to determinations of 
the densities of saturated steam at different temperatures, 
which indicate enormous deviations from the gaseous laws of 
valuation with temperature and pressure, is more probable, 
or is probably nearer the truth, than that the density of sa- 
turated steam does follow these laws, as it is usually assumed 
to do. In the present state of science it would perhaps be 
wrong to say that either hypothesis is more probable than 
the other." Some years later, after he had proved by his 
joint experiments with Joule that this hypothesis is coneel | 
witliin the limits assigned by the author, he used the same 
method as the author to detennine the density of satuialsd i 
vapour f. 

Bankine and Thomson, so far as the author knows, have 
always recognized mdst frankly the position here assigned to 
the fiist labours of themselves and the author on me me- 
chanical theory of heat* Thomson remarks in his paper ^: I 

The whole theory of the moving force of heat rests on the 
two following principles, wfaidi are respectively due to Joak 
and to Camot and Clausius." Similarly he introduces the 
second main principle as follows : Prop. 11. (Camot ami 
Clausius)." He then proceeds to give a proof discovered by 
himself, and goes on§: " It is with no wish to claim priority | 
that I make these statements, as the merit of first establish- 
ing the proposition on correct principles is entirely due to 
Clausius, who published his demonstration of it in the month 



• Edin. Traru., Vol. xx. p. 277- j FhiL Mag.^ YoL IT. p* Ul. 
t Fhil. Tram,, 1854, p. 821. 

i, Edin, Tram,, VoL zz. p. 364 ; PMl Mag., Vol. iv. p. 11. 
§£<lifi.2Vwii.,yoLiaLp.90S; PMI. Jfo^., ToL x?. pp. 14, SO. 
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of May last year, in the second part of bis paper on the 
MoUye Power of Heaf 

§ 4. MoUsmann's objections. 

From other quarters repeated and in some cases violent 
objectioDS were raised to the aathor^s first paper, to which, in 
the same and following years, a series of other papers, serving 
to complete the theory, were added. The earliest of these 
objections came from Moltsmann, who had published in 18i5 
a short pamphlet* on the subject. In this it would at first 
appear as if he wished to treat the question from the point 
of view, that for the generation of work there was necessary 
not merely a change in the distribution of heat, but also an 
actual destruction of it, and that conversely by destroying 
work heat could be again generated. He remarks (p. 7): 
** The action of the heat which has passed to the gas is thus 
either a raising of temperature, combined with an increase of 
the elastic force, or a certain quantity of mechanical work, or . 
a mixture of the two ; and a certain quantity of mecbauical 
work is equivalent to the rise in temperature. Heat can only 
be measured by its effects; of the two above-^iamed effects 
mechanical work is especially adapted for measarement, and it . 
will be chosen accordingly for the purpose. I call a unit of . 
heat that amount of heat, which by its entrance into a gas 
can perform the mechanical work a> or, using definite mea^ 
sores* which can raise a kilograms to a height of 1 metre." 
Further on (p. 12) he determines the numerical value of the 
constant a by the method previously used by Ma^er, and 
explained in Chapter II., § 5 ; the number thus obtamed cor- 
responds perfectly with the mechanical equivalent of beat, as 
determined by Joule by various other methods. In extend- 
ing his theory however, i.e. in developing the equations by 
which his conclusions are arrived at, he follows the same 
method as Clapeyrou ; so that he tacitly retains the assump- 
tion that the total quantity of heat which exists is invarial)le; 
and therefore that the quantity of heat which a body takes 
in, while it p^isses from a given initial condition to its 
present condition, must be expressible as a function of the 
variables^ which determine that condition. 

* UOer au W»me md SlmMUtt dgr Gme «mK lUbnpfe; m C. 
C. 22 
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In the author's first paper the inconsequence of this 
method was pointed out, and the question treated in another 
way ; on which Holtzmann wrote an article*, in which h(^ 
endeavoured to shew that this method of treatment, and 
specially the assumption that heat was expended in pro- 
ducmg work, was inadmissible. The first objection which 
he raised was of a mathematical character. He earned out 
an investigation similar to that in the author's paper, in 
order first to determine the ezoess of the heat which a body 
takes in over that which it gives out, during a simple (^cHcal 
process consisting of indefinitely small variations, and secondly 
to compare this excess with the work done. But in such a 
process both the work done and the excess of heat must be 
indefinitely small quantities of the second order ; and there- 
lore in the whole investigation^ care must be taken that all 
quantities of the second order, which do not cancel each 
other, shall be taken into account. This Holtzmann neg- 
lected to do ; and he was thus led to a final equation, which 
contained a self-contradiction, and in which he therefore 
imagined that he had found a proof of the inadmissibilitv of 
the whole method. This objection was easily dispoaed of 
by the author in his reply 

He farther brought forwaid-aa «& -obstucle to the theoiiy» 
that, according to the formulas given^ the specific heat of a 
perfect gas must be independent of its pressure, whereas the 
experiments of Suermann, and also those of De la Bodie 
and B^rard, shewed that tibe specific heat of gases increased 
asr the pressure diminished. On this conflict between his 
own theory and the experiments which were then known 
and supposed to be correct, the author remarked in bis reply 
as follows : " On this point I must first point out tha% even 
if these observations are perfectly correct, they yet say nothing 
against the fundamental pdnciple of the et^uivalenoe d heat 
and work, but only against the approximate aasumplioii 
wldch I have made, viz. that a permanent gas, if it ejq>and 
at constant temperature, absorbs only so much heat^ as it 
required for the external work which it thus performs. Bat 
besides it is sufiBciently known how unreliable are in general 
the determinations of the specific heats of gases ; and all the 

* Pogg. Am.f Vol. Lxzxu. p. 445. 
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more in those few observations which have been hitherto 
made at varying pressures. I did not therefore conceive 
myself bound to abandon the above assuni2jtion on account 
of these observations, although they were well known to me 
at the time when 1 wrote niy former work ; because the 
other grounds, which may be alleged for the correctness of 
the assumption within the limits which I had tliere laid 
down, are not wholly destroyed by the grounds which may 
be alleged against it." 

This remark found its full confirmation in Begnault's 
12e9earcAe9, published some years afterwards, on the specific 
beats of gases, which actually led to the result that these 
earlier ol^ervations were inaccurate, and that the specific 
heat of permanent gases is not visibly dependent on the 
pressure. 

§ 5. Ikcher's Objections. 

Another most energetic attack on the author^s theory 
was made in 1858, by Professor 0. Decher, in a paper "On 
the Nature of Heat/' published in Dingler's Poi^techmBcher 
Journal, Vol 148, pp. 1, 81, 161, 241. He characterizes the 

author's mathematics, in the first half of his paper of 1850, 
and ill auotluT paper of 1S.')4, as an abuse of analysis, and 
bungling nonsense ; he quotes the equations and principles 
there cited with single or double notes of admiration, and 
finally, after proving completely to his own satisfaction that 
the results are untenable, concludes thus: "Tiiese then are the 
data on which the fundamental principles of the new theory 
of Heat should rest, and by which its agreement with ex- 
perience should be proved ; they shew in the clearest light 
that the celebrated work of Herr ClausiuSy on which he him- 
self and other physicists have built as on a secure foundation, 
is nothing more than a rotten nut, which looks well from the 
outside, but in reality contains nothing whatever." 

Of the second half of the paper of 1850, which relates to 
the second main principle of the theory, Herr Decher ob- 
serves (p. 163), that having mastered the first haif, he saw 
no inducement to consider the second any further. 

On examining more closely the objections raised by Herr 
Decher against the autbor^s mathematical investigation, it is 
seen that they are due to the fact that be has not understood 

22—2 
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the differential equations there fonued, which, though not 
generally integrable, become so as soon as one further rela- 
tion is assumed to exist among the variables. In spite of all 
which the author has said, he has throughout treated the 
quanlitieB to which these equations refer, viz. the quantities 
of heat taken in by a body in paasmg from a given initial 
condition to its present condition, as mere fanotions of the 
variables which determine the condition of the body. After 
quoting the author's equation for gases, vis. 

where A is the heat-equivalent of the unit of work, i.e. the 
reciprocal of E, he remarks, page 243: " In equation (I) 

and (^"^ ^^rtj fully determined as the differential co- 
efficients of a known function <^ v and t, viz. Q, taken ac- 
cording to V and t respectively as sole variables; and ia 
whatever way this function may be forroec), and whatever 
relation may be supposed to exist between v and the 
side of the equation must always equal zero." 

This incorrect conception, thus formed by a professed 
mathematician, convincea the autkv that the meaning and 
treatment of this kind of differential equatioiit although long 
before established by Mon^, was not so generally known as 
he had supposed; aooordmgl^ in his reply*, after a brief 
notice of some other points raised hy Deoher, he treated the 
subject more fiilly, giving a mathematical ezplaiiation» whidi 
seemed to him sufficient to obviate any such misiudecstaiid- 
ings in future. This was afterwards prefixed to the colleotioa 
of the author's papers as a mathematical introduction ; and 
the essential part of it has been imported into the madie^ 
matical introduction to the present work. 

§ 6. Fundamental Principle on wkiA tke AuAof's Proqf 
ofihe Second Mam Principle rests* 

The more recent objections to the author's theory, and 
the departure from his views in more recent treatises, chiedy 

* Diosler'9 FolytechnUcher Joumel, Vol. ol. p. 88. 
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refer to his method of proving the second main principle of 
the theory. This proof rests, as shewn in Chapter III., on the 
following fundamental principle: — ^Heat cannot of itself (or 
without compensation) pass from a colder to a hotter body. 

This fundamental principle has been very variously re- 
ceived by the scientific publia Some af^Msr to consider it 
so self-evident that it is needless to state it as a specific 
principle, whilst othm on the oontraiy doubt its correctness. 

§ 7. Zmmef^B fint Tr§(Ument of the Subject, 

The first of the two modes of viewing the question men- 
tioned in the last section appears in Zeuner^s valuiJile paper 
of 1860 ''On the Foundations of the Mechanical Theory of 
H^*' Here Zeuner gives the author's proof of the second 
main ]yrinciple essentially in the same term as it has also 
been given by Beedbi*. The two differ only in one point. 
Beech gives the principle, that heat cannot of itself pass 
firom a colder to a hotter body, expressly as a fundamental 
principle laid down hv the author, . and bases his proof 
upon li Zeuner on the contrary does not mention this 
principle at aU : he shews that if for any two bodies the 
second main principle of the theoiy did not hold, then by 
means of two cyclicad processes performed with these two 
bodies in opposite directions, heat could be made to pass 
from a colder to a hotter body without any other special 
change, and he then goes on "as we may repeat both pro- 
cesses as often as we please, using the two bodies alternately 
in the way described, it would follow that we might, with 
the aid of nothing and without using either work or heat, 
continually transfer heat from a body of lower to one of 
higher temperature, which is an absurdity." 

Few readers would probably assent to the opinion that 
the impossibility of transferring heat from a colder to a 
hotter body is so self-evident, as is here indicated by the 
short remark "which is an absurdity." Taking the facts of 
conduction, and of radiation under ordinary circumstances, 
we may undoubtedly say that this impossibility is established 
by daily experience. But even with radiation the question 

* IUeapitHlaU0n trh-meeimte di$ feeherehei algibriquei faiUt msr la 

tUvrie des cjfccu m^caniqttes de la chaleur par d{S^4renU aiUeurt: Joum, de 
LimniUe, Ser. U. Vol. i. p. Ca. 
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* 

arises, whether it is not possible to concentrate the rays of 
heat artificially by means of mirrors or burning-glasses, so as 
to produce a higher temperature than that of the radiating 
bodies, and thus to effect the passage of the heat into a 
hotter body. The author has, therefore, thought it necessary 
to treat this question in a special paper, the contents of 
which are given in Chapter XII. Matters are still more 
complicated in cases when heat is transformed into work, and 
vice versa, whether this be by effects such as those of 
friction, resistance of the air, and electrical resistances, or 
whether by the fact that one or more bodies suffer such 
changes of condition, as are connected partly with positive 
and partly with negative work, both internal and external. 
For by such changes heat, to use the common expression, 
becomes latent or free, as the case maybe ; and this heat the 
variable bodies may draw from or impart to other bodies q£ 
different temperatures. 

If for all such cases, however complicated the processes 
may be, it is maintained that without some other permanent 
cbange^ which may be looked upon as a compensation, heat 
can never pass from a colder to a hotter body, it would seem 
that this principle ought not to* be treated as one altogether 
self-evideat, but rather as a newlj-propoanded fundamental 
principle, on whose aoceptanoe or non-acceptanoe the validity 
of the proof depends. 

§ 8. Zeunef's Uxter Treatment of the Subject 

The mode of expression employed by Zeuner was criticized 
by the author on the grounds stated in the last section, in a 
paper published in 1863. In the second edition of his 
book, published in 186G, Zeuner has therefore struck out 
another way of proving the second main principle. Assum- 
ing the condition of the body to be determined by the 
pressure p and volume v, he forms for the quantity of heat 
dQ, taken in by the body during an indefinitely small vaxiar 
tion» the differential equation 

dQ^A{Xdjo-vYdv) (2), 

where X and Fare functions of p and and A is the heat- 
equivalent of work. This equation, as is wdl known, cannot 
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be integrated so long as p and v aie independent variables. 
He then proceeds (p. 41): 

"Bat let iS be a new ibnotion of p and i^, the form of 
which mf^ he taken for the present to be known as little as 
that ftf X and Y, hut to which we will give a aignification, 
which wiU appear immediately from what follows. Multiply- 
ing and diyimng Uie right-haiid side of the equation by 8, 
we hare 



dQ— dL/S[^|^(i/» + jA] (3). 



We may now choose S, so that the expression in brackets is 

a perfect differential ; in other words, so that ^ may be the 

integrating factor, or 8 the integrating divisor, of the eaqores- 
mon within brackets of equation (2)." 

From this it follows that in the following equation derived 
from (S), 

¥-^[f*+H 

the whole right-haud side is a perfect dififerential» and ther^ 
fore for a cyclical process we must have 

^f-O (6). 

In this way Zeuner arrives at an equation similar to equation 
(7) of Chapter IV., viz. 

The resemblance, however, is merely external. The essence 
of this latter equation consists in this, that r is a function of 
temperature only, and further a function which is inde- 
pendent of the nature of the body, and is tlierefore the same 
for all bodies. Zeuner's quantity >S', on the contrary, is a 
function of both the variables, p and v, on wdiich the bodies' 
condition depends ; and further, since the functions X and 
in equation (2), are diflferent for different bodies, it must be 
true of S also that it may be different for different bodies. 
So long as this holds with regard to S, equation (5) Las 
done nothing for the proof of the second main principle; 



Diaitiz 



344 



ON THS MBCHAHICAL THBOBY Of BSJlT. 



.since it is. self-evident that there must in general be an 

integrating factor, which may be denoted bj g, and bj 

which the expresnon within brackets in equation (2) may 
be conTerted into a complete differentiaL Accordingly, in 
Zeuner^s pioof, as he himself concludes* eveiything depends 
•on the fact that i9 is a function of temperature only, and a * 
function which is the same for all bodies, so that it may be 
taken as the true measure of the temperature. 

For this purpose he supposes a body to undergo different i 
variations, which are such that the body takes in heat whilst 
8 has one constant value, and gives out heat whilst S has 
another constant value ; and which together make up a cycli- 
cal process, shewing a p^ain or loss of heat. This procedure 
he compares with the lifting or dropping of a weight from ' 
one level to another, and Avith the corresponding mechanical 
work ; and he proceeds (p. 68) : **A further comparison leads 
to the interesting result that we may consider the function S 

as a length or a height, and the expression as a weight ; 

in what follows therefore I shall call the above value the | 
Weiglit of the Heat." Since a name luis here been introduced 
for a magnitude containing S, in whicli name there is nothing 
which relates to the body under consideration, it appears 
that an assumption has here been tacitly made, viz. that S is 
independent of the nature of the body, which is by no means 
borne out by the earlier definition. 

Zeuner then carries still further the comparison between 
the processes relating to gravity and those relating to heat, and 
transfers to the case of heat some of the principles which hold 

for gravity ; in so doing he treats ^ as a height, and as a 

weighty just as before. Then, having finally observed that 
the principles thus obtained are true if we take 8 to mean 
the temperature itself, he proceeds (p. 74) : " We aia there* 
fore justified in taking as Uie bans of our further reseazcbea 
the hypothesis that 8 is the true measure of temperature." 

It appears from this that the only real foundation of the 
reasonings, which in his second edition Zeuner puts forward 
us the basis of the second main principle, is the analogy 
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between the perfonnance of work by gravity and by beat; 
and moreover that the point which has to be proved is in 
part tacitly assumed, in pait expressly laid down as a mere 
hypothesis. 




§ 9. BankMs Treaimeni ofUte SuHffect, 

We may now turn to those authors who have considered 
that the fundamental principle is not sufficiently trustworthy, 
or even that it is incorrect. 

Here we must first examine somewhat more closely the 
mode of treatment which, as already mentioned, liankine 
considered must be substituted for that of the author. 

Rankine, like the author, divides the heat which must be 
imparted to the body, in order to raise its tenijjerature, into 
two distinct parts. One of these serves to increase the heat 
actually existing in the body, and the other is absorbed in 
work. For the latter, which comprises the heat absorbed in 
the internal and in the external work, Rankine uses an 
expression, which in his first section he derives from the 
hypothesis that matter consists of vortices. Into this method 
of reasuning we need not enter further, since the circum- . jlf , 
stance that it rests on a particular hypothesis as to the 
nature of molecules and their mode of motion, makes it 
sufficiently clear that it must lead to the consideration of com- 
plicated questions, and thus leaves much room for doubt as , , 
to its trustworthiness. In the author's treatises he has based 
the development of his equations, not on any special views 
as to the molecular constitution of bodies, but only on fixed 
and uniyersal principles ; and thus, even if the above fact 
ivere the only one which could be alleged against Rankine's 
proof, the author would still expect his own mode of treating " : - ^ 
the subject to be finalljr established as the most oonect «... .^vA\^|I; 
But yet more uncertain is Rankine's mode of determining 
tebe second part of the heat to be imparted, viz. that which 
serves to increase the heat actually existing in the body. 

Rankine expresses the increase of the heat within the 
body, when its temperature t changes by dt^ simply by the 
pKoduct Kdt^ whether the volume of the body changes at the 
same time or not. This quantity K, which he calls the real 
specific heat, be treats in bis proof as a quantity inde- 
pendent of the specific volume. Any sufficient ground for this 
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proceduxe will be sought in vain in lus paper ; on the contrary, 
data are found which stand in diiect oppoeition to it. In the 
introduction to his paper he gives, under equation (13), an 
expression for the real spednc heat which contains a 
factor and of which he speaks as follows^: ''The co- 
efficient h (which enters into the value of the specific heat^ 
beinfi^ the ratio oi the ws viva of the entire motion impressed 
on the atomic atmosphexes hj the action of their nudei, to 
the via viva of a peculiar kind of motion, may he conjectured 
to have a specific Talue for each kind of substance, depending 
in a manner yet unknown on some circumstance in the con- 
stitution of its atoms. Altiiough it yaries in some cases for 
the same substance in the solid, liquid, and gaseous states^ 
there is no ex|)erimental evidence that it varies for the same 
substance in tilie same condition." Hence it appears to be 
Bankine*s view that the real spedfio heat of ti le same soh* 
stance may be different in difrarent states of aggregation ; 
and even for the assumption that it may be tucen as in- 
variable for the same state of aggregation he produces no 
other ground than that there is no experimental proof to the 
contrary. 

In a later work, A Manual of ths SUam Engine and cthev^ 
Prime Movers, 1859, Kankine speaks yet more distinctly on 
this point as follows (p. 807): ''A change of real specific 
heat, sometimes considerable, often accompanies the change 
between any two of those conditions" (i.e. the three con- 
ditions of aggregation). How great a difference Rankine 
conceives to be possible between the real specific heats of one 
and the same substance in different states of asriGrregation, is 
shewn by his remark at the same place, tliat in the case of 
water the specific lieat as determined by observation, wliich 
he calls the apparent specific heat, is nearly equal to the real 
specific heat. Now Rankine well knew that the observed 
specific heat for water is twice as great as that for ice, and 
more than twice as great as that for steam. Since then the 
real specific heat for ice and steam can never be greater than 
the observed, but only smaller, Rankine must a.«?sume that 
the real specific heat of water exceeds that of ice aud steam 
by 100 per cent, or more. 

If we now ask the question how on this supposition thts 
* Phil Mag., 8er. 4, VoL in. p. 10. 
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iiM»eaBe of heat actually pireseiit in a body, which occurs 
ivhen its temperature t increases by dt, and its volume v by 
is to be expressed, the answer will be as follows : When 
the body, during its change of volume, suffers no change in 
its state of aggregation, we shall be able to express the 
increase of heat, as Rankine has done, by a simple product 
of the form Kdt ; but the factor K must have different values 
for diti'crent states of aggi'cgation. In cases, however, where 
the body during its change of volume also changes its state 
of aggregation (e.g. the case we have treated so often, where 
wc have a certain quantity of matter partly in the liquid and 
partly in the gaseous condition, and where the magnitudo of 
these two parts changes with tlie change in volurm , i iiher by 
the evaporation of part of the licjuid, or by the condensation 
of part of the vapour), we can then no longer express the 
increase of heat connected with a simultaneous change in 
temperature and volume by a simple product Kdt ; but must 
use- an expression of the form 

Kdt + K^dv. 

For if the real specific heat of a substance were different in 
different states ca aggregation, it would be necessary to con- 
clude that tl^ quantity of heat existing in it must also 
depend on its state of aggregation ; so that equal quantities 
of .the substance in the solid, liquid, and gaseous condition 
would contain different amounts of heat Accordingly, if 
part of the substance change its state of aggregation without 
any change of temperature, there must also be a change in the 
quantity of heat contained in the substance as a whole. 

Hence it follows that Rankine by his own admission can 
only treat the mode in which he expresses the increase of heat, 
and the mode in which he uses that expression in his proof, as 
being allowable for the cases in which there are no changes 
in the state of aggregation ; and, therefore, his proof holds 
for those cases only. For all cases where such changes occur 
the principle remains unproved ; and yet these cases are of 
special impoilance, inasmuch as it is chiefly to these that the 
principle has hitherto been applied. 

In fact we must go further, and say that the proof thus 
loses all strength even for cases where there is no change in 
the state of aggr^ticm. If Bankine jusumes that the real 
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Specific heat may be different in different states of aggrega- 
tion, there seems no ground whatever left for suraosiiur 



known that with solid and liquid bodies (manges maj occur 
in the conditions of cobef;ion, apart from any change in the 
state of aggregation. With gaseous bodies also, in addition 
to their great variations in volume, we have the distinction, 
that the more or less widely they are removed froni their 
oondcDsation-point the more or less closely do they follow the 
law of Mariotte and Gay-Lossac How then, if changes in 
the state of aggregation may have an influence on the real 
specific heat, can we refuse to ascribe a similar, even if 
a smaller, influence to changes like the above ? Thus the 
proposition, that the real Sf^cific heat is invariable in the 
same state of aggregation, is not only left unproved bj 
Kankine, but, if we accept his special assumption, becomes in 
a high degree improbable. 

To this criticism on his prooi^ which appeared in a 
paper of the author^s, published in 1863*, Rankine made no 
reply; but in a later artide on the subjectf be ezpresshr 
maintained the truth of his view, frequenth^ befcro statcJL 
that the real specific heat of a body may oe different in 
different states of aggregation; whereby the force of his 
proof is limited to the cases in which no (diange in the state 
of aggregation takes place. 

§ 10. Hirns Objection. 

A yet more definite attack upon the author's funda- 
mental principle, that heat cannot of itself pass from a 
colder to a liottcr body, was made by Hirii in his work, pub- 
lished in 18G*2, Exposition Analytique et Experimentide de la 
theorie mecaiiique de lachaleur, and in two subsequent articles 
in Cosmosl. He has there described a particular operation 
whicli gives at first sight an altogether startling result. After 
a reply from the author §, he explained || his attack as having 
for its object only to mark an apparent objection to the 

Erinciple, whilst in reality he agreed with the author; and 
e has expressed himself to the same effect in the second 
and third editions of his valuable work. 

• Fogg. Ann,f Vol. cxx. p. 426. 

t Phil. Mag., Ser. 4, Vol. xxx. p. 410. 

; Vol. XXII. pp. 283, 41l'« g Vol. zxn. p. 660. H Vol xxn. p. 734. 



that it is invariable in the same 
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In spite of this it seems worth while to state here the 
attack and the reply, because the conception of the subject 
there expressed is one very near the truth, and which might 
easily hold under other circumstances. An objection thus 
raised has a real scientific value of its own ; and when it is 
put in so clear and precise a light, as Hirn has done in this 
case by means of his skilfully-conceived operation, it can 
only be advantageous for science : since the fact that tJie 
apparent objection is defined and placed clearly in view will 
greatly facilitfite the clearing up of the point. In this way 
we shall attain the advantage that a difficulty, which other- 
Avise might probably lead to many misunderstandings, and 
necessitate repeated and long discussions, will be disposed of 
once and for ever. In thus referring once more to this 
question, the author is far from wishing to make the objec- 
tion a ground of complaint against Hirn, but rather believes 
that this objection has increased the debt which the Mechani- 
cal Theory of Heat owes to him on other accounts. 

The operation alluded to, on which Hirn has based his 
observations, is as follows : Let there be two cylinders A and 
B (Fig. 32) of equal area, which are 
connected at the bottom by a compara- 
tively narrow pipe. In each of these let 
there be an air-tight piston; and let 
the piston-rods be fitted with teeth 
engaging on each side with the teeth 
of a spur wheel, so that if one piston 
descends the other must rise through 
the same distance. The whole space 
below the cylinders, including the 
connecting pipe, must thus remain 
invariable during the motion, because 
as the space diminishes in one cylinder 
it increases in the other by an equal 
amount. 

First, let us suppose the piston in 
B to be at the bottom, and therefore 
that in A at the top ; and let cylinder 
A be filled with a perfect gas of any 
given density and of temperature t^. 
Now let the piston descend in A, and • 
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rise in B, so that the gas is gradually driven out of A into 
B. The oonnecting pipe through which it must pass is 
kept at a constant temperature whioh is higher than t^t flo 
that the gas in passing is heated to temperature t^, and at 
that temperature enters cylinder B, The walls of both 
cylinders, on the other hand, are non-conducting, so that 
within them the gas can neither receive nor give off heat» 
hut can only receive heat from without as it ^passes throuerh 
the pipe. To fix our ideas let the initial temperature of the 
gas he that of freezing, or 0^, and that of the connecting pipe 
100^, the pipe being surrounded by the steam of boiling water. 

It is easy to see what will be the rescdt of this operaUon. 
The first small Quantity of gas which passes through the pipe 
will be heated urom if to 100*, and inll expand oy the oor- 
responding amount, i.e. ^ of its original volume. By this 
means the sas which remaius in A will be somewhat com- 
pressed, and the pressure in both the cylinders somewhat 
raised. The next small quantity of gas which passes through 
the pipe will expand in the same wsgr, and will thereby com- 
press the gas in both cylinders. iSmilarly each succesalve 
portion of gas will act to compress still further not only tibe 
^as left in A, but also the sas which has previously expanded 
in so that the latter will continually tend to approodi its 
initial density. This compression causes a heating of the gas 
in both cyliQders ; and as all the gas whidi enters B enters I 
at a temperature of lOO*^, the subsequent temperature must 
rise above 100^ and this rise must be the greater^ the more I 
the gas within B is subsequently compressed. 

Let us now consider the state of things at the end of the 
operation, when all the gas has passed from A into B. In 
the topmost layer, just under the piston, will be the gaa 
which entered first, and which, as it has suffered tlie greatest ' 
subsequent coinprejssion, will be the hottest. The layers 
below will be successively less hot down to the lowest, whicli ' 
will luive the same temperature, 100**, which it attained in 
passim; the pipe. For our present i>urpose there is no need 
to kuow the temperature of each separate layer, but only the 
mean temperature of the whole, which is equal to the tem- 
perature that would exist if the temperatures in the different 
layers were equalized by a mixing up of the gas. This mean 
temperature will be about 120 
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In a later article published in Cosmos, Hiin has com* 
pleted this operation, by suf^posing that the gas in B is Hnally 
brought into contact with mercury at 0*, and thereby cooled 
back again to (f; that it ia then driven back from ^ to ^ 
under me same conditions as from A to B, and is therefore 
heated in the same manner; that it is then again cooled by 
mercury, again driven from ^ to JB, and so on. Thui^ .we have 
a periodical operation, in which the gas is continually brought 
back to its original condition, and *all the heat given off by 
the source of heat passes over to the mercury employed for 
cooling. Here wc will not enter into this extension of the 
process, but confine ourselves to the first simple operation, 
in which the gas is heated from 0" to a mean temperature of 
120^; for this operation comprises the essence of Hirn's ob- 
jection. 

In this operation it is clear that no heat is gained or lost ; 
for the pressure in both cylinders is always equal, and there- 
fore both pistons are always pressed upwards with equal 
force. These forces are communicated to the wheel which 
l^ears with the piston*xods ; and thus, neglecting friction, an 
indefinitely small force will be sufficient to turn the wheel in 
<me or the other direction, and thereby move one jnston up 
and the other down. The excess of heat in the gas cannot 
therefore be created by external work. 

The process, as. ia easily seen, is aa foUqws. Whilst a quan« 
tity of gas, which is a very small fraction of the whole, is heated 
and expanded in passing through the pipe, it must take in 
from the source sufficient heat to heat it at constant pressure. * 
Of this, one part goes to increase the heat actually existing 
in the gas, and another part to do the work of expansion. 
But since the expansion of the gas Avithin the pipe is followed 
by a compression of the gas within the cylinders, the same 
quantity of heat will be generated in the one place as is 
absorbed in the other. Thus that part of the heat derived 
from the source, which is turned into work within the pijje, 
appears again as heat within the cylinders; and serves to 
heat the gas left in A above 0", its initial temperature, and 
tiie gas which has passed into B above 100", the temperature 
at which it entered ; in other words to produce the rise in 
temperature already mentioned. Accordingly, without con- 
sidering the intermediate .prpcesSi we may say that all the 
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heat, which the gas contains at the end of the operation 
more than at the beginning, comes from the source of heat- 
attached to the connecting-pipe. Hence we have the sin- 
gular result, that by means of a body whose tem])orature is 
100°, i.e. the steam surrounding the pipe, the gas \vithin the 
cylinders is heated above iOO'\ or, looking only to the mean 
temperature, to 120^ Here then, is a contradiction of the 
fundamental principle that heat cannot of itself pass from a 
oolder to a hotter body, inasmuch as the heat imparted by 
the steam to the gaar has paased from a body at 100^ to a 
body at 120'. 

One circumstance however has been forgotten. If the 
gas had had an initial temperature of 100^ or more, and 
had then becoi raised to a still higher temperature by steam, 
whose temperature was only 100^ this would no doubt be a 
contradiction of the fundamental principle. But this is not 
the real state of things. In order that the gas may be above 
100' at the end of the operation* it must necessarily be below 
lOO'* at the beginning. In our example, in which the final 
temperature is 120^, the initial is (f. The heat, which the 
steam has imparted to the gas, has therefore served in part 
to heat it from 0' to 100^, and in part to raise it from 100" to 
120^ Bat the fundamental pnnciple refers only to the 
temperatures of the bodies between which heat passes, as 
they are at the exact moment of the passage, and not as they 
are at any subsequent time. Aoooraingly we must conceive 
the passage of heat in this operation to take place as fcAowa 
The one part of the heat given off by the steam has poasod 
into the gas, whilst its temperatnre was still below lOO** and 
has the^ore passed into a colder body; and only the otlwr 
part^ which has served to heat the gas beyond 100^, has passed 
mto a hotter body. If then we compare this with the randfat* 
mental principle, which says that^ when heat passes firom a 
oolder to a hotter body, without anv transfcnnation of wcik 
into heat or any change in molecular arranyemept» then of 
necessity there must be in the same operation a passage oC 
heat from a hotter to a colder body, we easily see that 
there is complete agreement between them. The pecoliarilj 
in Him's operation is only this, that there are not two diflbi^ 
ent bodies concerned, of which one is colder and Uie other 
hotter than the source of heat; but one and the same body. 



Digitized by Googl : 



Disouastosrs ok thk thbobt. d5Si 

t^e gas, takes in one part of the operation the place of the 
coldernand in another part that of tlic hotter body. This in* 
volTes no departure from the principle, but is only one special 
case out of the many which may occur. Dupre has raised 
similar objections affainat the fundamental principle ; but as 
there is nothing in uiem essentially new, they will not here be 
entered upon. 

§ 11. Wand's- Ol^eotiom. 

Some years later Th. Waod treated of the same principle 
in a paper entitled "Kritische Darstelluug des zweiten Satzes 
der Mechanisdie Wiurmetheorie*.'' He gives his conclusiona 
in the three propositions following: (1) "The second )>rin. 
ciple of the medianical theory of neat^ ie. the impossibility 
or a passage of heat to a higher temperature without a conver* 
sion into woik or a corresponding passage of heat to a lower 
tempmture, is &Ise." (2) "The deductions from this jmn* 
ciple are only approximate empirical trutluB, which hold only 
so far as they are established by experiment" (3) "For 
technical calculations the principle may be taken as correct, 
since experiments on the substances used for the generation 
of work and of cold shew a very close agreement with it." 

The placing of such propositions side by side seems in 
itself a doubtful measure. If a principle has been found to 
agree with fact in so many cases, as to compel us to say that 
for technical calculations it may be taken as correct, it seems 
dangerous to conclude nevertheless that it is false, in the 
face of the probable supposition that the apparent objections 
which yet remain would be cleared up by closer examination. 

The following appear to be the chief grounds on which 
Wand bases his rejection of the principle; excluding those 
which relate to internal work and electrical phenomena, be- 
cause these subjects are not here treated of. 

"If we suppose," he says on p. ^l^, "that in the bring- 
ing of a certain quantity of heat from a lower to a higher 
temperature a certain quantity of work must of necessity be 
destroyed, it follows that, if the same quantity of heat falls 
from a higher to a lower temperature, the same quantity of 
work must re-appear. J^^ow suppose that this fail takes 
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place by simple coiiduction or by a non-reversible cyclical 
process. Then the above is not true, because the falling of 
heat by conduction goes on without any other ^change "what- 
ever. Therefore for equalizations of temperature by simple 
conduction there is nothing equivalent to the second prin- 
ciple ; and this from the logical point of view is one of the 
weakest points in that principle, and leads to much subse- 
quent inccmvenience." The circumstance here mentioned, 
that compensation is required oiily in the passage of heat to 
a higher temperature, and not to a lower, has been frequently 
stat^ above ; and in Chapter X. is expressed in the general 
form, that negative transfofmations cannot take place with- 
out positive, hut that positive transformations can take jdace 
without negative. From this circumstance the second main 
principle Iwcomes douhtless less simple in form than tke 
first, mit it would be hard to shew that it is logically im- 
perfect. 

The inconveniences mentioned by Wand in the above 
paragraph he arrives at by the following considerations. He 
supposes a simple cyclical process to be carried out, during 
which the two bodies between which the heat passes, and 
■which he calls the heating and cooling body, have tenqiem- 
tures which are close to 0^ and differ from each other bv 
an indefinitely small quantity, which lie calls dt. For this 
symbol, which wall appear with another signification in the 
analysis which follows, we will substitute B, and will call the 
temperatures of the two bodies, reckoned from freezing-point, 
0 and B respectively* Further, Wand supposes the cyclical 
process to be so arranged, that one unit of heat passes over 
£rom the hotter to the colder body, and therefore that the 

quantity of heat is transformed into work. He then pro- 

oeeds: ''The process being ended, I will heat the whole ap- 
paratus, comprising both the heating and the cooling body, 
by 100". The difference of temperature between the two 
bodies will remain unaltered. If we now wish to destrov the 
heat thus obtained by means of the reverse cyclical process, 
we must take from the colder body the heat f The colder 
body thus loses the heat Yt^> '^^^i gives it up to the hotter 
body ; and if by the reverse process all is cooled back again 
to the initial temperature 0°, the initial pondition of thingi 
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18 restored. There is no work performed or eonsomed, and 
jet a passage of heat has taken place from the second hody, 
which has remained the colder, to the first which has remained 
the hotter throughout the process. This however is no refu* 
tation of the second principle. For to ohtain this result there 
must he a continuous succession of alternate heatings and 
coolings of the apparatus, ie. heat must pass from a hotter 
to a colder body; but this passage takes place by conduction, 
Ua which there is no equiinalent. Hence it follows from the 
process here described, that witii regard to the distribution 
of the heat it is by no means the same thin^, whether we 
do nothing at all, or eanj ont a ocmpound oydloal process as 
here described.'* 

We have here the case of two opposite cyclical processes 
carried out at different temperatures, in which tne woric 
done and the work consumed cancel eadi other, but more 
beat passes from the hotter to the colder body than Tice 
yers&; and Wand holds that the passage of the surplus heat 
from the colder to the hotter body has taken place without 
compensation. He has howeyer neglected certam differences 
of temperature, which occur in this somewhat complicated 
operation. For alter the first process, in which the hotter 
body has given off and the colder body taken in heat, he 
heats the whole apparatus and the two bodies by 100"; and 
he cools them by 100^ after the second process, in which 
the colder body has given off heat and the hotter taken 
it in. But in giving off and taking in heat the two bodies 
alter their temperature somewhat, and the reservoirs of heat, 
which perform the heating and cooling, do not therefore 
take back the heat during the cooling at the same tempera- 
ture as they gave it out during the heating. Hence arise 
passages of heat of which Wand has taken no account. 

These differences of temperature are of course very small, 
since the two bodies must be assumed so large, that the varia- 
tions of temperature produced in them by the cyclical 
process may remain small compared to the difference of 
the original temperatures. But then the quantities of heat, 
Vrhich the bodies take tV< m and give back to the reservoirs 
during their heating and cooling, are also very large ; and 
since to determine the heat which has passed we must 
multiply the differences of temperature by the actual 

23—2 
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quantities of beat, we arrive at magnitudes wUch are quite 

large enough to cofnpensate for the surplus heat which has 

passed between the bodies. 

To prove this point we will make the calculation itself. 
First, with regard to the actual surplus heat which has passed 
between the bodies, since the temperatures are 0 and and 

the quantity of beat equals , tbis bas tbe eqnivaleiiee 

value (273+^"" Ira) Jieglecting terms of a hi^ 

100 

Older than the first with regard to ""^TS* ^' 

to determine the equivalence value of the passages of heat, 
which take place during tbe heatiug and cooling of the b»'xiy 
by lOO*'. By Chapter IV., § 5, we must divide the element 
of heat taken in by one of the two bodies from a reservoir of 
heat (reckoning heat given off as negative heat taken in) 
by the absolute temperature which the body has at the 
moment, and we must then form the negative integral ibr 
tbe beating and cooling. 

Let 3f be the mass of each body, and C its specific heat, 
which we suppose constant ; then the quantity of heat, 
which it takes in during a rise of temperature dt, equals 
MCdt, and this we sliall take as expressing the element of 
heat. If for convenience we put 



1 

MG 



(6). 



tbe element will be ezpresBed by ^dL We must consider 

MO as very large, and therefore e as very small, so much 
so as to be small even in comparison with the small dideruuce 
of temperature 3. 

If we now take the first cyclical process, the colder body 
has, to begin with, the temperature 0, and the hotter the 
temperature £. During tbe process tbe former takes in tbe 

quantity of heat 1, and the latter loses the quantity 1 + ™ . 

These must be divided by MG, or multiplied by «, to 
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&e dbanffes of temperature wbioh ther produce in the 
bodies ; thus at the end of the prooesB tne oolder body has 
the temperature €, and the hotter the temperature 

From these temperatures both bodies are now to be heated 

by 100^ 

The negative integral relating to the heating of the colder 
body is 



A ' ' 



- 



m+t' 

If we pat T — ( — «, thea 



r 



A 

N^ecting higher terms in the expansion of e, we have 

1 ^ '1 
273+T+6 273+T (273+t)«' 

whence ^-1/^ ^^^^^ (7). 

The negative integral relating to the heating of the 
hotter body is 



Whence we obtain in the same way as befoie 

273 + T~V^ll3jJt (273 

During the second cyclical process the colder body gives 

373 

a quantity of heat^ ^^'^ , and the hotter body reoeives a 
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quantity + The temperatures of the two bodies, 

after the seoond cydksal proceaB, become respectively 

From these temperatures both bodies are cooled down by 
1001 The negative integral relating to tiiis cooling is i'or 
the colder body 

I 100 ^ — f lOO ^ . 

;ioo-^^. 273+ t ^-m' 273+ < ' 
whence as before we have 

^ Jjo 273 + t"^ 273 Jo (273 + t)« 
For the cooling of the hotter body we have similarly 

•^"Jji 273 + T 273J1 (273 + t)«—^ ^* 

By adding together -4, B, C, i), we obtain the equivalence 
value of all the transferences of heat during the heating and 
cooling. In this addition the integral whidi have the factor 

- cancel each other, and two of the others may be combined 

together. Whence we have 

• ry n 373 dr 

\2n ^ 273/ j« (273 + t)« 
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Performiim^ the iategiation, the right-haad side becomes 



373 
278 



3/ 1 M /373 B\f 1 1 \ 

8V 373^273>' U78'*"273A 373 + « 273 + 8; * 

If we expand the second product in terms of B to the 
first order, most of tlie resulting terms cancel each other, and 
the expression for the equivalence value of the transfereacss 
of heat during the heating and cooling becomes iinall/ 

100 . 



(273/ 

This expression fulfils the condition of being equal and 
opposite to the equivalence value of the surplus heat 
actually transferred between the two bodies. This transfer 
therefore is not uncompensated, but fully compensated as the 
second prindple requires. We thus see that the operation 
suggested by Wand does not give the smallest ground for 
objecting to the principle. 

Anouier oljection is drawn by Wand from the follow- 
ing considefations. He proposes the question whether the 
pnnciple can be derived by mechanical reasoning from the 
ideas which we can form of the nature and action of heat. 
With this object he first applies the hypothesis main- 
tained by the author and others as to the molecular motion 
of gaseous bodies and finds that this does actually lead 
to the principle in question. He then says that it is 
not sufficient to prove that one particular hypothesis leads 
to the principle, but that all possible mechanical hypo- 
theses on the nature of lieat must be shewn to lead to it. 
Accordingly as a second example he takes another hypo- 
thesis, which he conceives specially adapted to represent the 
phenomena of expansion, and of tiie increase of pressure by 
heat. On this hypothesis a row of elastic balls, any two of 
which are connected by an elastic spring, vibrate in such a 
way that all of them are in similar phases. From this 
hypothesis he arrives at an equation different from that which 
he has chosen as the criterion of the second pnnciple, and 
then draws the conclusion, "the second principle cannot 
therefore be nniversidly derived from the principles of 
mechanics." But upon such a conclusion the quo^tiou may 
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be aaked, whether in reality the hypothetical motion, ^Akk 
he supposes, agrees with the actuid motion, which we call 
heat» in such a way that the same equations mtist hold for 
bdth. So lonff as this is not prored the conclusion cannot be 
considered to be made out. 

Finally, Wand considers the process which occurs ia 
nature, when in the growth of plants, under the influence of 
the sun's rays of light and heat, carbonic acid and water are 
absorbed, and oxygen liberated; whilst the organic substances 
thus formed, if afterwards burnt or serving as nouri.slmitiit 
to animals, unite themselves again with oxygen to form car- 
bonic acid and water, and thereby generate heat. This 
transformation of the sun's heat he considers to be in flat 
contradiction to the second principle. To the analysis which 
he gives many objections might be taken; but the author 
considers that a process in which so much is still unknown, 
as that of the growth of plants under the influence of the 
sun, is altogether unfit to be used as a proof either for oc 
against the principle in question, 

§ 12. Taies Otjectiana. 

Finally the author has to mention certain objections re- 
cently raised against his theory by Tait ; objections which have 
surprised him equally by their substance and by their form. 
In an article which appeared in 1872 on the History of the 
Mechanical Theory of Heat*, the author had observed, that 
Tait's work, A sketch of Thermod^ynamica, no doubt owed its 
existence chiefly to the wish of claiming the Mechanical 
Theory of Heat as far as possible for the English nation a 
supposition for which the clearest grounds can be adduced 
Further on in the article he had observed that Tait had 
ascribed to Sir William Thomson a formula due to the 
author, and had quoted it as given by Thomson in a 
paper which contained ndther the formula itsdf nor any- 
thing equivalent to it. The author expected that Mr Tait, 
in answering this article, would specially address himself to 
these two points, of which the latter particularly re(|uired 
clearing up. A reply appeared indeed f, and one written m 

* Pogg. A7in.t Vol. CXLV. p. 132. 
t PAO. Jf«y*, SedM 4p YoL sozi. 
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a very acrimoiuoiiB tone; but to the author's surprise tbeee 
two points were nowhere touched upon, a ditferent turn 
beiii|^ given to the whole matter. For whilst in the work 
previouisly alhided to the author s researches on the Mechani- 
cal Theory of Heat, even if in his own view they were not 
pat in their ri^ht relation to those of English writerSy were 
yet described at great Imigth and with a general reccmition 
of their merit, their correctness was here at onoe assaued, by 
the declaration that the fundam^tal principle^ that heat 
cannot of itself pass from a oolder to a hott^ body, is 
untrue. 

To prove this two phenomena relating to eleofcric currents 
are adduced. But in a rejoinder published shortly afterwards* 
the author was easily able to prove that these phenomena 
in no way contradict the principle, and that one of them is 
even so evidently in accordance with it, that it may serve as 
an example specially adapted to illuslxate and establish it. 
As dectncal phenomena are not here treated o( this is not 
the place to enter further into this subject 

Tait further obsmed in his reply, that by the author^s 
introduction of what he named Inteniial Work and Disgrega- 
tion, he had done a serious injuiy to science, offering however 
nothing to support this, beyond the brief remark : In our 
present ignorance of the nature of matter such ideas can do 
only harm." What Tait has to object to the conception of 
internal work, it is difficult to understand. In his first 
paper on the Mechanical Theory of Heat the author divided 
the work during the body's change of condition into External 
aud Internal Work, and shewed that those two quantities of 
work differed essentially in their mode of action. Since 
that time this (Ustinction has been similarly made by all 
writers, so far as he is aware, who have treated of the Mecha- 
nical Theory of Heat. 

As regards the method (which will be described on a 
future occasion) of calculating the combined internal and 
external work, and the conception of disgregation introduced 
by the author with this object, purely mechanical investiga- 
tions have recently led to an equation, exactly corresponding 
with that which the author proposed in the science of heat, 
and in which the disgregati(^n makes its appearance. If 

* I^hil, Mag.t Series 4, YoL xuii. 
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these investigations cannot yet be considered as complete, 
thej nevertheless shew^ at least in the author's opinion, that 
the nature of things requires the introducti<m of this cotn- 

Ception. 

He therefore leaves the objections of Tait, with as much 
confidence as those of Holtzmaan, Decher, and others, to the 
good judgment of the reader * 

* For a rejoinder by Prof. Tait to ihflee obeerokiOlU, tM SMcJb •/ 
ThermodifnaMicif 2iid edition, 1877, p. Tf, 
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Finis. 
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OK THE THERMaELASTIO FBOPEBTIES OF SOLIDS. 

Sir William ThonuKm wbb fhe first who examined the thermo- 
elastic properties of elastic solids. Instead of abstraoting his 
investigation (QuMrterfy MaikemaUcal Jawmtd, 1850) it may be 
well to present the subject as an iUnstaeation of tiie method of 
teeatment by the Adiabatic Function. 

Consider any homogeneously-strained elastic solid* To define 
the state of the body as to sttain six quantities most be specified, 
saj u, V, lOy Q^^fZ: these are generally the extensions along three 
rectangular axes, and the shearing strains about tlicm, each 
rehitive to a defined standard tem}^rature and a state when the 
body is free from stress. The work done by external forces when 
the strains change by small variations may always be expressed in 
the form 

{UBu+V^+ ...)x volume of the solid, 

beoanse the conditions of strain are homogeneous. 27*, V are 

the stresses in the solid : each is a function of tfv and of the 

temperature, and is determined when these are known. Let $ 
denote the temperature (where ^ is to be regarded merely as the 
name of a temperature, and the question of how temperatures are 
to be measurecl is not prejudged). 

Amongst other conditions under which the strains of the 
body may be varied, ther(» are two which we must consider. 
First, suppose that the temperature is maintained constant ; or 
that the change is effected isothernuilly. Then $ is constant. 
Secondly, suppose that the variation is effected under such con- 
ditions that no heat is allowed to ptiss into or to leave the 
body ; or that the change is eflfected adiabatically. In the latter 

case OfUjVy are connected by a relation involving a para> 

meter whidi is always constant when heat does not pass into 
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or out of the solid: thia parameter is called the adiaiHUic /^unc- 
tion. 

We have now fourteen quantities relating to the body, viz. 
six elements of strain, six of stress, the quantity 6 which defines 
the temperature, and the parameter <f> the constancy of which 
imposes the adiabatic condition. Any seven of these may be 
chosen as independent variables. 

Let the body now undeigo Camot'a four opeiatioiiB as fol- 
lows : — 

1". Let the stresses and strains vary slightly under the solo 
condition that the temperature does not change. Let the conse- 
quent increase of ^ be 8</). Heat will be absorbed or given out, 
and, since the variations are small, the (quantity will be propor- 
tional to ^ say 

/{$, u, V, Wf ) B<t>, 

2°. Let the stroiseg and stnuns further adiabatioaUy, 
and let be the oonaeqaent morease of temperataie. 

3^ Let the stresses and strains receive any isothermal varia- 
tiony aaeh that tiie parameter ^ retoniB to its fizst Takoid* Heat 
will be given out or absorbed, equal to 

4*. Let the body return to its fixst state. 

Here we liave a eompleto and reversible i^de. The quantify 
of heat given off ^ x ^ is equal to the work done by external 
foroeSi Now Carnof s thearem (or the Second Principle ol 
Thermodjnandcs) asserts that the woik done^ or ^ x ^ divided 

by the heat transferred from the lower to the higher tempera- 
ture, y X 3</>, is equal to a function of 6 only (whiidk fonotioa is 
the same £ur all bodies) multiplied by 3^. Thus 

the function of ^ being added because the variation was per- 
formed under the condition that ^ was constant. By properly 
choosing the parameter ^ this function may be included in S<^, 
and we have^ as the quantity of heat alMKurbed in the first 
operation, 
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I 

The mode of measaring temperatuie being ailiitnxy, we shall 
find it convenient to define that temperature is so measured that 

^ (^) as ^ ; then we have 

Heat absorbed in fint operation = 6h<^., (1) ; 

Work done by external fbroea x ^ (2). 

We must now examine more particularly the variations in the 

stresses and strains. Denote the values of U, , by 

diiSerent suffixes for the four operations. 

The work done by the exterxml forces in these operations is 
respectively 

^^^{«, -u^ + (t^.-f^> Ac.; 

and the sum of these is equal to h<jiM. 

Hence a variety of important relations may be obtained. 
Let all the strains but one be constant : then we have 

du 

dtt, 

***=^*"</^^*' 

with similar equations for Ac» Hence the Work done in the 
suooesBive operations is^ 
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0 

==—3 x^do. 

Adding Umm, tlie total Woric done Imoodim 

the differentiationB bemg performed frhen u and U are 
as functions of 0, ^ and the five other stxains. 

The same is true if five stresses are constant, that is if u and 
U are expressed as functions of 6, <f> and the five other stresses. 

But from (2) the "Work done -d9x d<j>. Hence it follows 
generallj (uamg the well-known theorem as to Jacobians) that 

d(ji dB d<f> dO - 

di/dii'du'dcr''^ 

<^ and 6 being expressed as functions of u, U; and either the tive 
other stresses or the five other strains being constant. 

These equations are still true if the independent variables are 
partly stresses and partly strains, so long as no two are of the 
same name : e.g. if they are vwXYZ. 

Fiom equation (3) all the thermo-elastic properties of bodies 
may be deduced. We haye gemendly 

^-P^^t'^'^ («)• 
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Fatting <I0 « 0, ireliaTe 

^(whea ^ is oonatant) = . 

537 

Patting dO^Of we have 

^ d$ 

^ (when ^ 18 conatant) = - 55 • 

Let ^ denote ^ onder tlie condition that ^ is oonstant, 

tliat is, where 0 is expressed as a function of instead of £/«*. 
Then W (4) 

du'^dUdu'^du^ dU^'^ du 

dU 

This is the fourth thermodynamic relation (see Maxwell on 

-Heat, 1877, p. 169). 

The others are obtained in a similar way thus 

d^ 

W dll^ du dii>^^ d4 " if+ * 

du du 

de 

d9^_d4> d4> du _ J.^ 

'du^du' dU dd dOj" dO' * 

dU dU 
dO 

de^ _d<l> d^ dll _ j_ . cly^' 

~dl/~ dlf" du dS^^ dB 'dV' 

du du 
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These relations arc true provided each of the other strains, or 
else its corresponding stress, is constant. 

Take the last of these for interpretation. When B is con- 
stant we have bj (1), 

Hesfe absorbed in any ohange (or dq) « Bd^ 

TTmiaa _ ^ ^ . 

or, by the fourth relation, 

df;<t> 1 dq 

Here -j- is the coefficient of dilatation. This, under the condi- 

tions assumed, will, of course, be different according as the 
other stresses or other strains are maintained oonstantb In the 
case of a bar of india-rubber stretched by a variable weight, 
all the elements of stress but one vanish or are eonstant If the 

du 

stress be somewhat considerable it Is found that is nega- 
tive. It follows that increase of weight will liberate heat in 

the india-rubber. But the same will not be true if the stretching 
weight be nil or very small, nor again if the periphery of the* 
liar is held so that it cannot contract transvei-sely as the weiglit 
(ixtends it longitudiually, unless (which in improbable) it should 
be found that in these cases the coefficient of dilatation is 
negative. 
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The equations obtained in Appendix I. may also be applied to 
the eq'iilibnum of the surface film of a liquid in contact with its 
own vapour. This subject is generally known under the name of 
Capillarity, from its having first been studied in connection with 
Capillary tubes (Maxwell, On lleat, 1871, p. 203). Thus let the 
body considered be the tilm of fluid at the surface of a fluid, and 
let it be so small in volume that its capacity of heat in virtue of 
its volume may be neglected. Let T be the surface tensiou, and 
S the surface. Then T is a function of 6 only : hence, from aa 
et^uatiou analogous to liquation (3)^ Appendix L, we obtain 

dT ^ 

dT d4,__ldq 
<W""*S"' OdS 
(by Equation (1), Aj)pendix 1.)^ wh«re q is heat absorbed. 

If ihm is negative, aa la iMally the oase^ extension of 

uu 

surface means absorption of heat. 

The question of the equilibrium of vapour at a curved sur- 
face; of liquid has been treated by Sir Wm. Tbouisoiu The 
following is niaiuly taken from his paper {JProc Bifyai tSodUy <(f 
Edinhiinjh, 1870, Vol. Vii., p. 63). 

In a closed vessel containing only liquid and its vapour, all 
at one temperature, the liejuid rests, "svith its free surface raised or 
depressed iu caj)illary tubes and in the neighbourhood of the solid 
bountlary, in permanent equilibrium according to the same law of 
relation between curvature and pressure as in vessels open to the 
air. The permanence of this ecjuilibriuin implies physical equi- 
librium between tl>e liquid and tlk3 vapuinr in contact with it at 
all parts of its surface. But the pressure of the vapour at 
difiereut levels differs according to hydrostatic law. Hence the 
pressure of saturated vapour iu contact witli a liquid diflcr^ 

C 24 
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ncconling to the curvature of the bounding surface, being less 
wlien the liquid is concave, and gi'eater when it is convex. And 
detached portions of the liquid iu separate vessels, all enclosed in 
one containing vessel, cannot remain j>ermanently >vith their 
free surfaces in any other i-elative positions than those they would 
occupy if there were hydrostatic communication of pressure 
between the portions of liquid in the several vessels. There must 
be evaporation from those surfaces which are too high, and oon- 
ddnsation into the liquid at those surfaces which are too low— • 
IHTOoess which goes on until hydroetrstio eqnilihrinniy m if irith 
free oommnnication of preBsare from venel to t68m1, k attained. 
Thiifl^ for example, if tnere are two large open Tenela of wat«r, 
one ocminderably above the other in lerel, and if the temperatiire 
of the Burrounmng matter is kept rigorously oonstant, the liqind 
in the higher vessel will gradually evaporate until it is all gone 
and condensed into the lower yessel. Or we may suppose a 
capillary tube, with a small quantity of liquid occupying it from its 
bottom up to a certain level, to be placed upright in the middle of a 
quantity of the same liquid with a wide free surfaoe, and con- 
tained in a hermetically sealed exhausted receiver. The vapour 
will gradually become condensed into the liquid in the ca])illary tnhe, 
until the level of the liquid in it is the same as it would be were the 
lower end of the tube in hydrostatic communication with the 
large mass of liquid. The effect would be that in a very short 
time liquid would visibly rise in the capillary tube, and that, pro- 
vided care were takt^n to maintain tlie e<|uality of temperature all 
over the surface of the hermetically sealed vessel, the liquid in the 
capillaiy tube would soon take very nearly the same level as it 
would have were its lower end open ; sinking to this level if the 
oapillary tube were in the beginning filled too full, or rising to it 
if thefe is not enough of the liquid in it at first to fulfil the eon- 
dition of equilibrium. 

The following shews precisely the relations between curva- 
tures, differences of level, and differences of pretpsure with which 
we are concerned. 

Let p be the pressure of equilibrium above the curved sur&ce 
in the tube, rr' the principal radii of curvature of that surface, 
and T the surfaoe tension: then by the principles of Caj|allarity 

the upward drag on the snrfiMse, due to the tension, is T ^- 4> . 

Hence the pressure within the liquid, immediately below the 
surlace is 
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Let w be the equilibrium preBsnre of the vaiiour at the plane «ar- 
fooe of the liquid, p the density of the liquid, o- the density of the 
vapour, A the height at which the liquid stands in the tube above 
the plane sur&ee: then clearly 



But also 
Therefore 



or 



(1). 

w=p+hv (2). 

(p-<r)=^(p-<r) + I'(i4)<r, 



which gives the relation between the pressure of e(|uilibriuin above 
the curved surface and that above the phme surface. 

In strictness the value of o- to be used ought to be the mean 
density of a vertical column of vapour extending through the 
given height. But in all cases in which we can practically 
apply the formulae, according to our present knowledge of tlie pro- 
pei*ties of matter, the diflerence of densities in this column is very 
small, and may be neglected. H(^uce, if H denote the height 
above the plane surface of the liquid of an imaginary homogeneous 
fluid which, if of the same deusity as the vapour at that plane, 
would produce by its weight the actual pressure ?r, we have 

TT 

But hy Equations (1) and (2) 

kenoe by Equation (S) 

For vapour at ordinary atmospheric temperatures, ff is about 
1,800,00() ooitimetres. Hence in the capillary tube vhiGh would 
Iceep water up to a height of 13 metres above the plane level, the 
curved sur&oe of the water is in equilibrium with the vapour in 
oootaot with it^ when the pressure' of the vapour is less fay about 
t^Vtt^ ^ 0^ amount than the pressure of vapour in equilibrium 
at a plane surfiuse of water at the same temperature. 

24—2 
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ON THE OONTINtJITY OF THE LIQUID AND 

GASEOUS STATES OF MATTER. 

The chapters on Fusion and Vaporization will be rendered more 
complete by a brief account of Dr Andrews' important researches 
on the continuity between the liquid and gaseous states of matter. 
This account is mainly taken, by permission of IMossrs Longmans, 
from the late Prof. Maxwell's work on Tha Tlieory 0/ Ueat^ 1877, 
Ch. VI. 

In Fig. 1 the foSL lines rqtresent oerlnin IsoHiemial lines 
for Carbonic Acid Gas (CO J, ie. durres prodnoed b^ Tnairftig it 
vary in pressure and Yolnmey while the tonperatnre is kept oon* 
stant at the yalue written (in degrees Centb) along eadi line. The 
ordinates represent pressures in atmoBpheres, Jind the absdussB 
represent volumes. The Tariatum is supposed to %e produced hj 
diminishing the volume, e.g. the gas may be supposed to be 
contained in a cylinder, the piston of which is gradually lowered. 

Take one of these isothermals, e.g. that at 21'*5. Beginning 
from the right hand, we have first a curved line AB. During 
this part of the compression, the substance is entirely in the stato 
of a gas. As the volume diminishes the pressure increases, and 
the result is a regular curv-e, which if the gas were perfect, or pv 
constant, would be an equilateral hyperbola. At the point J?, 
corresponding to about CO atm., the gas commences to li(piofy. 
From this point the decrease of volume produces no increase of 
pressure, but simply liquefies more and more of the gas. The 
curve becomes therefore a horizontal straight line BC. At the 
point C the whole of the gas is liquefied. From this point any 
further reduction of Tolume is resisted by the elastic Ime of tiba 
liquid, which is very great ; and the isothennal line ilierefbire rises 
in the almost Tertical cuire CD, 

Kow the length of the horizontal part BO^ during whioih tlie 
gas is partly in tiie liquid, partly in the gaseous state^ is not the 
same for different temperatures. For IS"*! its length is seen to lie 
£F^ which is much gmter than BG ; while for temperatoies above 
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21*-5 it is found to be shorter than BC, The dotted line DBEOF 
is the boimdarjr of all tkese horizontal linea^ up to a certaiA point 




lig. 1* 

corresponding to 30'-92, at which their length vanishes. In other 
wQrd% at l^peratura above 30^-92 the gas line'' AB^ and the 
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^* liquid line^ CD meet each otheri without any interremng 

portion. 

Ill the case of Hteam, for which such isothermal lines were iirst 
drawn, similar phenomena occur ; and when it was seen that the 
. gas .line and tlie liquid line thus oontinually approaelied each otiier 
as the temperatnzo was laised, the question natnraUj arose^ Do 
they ever meett If thej do meet^ then at that temperature tlio 
substance oannot exist partly as a liquid and partly as a vapour, 
but must be entirely oonveited, ai the conesponding pressure^ 
from the state of liquid to that of vapour; or else^ since in this 
case the vapour and liquid have the same densifyi it may be 
suspected that the distinction between liquid and Tapour baa bene 
lost its meaning. 

The answer to this question has been to a great extent sap* 
plied by a series of very interesting researches. 

In 1822 M. Cagniard de la Tour' observed the effect of a high 
temperature upon liquids enclosed in glass tubes of a capacity not 
much greater than that of the liquid itself. He found tluit when 
the temperature was raised to a certain point, the subytance, 
which till then was partly liquid and partly gaseous, suddenly 
became uniform in appearance throughout, without any visible 
surface of separation, or any evidence that the substance in the 
tube was partly in one state and partly in another. 

He oondiuled that at this temperature the wbde beoame 
gaseous. The true oondnslon, as Dr Andrews has shewn, is tiiat 
the properties of the liquid and those of the Tapour oontinnally 
approach to similarity, and that, above a oertain temperatore^ the 
properties of the liquid aie qot separated from those of the Tapoor 
by any apparent distinction between them* 

In 1823, the yesr following the researdies of Cagniard de la 
Tour, faradipy succeeded in Uquefying several bodies bitherto 
known only in the gaseous form, by pressure alone, and in 1826 
he g^atly ejf^tended our knowledge of the effects of temperature 
and pressure on gases. He considers that above a certain tempe- 
rature, which, in the language of Dr Andrews, wo may call the 
critical temperature for the substance, no amount of pressun^ will 
produce the i)henomenon which we call condensation, and he 
supposes that the temj)erature of 166" F. below zero is probably 
above the critical temperature for oxygen, hydrogen, and nitrogen. 

Dr Andrews has examined carbonic acid under varied con- 
ditions of temperature and pressure, in order to a&cei*tain the 
relations of the liquid and gaseous states, and has arrived at the 
conclusion that the gsseous and llqaid stetet are only wwUtf 
^ Anumlu d$ OMmUf 9aA fMm, Toh. xxL and ziil. 
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separated forms of the same condition of matter, and may be 
made to pass one into the other without any intenruptioii or 

breach of continuity 

The diagram, Fig. 1, for carbonic acid is taken from Dr 
Andrews' paper, with the exception of the dotted line shewing 
the region within which the substance can exist as a liquid in 
presence of its vapour. Tlie base line of the diagram coiTespoudSy 
not to zero pressure, but to a j)ressure of 47 atmospheres. 

The lowest of the isothermal lines is that of Id"*! C. or 
' 55°-6 F. 

This line shews that at a pressure of about 47 atmospheres 
condensation occurs. The substance is seen to V)ecome separated 
into two distinct jx)rtions, the upper portion being in the state of 
vapour or gas, and the lower in the state of liquid. The upper 
surface of the liquid can be distinctly seen, and where this surface 
is close to the sides of the glass containing the substance it is seen 
to be curved, as the surface of water is in small tubes. 

As the volume is diniinislied, more of the substance is liq^uefied^ 
till at last the whole is compressed into the liquid form. 

Liquid carl)onic acid, as was first observed by Thilorier, dilates 
as the temperature rises to a greater degree than even a gas, and, 
as Dr Andrews has shewn, it yields to pressure much more than 
any ordinary liquid. "Wiom Dr AndntwsP experiments it also 
a^Mars ili«t its oompreBsibili^ diminishoi aa the presBue in- 
croaDoo. These reeults are apparent even in the diagram. It is, 
theretoe, &r more compressible than any ordioary Squid, and it 
appears from the experiments of Andrews theib its ocwipratnbility 
diminishes as ihe Tolume is reduced. 

It appears, therefore^ that the behaTrioor of Hqmd oarboniG 
acid under the action of heat and pressure is rety different from 
iha* of ordinary liquids;, and in seme respects approaches to that 
of agaa. 

n Hre examine ihe next of ike isothermals of t&e diagram, 
that for 21*'5 0. or 70**7 F., the approximation between the 
liqojd and the gaseous states is still more apparent.* Here con- 
densation takes place at about 60 atmospheres of pressure, and 
the liquid occupies nearly a third of the volume of the gas. The 
exceedingly d(^nse c^s is approaching in its properties to the 
exceedingly light liquid. Still there is a distinct separation 
between the gaseous and liquid states, though we are approaching 
the critical tcraporature. This critical temperature has been 
determined by Dr Andrews to be 30° 9 2 C. or 87*-7 F. At this 
temperature, and at a pressure of from 73 to 75 atmosi^erea^ 

1 PMl 2Vviia 1869, p. 676. 
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carbonic acid appears to be in the critical condition. No aepa- 
ration into liquid and yapour can be detected, but at the same 
time veiy small variations of pressure or of temperature prodnce 
such great variations of density that flickering movementH are 
observed in the tube "resembling in an exaggerated form the 
appearances exhibited during the mixture of liquids of different 
densities, or when columns' of heated air ascend through colder 
strata." 

The isothermal line for 31^*1 C. or 88" F. passes above this 
critical point. During the whole compression the substance is 
nev^r in two distinct conditions in different parti^ of the tube. 
When the pressure is less than 73 atmospheres the isothermal 
line, though greatly flatter thtfnc that of » perfect gas, xeaembka 
it in general featureei Trmn 73 to 75 atlnoBpheree tiier rbhune 
diminiflheB very rapidly, bat by no means suddenly, and above ' 
this iiiireaBiire the yolume diminiBheB more mdually tiiaiK in the 
case a perfect gaa, but stOl mora rapidly ^an 'in moat liqvdda 

In the iaothermals for 32**5 C. or F. and for 35*^5 C. or 
95**9 F. we can still observe a slight increase of compressibility 
near f!ie same part of the diagram, but in the isothermal linir fur 
48^*1 C. or llS^'-e F. the curve is concave ttpwards throughout its 
niiol'e coifrse, and differs from the corresponding isothermal line 
for a perfect gas only by being somewhat flatter, shewing that for 
all ordinary pressures the volume is somewhat less than that 
assigned hy Boyle's law. 

Still at the temperature of 118"-6 F. carbonic acid has all the 
properties of a' gas, ami the effects of heat and pressure on- it differ 
from their effects on a perfect gas only by quantities rec^uiring 
careful experiments to detect them. 

We have no reason tty believe that any phenomeimn sinrifar to 
condensation would occur, however great a pressure were applied 
to caibonic add at this temperatnre. 



• 
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Macmillan 6* Co:s Catalogue of Works 

in Mathematics and Physical Science; 
including Pure and Appued Mathe- 
matics: PffySICS, AsTRQNQMYy GeOLOGY, 

CHEMisTRYy ZooLOCYy Botany; and of 
Works in Mental <md Moral Philosophy 
and Allied Subjects. 
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MATHEMATICS. 

Airy.— Works by Sir G. B. Airy, K.C.B., Astronomer Royal :— 
ELEMENTARY TREATISE ON PARTIAL Bl^ERENTIAL 

EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. New Edition. Crown 8vo. 51. dd. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Second Edition. Crown 8vo. 

UNDULATORY THEORY OF OPTICS. Designed forthe Use of 

Students in the University. New. Edition. Crown 8vo. 6j". dd. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students of the University. Second Edition, revised and enlarged. 
Crown 8vo. 9-^. 

A TREATISE ON MAGNSTI$M. Designed fiir tiio Um of 
Students in the Univenity. Crown '8vo. 9x. 6</. 

Ball (R. S., A.M.}— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at tbe Royal College of Science for 
Ireland. By Robert Stawell Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science for 
Ireland (Science and Art Department). Royal 8m i6r. 

Wi have nt4 md mih any book 0/ the sort in Engiish. It dnei- 
dates xmtruetMy the methods of a teacher of the very highest 
raul^ We most eordiaUy recommend. U. ta all our readers" — 
Mechanics' Ma^^ine. 
5,000. 3. 79 A 
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Bayma.— THE elements of molecular mecha- 
nics. By Joseph Bayma, S.J., Vrokmoe of Fhilosophj, 
StCM^rhiuait Cd]«g^ Demy doth. lor. 6d, 

Boole Works by G. Booi.e, D.C.L, F.R.S., Piofeisor of 

Mathematics in the Queen's University, Ireland : — 

A TREATISE ON DIFFERENTIAL EQUATIONS. Third 
Edition. P^dited by I. ToDHUNTER. Crown 8vo. cloth. 14s. 

** A treatise ittcomparably superior to any other elementary book on the 
suBfeet wUh wkiek we areaequmt^ed, — ^PHflosophicaf Magazine. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple* 
mentaiy Volitiiie, Edited by !• ToiUlinrrBK. Crovn fifO* aoUk 
&. 6i/. 

THE CALCULUS OF FINITE DIFFERENCES. Cttwm 8vo. 
doth. lor. 6dC New Edition leviied. 

Cheyne. — an ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. With a Collection of rroblcms. 
By C. H. H, Cheyne, M.A., F.R.A.S. Second Edition. Crown 
• avo. doth, ts, td. 

Cliffbrd.— THE ELEMENTS OF DYNAMIC. An Introductioil 

to the study of Motion nnd Rest in Solid and Fhiid Bodies. By 
AV. K. Ci.iFi oRi), F. R.S., Professt)r of Applied Mathematics and 
Mechanics at University College, London. Part I. — ^Kinematic. 
Crown Svo. 7/. 

■Cumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. With numerous Examples. By l.iNN.r.us 
Cum MING, M.A., Assistant Master at Rngby School Crown 8vo. 

r 

CllthbertSOn.— EUCLIDIAN geometry. By F. CuTH. 
15EHTSON, M .A., Head Mathematical Master of the Clly of London 
SdiooL Extra fcap. 8vo. 4;. 6</. 

Ferrers.— Works by the Rev. N.M. Ferrers, M. A., F.R.S., Fellow 
and Tutor of Go&vine and Cains College, Cambridge 

AN ELEMENTARY TREATISE ON TRIUNEAR CO-ORDI- 
NATES, the Mc tliod of Reciprocal Polars, and the Theory of 
Projefclois. Tl^ird Edition, revised. Crown 8vo. 6/. 6</. 

■ SPHERICAL HARMONICS AND SUBJECTS CONNECTED 
Wrrii THEM. Crown 8vo. 7*. 6^ 
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Frost. — ^Worlcs by Percival FtOft, At. A., late Fellow of St. 
)blm*tCoUqye,.Matheinatiail Lectwcof King'ftCoU. Caiiibfidgt:^ 

TIIE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CI PI A. With Notes and Illustrations. Also a Collection of 
rroblems, principally intended as Ejuuuples of NewU>&'$ Methodc* 

Third Kdilion. 8vo. cloth. \2s. 

AN ELEiMENTAKY TlUiAXiSfi ON CURY£ T&ACINCi. 

SvO. \2S. 

. SOLID GEOMETRY. Being a New Edition, revise<l and enlarged, 
of the Treatise by Frost and Wolst^nholme. Vol. I. 8vo. i6j. 

t^odfray.— Wofk» \f$ Hugh Godvrat^ M.A.9 Mfdhematical 
liectuier at Pemliroke GoUcgie, Cambridge i—^ 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Sdioola. 8va cloth. \2$. 6d, 

**/t is a working book^^ says the Guardian, *'tdkii^ Astronomy 
' in its proper place in (he Mathematical Sciences, , » m Jtis a book 

which is not likely to be got up unintelligcntly.** 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time of 
' Newton. Second Edition, revised. Crown 8vo. doth. $s. 6d, • 
' ^*As an dememary trmUse and UUrodm^m io fhe subject, we think 
il ffwty Justly clat/n to supersede all fatwUF ones* *' — ^London, Edin- 
borgn, and Dublin Phu. Magazine. 

Orcen (George).— mathematical papers of the 

' LATE GEORGE GREEN, Fellow of GouvUle and Caius 
CoU«se» Cambridge. Edited by N. M. Ferrers, M. A., .FeUow 
- and T\itor of Goamlle and Cains CoU^. 8vo. 151; 

"i? has been for sotne titne recognized that Greenes writings are 
amongst the most va/tufWe mathematieal productions we possess,*^ 
• ' Athenaeum. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS. For the 
Uaoof Colleges and SchoolB. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Gooaotions and Additions.. 8vo. doth. 9s, 

Jackson.— GEOMETRICAL CONIC SECTIONS. An Eic- 
mentary Treatise in which the Come 6eotionB are defined as the 

Plane Sections of a Cone, nnd treated by the Method of Projections. 
By J. Stuart Jackson, M. A., late Fellow of Gonville and Cains 
CoUeges Qj:own §vo.^ ^. (nI, 

A 2 
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KcUand and Tait.— an iNTRODUcriON to quater- 
nions. With numerous F.xamnles. iiy. P. K£Llan£>, M.A., 
F,R.S.« and P. G. Tait, M.A., nrofisuocs la the daptitasent of 
Mathematics to the University of Edfabar^ Cipwn9yo. is.^. 

Kcinpe.-^ROW TO BRAW A SniAXOHT Uir E. A Lecture 
on Linkages. By A.B. Ksmm, B.A. IBnslnled. Qmm SfiDb uAeU 

Merriman'.— ELEMENTS of the method of least 

SQUARES. By Mansfisio Merriman. FroliBssAr of Civil and 
> Mechanical Eng^meeringf, Lehigh Uaive»^y» PdhkhCBIf Pemi«» 
U^.A. Crown tivow Jx. 6aL .. 

Morgan.— A collection OF PROBLEMS AND EXAM^ 

PLES IN MATHEMATICS. With Answers. By H. A. 
Morgan, M. A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6j-. dd. 

« 

Newton's Principia. — ^410. cloth. 31J. dd. 

It is a sttjjiciait ^larantce of the rdiabilily of this conipldc edition of 
Nraitons Principia that it has dem printed for and uttdcr the cart 
of Profess<nr Sir WiOiam Thamsm and Projmor BkMmm^ oj 

Parkin8on.--A TREATISE ON OPTICS. By S, PAXKiif. 

SON, D.D., F.R.S., Fellow and Ttator of St. John's College,. 
Cambridge. Third Edition, revised and enlai|(ea* Crown Svo. 

clolli. los. 6d. 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By], B. Ph£AR, M. A., Fellow and late Assistant Tutor 
of Chue CoO. Cambridge. Fourth Edition, Cr. 8va doth. 5/. 6tf, 

Pirrie. — lessons on rigid dynamics. By the Rev. G. 
PlRRXE, M. A., Fellow and Tutor of Queen's College, Cambridge. 
Crown 8vo. os, 

Pucklc— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With numeioaa 
Examples and Hints for their Solution. By G. Hale FucKUI, 

• M.A. Fouth Editioa* enlarged. Crown 8vo. js. 6<i. 

•Rayleigh.— THE THEORY of sound. By Lord Rayi.eigh, 
F.R.S., formerly Fellow of Trinity College, Cambridge. 8vo, 
Vol. I. I2s. 6d. { Vol. II. I2s. 6d. [Vol. III. in pY/tiratiou, 

ReuleaUX.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
. Tianskted and edited by A. B. W. Kennedy, C.E., Professor of 

• Civil and Mechamcnl Engineering, Univecai^ CdUcge^ London. 
With 4S0 IllustnUioos. Royal Sva 20s» 
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Routh. — Works by Edward John Routii, M.A., F.R.S,, late 
Fellow and Assistant Tutor of St. Peter's CoU^^ Cambridge ; 
Examiner in the Uniyersity of London 

AN ELEMENTARY TREATISE ON THE DYNAMICS OF 

THE SYSTEM OF RIGID BODIES. With mimaoits 

Examples. Third Edition, enlai^ed. 8vo. 21s. 

STABILITY OF A GIVEN STATE OF MOTION, PARTI- 
CULARLY STEADY MOTION. The Adams' Prize Essay for 
1877. 8vo. 8x. 6*/. 

Tait and Steele.— dynamics of a particle. With 

numerous Examples. By Professor Tait and Mr. StseLB. Fourth 
Edition, revised. Crown 8vo. 12s. 

Thomson.— PAPERS ON electrostatics and MAG- 
NETISM. By Professor Sir Wxu.iam Thomson, F.&.S. 

8vo. \%s. 

Todhunter.— Works by T. ToDHiJimM, M.A., F.R.S.y of 

St. John's College, Cambridge : — 

^^Mr. Todhunter is chufly known to stttdettts of tnathemalics as the 
.author of a series qf^ odmirttMe maikemaiieat text-hooks^ which 
possess the rare ptaltiies of being clear in style and absohUdy free 
frtm mistniet^ ty^fe^ppt^hieal or othir^*—^»Xisx^ Review. 

. A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Edition, enlarged. Crown 8vo. cloth. 4J'. dd. 

PLANE CO-ORDINATE. GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
. Edition. Crown Sro. 7^. 6(£ 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. lar. dd. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. doth. lo;. 6</. 

EXAMPI«ES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, leviaed. Ciown 8m cloth. 4^. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlairg^ Crown 8vo. 

cloth, IOJ-. (id. 

A HISTORY OF THE MATHEMATICAL THEORY 'OP 
PROBABILITY, from the Time of Pascal to that of Lapkce. 
8m IS*. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 

Principally on the Theory of Discontinuous Solutions : An Essay 
to which the Adams' l*rize was awarded in the University of 
Cambridge in 1871. 8m 6ir. 
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TodhuntGT—coniifMid. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION^ and the Figure <tf Uie Sartb, fam tim line cT 
. KewtQatotbfttQf LapUc«, Two vols. ^o. 243, 

^^I'robaify no man in England is so qualified to do justice to the 

theme as ATr. Todhunter. To all matlieinaticians these 7>olumes 
will he dt'tply interesting^ and (0 all succeeding^ inMStigatori^ 0/ tkt 

highest /r,:(-fiei}! utility.^* — Athcu.cura. 

AN ELEMEXTARV TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. lor. 6d. 

Wilson (W. p.) — A TREATISE ON DYNAMICS. By 
W. V. Wilson, M.A., Fellow of St. John's College, Cambridjrc, 
and Professor of Matiieuiaiics in Queen's College, Belfasu 8vo. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule 
of Subjects for the Cambridge Mathematical Tripos ExamfautioB. 
Devised and arranged by j[0SBPH Wolbtbnkolmb, late Fellow 
of Cbrist*s College, sometime Fellow of St. John's College, and 
professor of Mathematics in the Royal Indian EiogiDeeoiig College. 
New Editioa, greatly enlarged. 8vo. i8f. 

Young.— SIMPLE PRACTICAL METHODS OF CALCU- 
LATTNCr STRAINS ON GIRDERS, ARCHES, AND 
TRUSSES. Willi a Supplementary Essay on Economy in suspen- 
sion Bridges. By E. W. Young, Associate of King's College, 
Loatoy andligBibcrof thg Inttitiaott CWI Ip g miBe H ^ 
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' PHYSICAL SCIENCE. 

Airy (G. B.)— popular astronomy. With illustrations. 
By Sir G. B. Airy, K.C.B., Astronomer RoyaL Kew Kditioo. 
i8mo. cloth. 4?. dd, 

* 

Bastian. — works by II. Charlton Bastian, M.D., F.R.S., 
Professor of Pathological Anatomy in University College, L^ndon^ 

THE BEGINNINGS OF LIFE: Being some Acoonntof tfaeNatnre, 

Modes of Origin, and Ttansformations of Lower Organisms. In 

Two Volumes. With upwards of lOO Illustrations. Crown 8vo. 28.f. 
** It is a book that CiDiuot be ignored, attd must inndtably lead to 
rcntwed discussions and repeated observations^ and through tJiese to 

EVOLUTION AND THE ORIGIN OF LIFE. Crown 8vo. 

** Abounds in information of inierest to tht studetU of Holegieal 

science."- -Daily News. 

Blake.— ASTRONOMICAL MYTHS. Based on Flammarion's 
"The Heavens." By John F. Blakb. With numexoos Illustra- 
tions. Crow a 8vo. 9j. 

Blanford (H. F.)— rudiments of physical GEO. 

GRAPHY FOR THE USE OF INDIAN SCHOOLS. By 
H. F. BtARFom F.G.S. With nimierons mtuttmtbns and 
GlossKry of Tteduucal Ttxms emplajred. New Edition* Gtobe 

Blanford (W. T.>—ge0L0GY and ZOOLOGY OF 
ABYSSINIA. Bf W. T. Blanfoxo. 8m 2U. 

BoMnquet^AN slemjsntary treatise on musical 

INTERVALS AND TEBiPEK AMENT. With an Account of 
an Enharmonic Harmonium exliiblted in the Loan Collection of 
Scientific Instruments, South Kensington, 1876 ; also of an Enhar* 
monic OifDia exhibited to die Mmncal Aasooifttioa of London, 
May, 1S75. ^7 ^ H« BoMque^ Fellow of St John's CoQege, 
Oxford. 8m 6f. 

Coal : TTS HISTORY AND ITS USES. By Professors Green, 
Mi ALL, , Thorpe, Rucker, and Marshall, of the Yorkshire 
College, Leeds. With Illustration^. Svo. 12^. 6d. 

** // furnishes a very comprehensive treatise on the whole subject of Coal 
from the geological, chemical^ tneclutnical, and industrial points <)f 
^timt trntdmihg wUh a chapter oH.tk^ig^oiFUmi $of^ mmm at 
Ui$ • CM Qtmtifitt: Pmly. N«ws. 



Digitized by Google 



S SCIENTIFIC CATALOGUE. 



Cooke (Josiah P., Jun.)— first PRINCIPLES OF 
CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College, 
Third Editkm, i«viMd nd eonected. Crawn Wto. las; 

Cooke (M. C.) — HANDBOOK OF BRITISH FUNGI, 
with full descriptions of all the Species, and Illustrations of tbc 
Genera. By M. C. Cooke, M.A. Two vols, crown 8vo. 24/. 

** Will maintain its place as the standard English book^ on thi 
subject of which it treats, for many years tif come,** — Standard. 

Dawkins,— CAVl.-IirNTTNG : Researches on the Evidence of 
Caves respcctinq^ the Early Inhabitants of Europe. By W. Bovn 
Dawkins, EJ\.S., &c., Professor of Geology at Owens Coll^c^ 
Manchour. With Cohmred Plate and Woi%at& 990, lis. 

The moss of infsrmatim he has hrought together, with the fiuUesem 
me he has made of his matlerfals, will be faumi to invest JUs heeh 
with much of new andsinpdar valtte," — Saturday Revieir* 

Dawson (J. W.)— ACADIAN geology. The Geologic 
Structure, Oi!]ga]iic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By JOHN 
WiLijAM Dawson, M.A., LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor of M'Gill College and University, Montreal, &c. 
With a Geological Map and numerous Illustrations. Hiird Edition, 
with Supplement 8vo. 2is» Supplement, separately, 2f.6(£ 

**77^ booh ivill doubtless find a place in the library^ not only of 
the scii'ntific geoloi^st, but also of all who are desirous o f i'u 
dust rial progress and covimerciol pTOSpcrUy of the Acadian pro- 
vinccs. " — Mining Journal. 

Fleischer. — a system of volumetric analysis. 

By Dr. E. Fleischer. Translated from the Second German 
Edition by M. M. Pattison Muir, with Notes and Additions, 
nimtrated. Crown 8to. *ts, &f. 

Forbes, — the transit of VENUS. By Gi oRCE Forbes, 
B.A., Professor of Natural Philosophy in the Andersonian Univer* 
.sity of Glasgow. With numerous Illustrations. Crown Svo. 31. 6^ 

Foster and Balfour.— elements of embryology 

By Michael Foster, M.D., F.R.S., andF. V.. 1'>at.fot'r. M.A., 
I'cllow of Trinity CoUege, Cambridge. With numerous Ulostxa- 
tions. Part I. down 5VO. 7j. 6^ 

Gal ton Works by FtAWCIS Galton, F.R.S. :— 

METEOROGRAPHICA, or Methods of Mapping the W^eather. 
Illustrated by upwaidsof 600 Printed Lithographic Diagrams. 410191; 
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HEREDITARir GENIUS : An Inquiry into its Laws and Cos- 
sequences. Demy Svo. lis. 

The Times calls it " a most able and mo.r! inferesling hok'^ 
ENGLISH M£N OF SCIENCE; THEXR NATURE AND 
NURTURE. Svo. %s. 6d. 

Geikie. — Works by Archibald Geikie, LL.D., F.R.S., 
Murchison Professor of Geology and Mineralogy at Edinlinrgh : — 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

Wife niuneroiB IlhutnitioiiB. 'Fcap. 8vo: 41. 61/. Qaefldoni; I/, td, 
FIELD GEOLOGY. With mustrations. CrdWftSfD. tSSS^rtf^'. 
PRIMER OF GEOLOGY. Illustrated. i8mo. u. 
PRIMEROF PHYSICAL GEOGRAPHY. Illustrated. i8mo. is. 

GotdOtL-^AK BLSMEKTARY BOOK ON* HEAT. By J. E. 
H* GoADCor, B.A., GomrUle nd Cains College^ Cambridge. 
Opowa 9fO* 8f* 

Guillemin.— THE forces of nature.- a Popular Intro. 
dtiction to the Study of Phystcid Phenomena. By AMiDis 
GuiLLBMIN. Translated from the French by Mrs. Norman 
LocKYBR ; and Edited, ivith Additions and Notes, by J. Norman 
LocKYBR, F.R.S. Illustrated by Coloured Plates, and 455 Wood- 
cats, Thiid and cheaper Edition. HoyalSva 81/. 
" Translator and BMtor have dime justice to thdr trust The 
text has all the force and flcnv of original writings combining 
/ailh/ulness to the author's tneaning with purity and independence 
4ft regard to tdiom ; while the historical precision and aeeunuy 
pefutding the work throughout, spetdk of the watchful cJitortcd 
supervision which has been j^iven to esjery scientific detail. Nothing 
can well exceed the clearness and delicacy of the illustrative wood- 
cuts. AltogethcTt tJu work may be said to have no parallel^ either 
in point of fulness or eUtraction^ as a popular mamtal fiiysical 
idSflWA'^Satiirday EeviiBw. 

»THE APPLICATIONS OF PHYSICAL FORCES. ' By A. 

Guillemin. Translated from the Ficnch by Mrs. Lockyfr, and 
Edited with Notes and Additions by J. N. LoCKYfiS, F.R.S. 
With Colonred Plates and numerous Illustrations. Clieaper 
• Edition. Imperial Svo. cloth, extra gilt 36^. 
Also in F.ighttn Monthly Parts, price i a each. Pait L in Nmmber, 
1878. 

" A book wJUch we can heartily recommmd^ both on account of the 
Width and soundness of its eontmtft and also heetmse ^ the esced* 
lence of its p int, Us iUuttfvtiom, and sxitmal ap jp m ranee .^ — 
Westminster Raview* 
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Hanbury.— SCIENCE PArERS : chiefly Pharmacological and 
Botanical. By Daniel Ua^bury, F.R.S. Edited, with 
Memoir, by J. INCE, F.L.S., and Portrait engraved by C. H. 
JXBNS. 8vo. 14^. 

Ren$low«-^H£ theory of evolution of living 

THINGS, and Application of the Prmciples of Etrolntloa to 

Religion considered as Illustrative of the Wisdom and Benefi- 
cence of the Alniii^lity. By the Rev. GSORGB HENSLOW, 
M.A., F.L.S. Crown 8vo. 6j. 

Hooker.— Works by Sir J, D. Hooker, K.as.1., CB., 

F.R.S., M.D., D.C.L. :— 

THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 

Second Edition, revised and improved. Globe 8m \os. bti. 

Tkfc^ftgt 9f this work is to supply students and fidd-4falamtt$ wHA m 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at giving. *' Certainly the fullest and most 
accuraie manual of tlu kind that has yet appeared. Z?r, Hooker 
has skovm Mis ehareuteristk ind$tsifv and amUiy im tkt €atr mnd 
skill which he has thnnvn into the characters of the plants. Tkm 
are to a great extent original, and are really admirable for their 
combination of clearness, brevity , and completeness " — Pall Mall 
Gazette. , 

PRIMBR OF BOTA NY. W MiUhmmtioiis. i8ma is. New 
BdjtKwy SBviied anil cucrtoled. 

Hooker and Ball.— journal of a tour in marocco 

AND THE GREAT ATLAS. By Sir J. D, Hooker* KLC.S.I., 

C.B., F.R.S., &c., and John Ball, F.R.S. With Appendices, 
including a Sketch of the Geoloo^y of Marocco. By G, MaW* 
F.L.S., F.G.S. With Map and Illustraiions. 8vo. 2U. 

Huxley and Martin. — a COURSE of practical IN- 

STRUCTION IN ELEMENTARY BIOLOGY. By T. H. 
Huxley, LL.D.. Sec. R.S., assisted by H. N. Martin, B.A., 
M.B., D.Sc, Fellow of Chiist^s College, Cambfidgt. Crown 8fOb 

6^. 

*• This is the most thoroughly valuable book to teachers and students 
of biology which has ever appear^ in the English tongue^ — 
London Quarterly Review. 

Huxley (Professor).— fay sermons, ADDRESSES, 
AND REVIEWS. By T. 11. Huxley, LL.D., F.R.S. New 
and Cheaper Edition. Crown Sva 7/. td, 
Jf^mtem Dite$mrm on the following subjects: — (i) On the Advisait^ 

ne$M of Impromng Natural Kncnvlcd;::;e : — (2) Emancipation — 
Black and White : — (3) A Liberal luhuation^ and where to find 
fV;— (4) Scientific Education: — (5) On tJte EdtuatumaJ Value of 
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Huxley (Professor) — continued. 

t/u- Natural History Scimces: — (6) On tJu Study of Zoology: — 
(7) On th€ Physical Basis of Lik>^{%) The SeimHfic Aspects of 
/iMdlw<Mt>-(9) On a Fitet of Chalk:— {to) Geological Contemn 
poraneity and Persistent Types of Life : — ( 1 1 ) Geological /Reform : — 
(12) The Origin of Species Criticisms on the ** Origin of 
Species:" — (14) On Descartes' Discourse touching the Method of 
usi^ On^s Reason ngJ^ ami of steking Sdentifie TMtf* 

ESSAYS SSE^CTED FROM "LAV SERMONS, AD- 
DRESSES, AND REyiEWS.** Second Editipn. GrotmSm i^. 

CRITIQUES AND ADDRESSES. Svo. \os, 6d. 

Co.ifi'ufs :—\. Administrative NiJiilism. 2. The School Boards: 
what they can do^ and what they may do. 3. On Medical Edu- 
cation, 4. Yeast, 5. On tlu Formation of Coal, 6. On Coral 
and Coral Reefs. 7. On M# Methods and Results o/EtAmdm, 
8. On some Fixed Points in BrUi^ Ethnology, 9. Palcconioujy 
and the Doctrine of Evolution. 10. Biogenesis and A biogenesis. 
II. Mr. Dar^vitCs Critics. 12. The Genealogy of Animals^ 
13. Bishop Berkchy on the Metaphysics of Sensation. 

UESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

lUnstratknis. New Ediftioii. Fcap. 9vo. 41. ^ 
^*Pltre gold throughout,^'' — Guardian. " Unquestionably the cleoritt 
and most complete elementary treatise on this subject that W potsest tn 

^ny language.'^ — Westminster Review. 

..AMERICAN ADDRESSES: with a Lecture on the Study 
• Biology. 8vo. 6s. 6d, 

PHYSIOGRAPHY: An Introduction to the Study of Nature. With 
Coloured Plates and nmnerotis Woodcata. Nev Editioiu Crown 
Sva 7^* 6d, 

JeUet (John H., B.D.) — a treatise on the 

THEORY OF FRICTION. By Tomi H. jBtXBT, TkD., 
Senior Fellow of Trinity College, DaUtn | Pteride nt «f toe Royal 
Iriih Academy. Sva Sr. 6d. 

IOne8.^THE OWENS COLLEGE JUNIOR COURSE OF 

PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor RoscOE. New Edition. i8mo. with Illustrations. 2s. 6d, 

Kingsley.— GLAUCUS : or, the wonders of the 

shore. By Charles Kingsley, Canon of Westminster. 
New Edition, with numerous Cc)l()ure<] Plates. Crown 8vo. dr. 

Langdon.— THE application of electricity to 

RAILWAY WORKING. By W. E. Langdon, Member of the 
Society of Telegraph Engineers. With numerous Illustrations. 
Extra fcap. 8to. 49, 6di 
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Lockyer (J. N.)— Works by J. Norman Lockyer, F.R.S.— 
ELEBIEKTARY USSSONS IN ASTRONOMY. ¥nili aa- 

merous Blmfctations. New Edition. iSmo. 5^. dd. 

*' The book is full, clear , sound, and worthy of aUmtion, not only as 

a popular exposition^ but as a scientific Index.* ^ — Athenaeum. 

** The most fascinating of dementary books om the Seimces.*-— 

Nonconformist. 

THE SPECTROSCOPE AND ITS APriJC ATIONS. By J. 
Norman Lockyer, F.R.S. With Coloured Plate and ttmaenMn 
Illustrations, Second Edition. Crown 8vo. ir. (id, 

CONTRIBUTIONS TO SOLAR PHYSICS. By J. Normav 

. Lockyer, F.R.S. I. A Popular Account of Inquiries into the 

Physical Constilutif)n of the Sun, with especial reference to Recent 
Spectrosco])ic Rc-e:\rche.s, II. Comiaunications to the Royal 
Society of London and the French Academy of Sciences, with 
Notes. Hhistiated t»y 7 Coloured Lithographic Fhtes and 175 
Woodcuts. Royal 8vo. doth, extra gilt, price 31J. 6d. 
*' TJie book may be taken as an aufkentic cx/ost't/cn of the present 
state of science in connection "with the important subject of spectro- 
scopic analysis. . , , Even the unscientific public niay derive ntuck 
infirmaOoH fVom dL^—Daily News. 
PRIMER OF ASTRONOMY. Witii lUustraUoDs. iSmo. if. 

Lockyer and Seabroke.— STAR-GAZING: PAST AND 

PRESENT. An Introduction to Instrumental Astronomy. By 
J. N. Lockyer, F.R.S. Expanded from Shorthand Notes of a 
Cour.se of Royal Institution Lectures with the assi.stance of G. M. 
Seabroke, E.R.A.S. With numerous Illustrations. Royal 8vo. 2IJ. 
'* A hook of great iniinst and uUHty to the astrommkal dudeHi^ 
— ^Atheiuntm. 

Lubbock. — Works by Sir John Lubbock,M.P., F.R.S. , D.C.L.: 
.THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With Numerous Illustrations. Second Edition. Crown 8vo. 3i'. (xi 
**As a summary of the plicnomena of insect metaniorplu)ses his little 
hook is of great valuej and wUl oe rmd wUk in t e rt if and profit 
by all students of natural history. Tfie ivJiole chapter on the 
orii^in of insects is most interesting and valuable. TJie iUastrt^ 
tions are numerous and s^ood.'''' — W'cstminster Review. 
ON 13R1TISH WILD FLOWERS CONSIDERED LN RELA- 
TIOK TO INSECTS. Wtth NwiMmis IDattnitioinL Seooal 
.Edition. Crown 8m 4^* td. 

MacmiUAh (Etev. Hugh)«^For oilier Works by ane 

Author, see Theological CATiJLOGin; 
HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents ill 
search of Alpine Plants. Globe 8vo. cloth, dr. 

One of the most charming hooks of Ar kM wrUlmJ''^ 
• SJUntf ClwWliman. *' Mr. Afacmillaif$ gbming fkmm tf 
Sumdmookm jiMMry*"— Satnrday Review. 
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Macmillan (Rev. Hughy—tmtifruaf. 

FIRST FORMS OF VEGETATION. Second Edition, corrected 
md, ailarged, with Coloaied Frantispieoe and nmiiefoiis Illttstra- 

tions. Globe 8vo. 6s. 

The first edition of this book loas publisiicd under the name of 
"Pootnofes from the Pa^e of Nature; or^ First Forms of VegetU' 
Hon, Probably the hest popular guide t9 tke-shtdy of mossa, 
UcJUns, and fungi ever Wf^m* Its pmeUudl value as a Jielp # 
the student and coUeclor eannat 6e txf^gjanUed, "—Manchester 
Examiner. 

Mansfield (C. B.)— Works by the late C. B. Mansfield 

A THEORV OF SALTS. A Treatise on the Constitution of 
Bipolar (two-mcmbcrcd) Chemical Compounds. CrowTi 8vo. 14J. 

AERIAL NAVIGATION. The Problem, with Hints for its 
Solution. Edited by K. B. Mansfield. With a Preface by J. 
M. Ludlow. With Illustrations. Crown 8vo. ictf. (m/. 

Mayer. — sound : a Series of Simple, Entertainini^, and In- 
expensive I^periments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Maybr, Frofessoc of Flnpsics 
in the Stevens Institute of Tccbnologyt &c. With numetotts IUik^ 
trations. Crown 8vq. ^. (id* 

HSLycr and Barnard. — light, a Series of Simple, Enter- 
taining, and Useful Exjicriments in the Phenomena of Light, for 
the use of Students of every age. By A. M, Mayer and C. 
Barnard. With Itlnstrations. Grown 8m 2t. 6d» 

Miall.— STUDIES IN COMPARATIVE ANATOMY. No. i, 
The Skull of the Crocodile. A Manual for Students. By L. C. 
MiALi., Professor of Biology in Yorkshire College. 8vo. 2s. 6d, 
Jio. 2, The Anatomy of the Indian Elephant. By L. C, MlALL 
W F. Grsbmwood. With Plates. 5^. 

Miller.— THE romance of astronomy. By R. Kalley 
Miller, M.A., Fellow and Assistant Tutor of St. Peter's Col- 
lege, Cambridge. Second Edition, revised and enlaiged. Crown 

Svo. 4 J. dd. 

Mivart (St. George). — Works by St. George Mivart, F.R.S. 
&c., Lecturer in Comparative Anatomy at St. Mary's Hospital: — 
ON THE GENESIS OF SPECIES, down 8m Second 
Edition, to whidi notes have been added in reference and reply to 
]>arw5n's " Descent of Man." With nuinerous JUustxations. pp. 

XT. 296. 9J. J. . . ^ 

•*/« no work in the English language has thts great eoniroverty 
Bern treated at ante with the same Cewtd and zdgorous ip-asf 
fitets, and tike same Ukrai emdeandkltsm^"-^tvjd»y Review. 
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Mivart (St. George)— ^-^,///«//.v/. 
THE COMMON FROG. With NnoMRms lUnMndou. Cfmra 

8vo. 3J. dU. (Nature Series.) 

** // is an able monogram of ilu Frog, and sonuthing more* It 
throws wUmbU erMiipAit ma^ wide pertiam €/ animated wuteHne. 
Would that jmaI wmh wenimre pieHiifid,''^Q!emne^ Jovnnl 

of Science. 

Moseley. — notks iiv a naturalist on the '*chal. 

LENGER," beinji an account of various observations made during 
the voyage of H.M.S. " Challenger" round the world in the years 
1872—761 By H.N. ICosBLKY, M.A.. F.R.SL# NEflonberof the 
Scientitic Staff of the "Challenger." With*. ACap^ Coloured 

riates, and Woodcuts. 8vo. 2IJ-. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially airanged for the first M. B. Course. By 
M. M. PAtnsON MvtR, F.R.S.E. Fcap. 8vo. is, 6d. 

Murphy. — ^ABIT and INTELLIGKNCE : a Scncs of 
EMayi on the Laws of Life end lUiid. By Joasm JOBS 
Murphy. Second EcBtaoa, thoroughly leviaed.end anttiyr re- 
written. With lUustralions, 8vo. i6s» 

Nature.— A weekly illustrated journal of 

SCIENCE. Pu1)lislied every Thursday. Price 6d. Monthly 
Parts, 2s. and zs.pd. ; Half-yearly Volumes, 15^. Cases for bindini; 
Yds. If. €d, 

** This abU and welt'edUed yfmrnal^ which posts eep the science of 
the day promptly^ aetd promises to be of signal sen-ice to students 
and savants. .... Scarcely any expressions iluit we t an employ 
wndd exa^erate mer eetue tf me mond emd tkeale^iemi wedm ejf 
the f00fi»."--Biitish Qoeitcrly lUview. 

NewCOmb. — popular astronomy. By SiMOH New. 
OOMBy LL.D., I'lofcssor U.S. Naval Observatory. WiOl Iia 
Kngravings and Five Maps of the .Stars. Svo. iSj. 
•'iW affording a thoroughly reliable foundation for more aditaneed 

readings Professor Neweomb^s * Fopuiar Astronomy ' is deserving 

of strong re e om me ndaiimU*'^eXtit%. 

Oliver.— Works by Daniel Oliver, F.R.S., F.L.S., P r o feMor of 
Botany in Unifemty College, London, and Kaiper of the Hefbi^ 

rium and Library of the Royal Gardens, Kew 
iESSONS IN ELEMENTARY BOTANY. With nearly Two 

Hundred Illustrations. New Edition. Fcap. 8vo. 4^. 6</. 

This book is desigrud to teach the elements of Setany on Professmt 
HensUnds plan of selected Types and by the use of Schedules. The 
eeniier chapters, embrcuing the elements of Structural and Physio- 
logical Hotanv, introduce us to the methodical stiuly of the Ordtrnd 
Types, Tiic cof^/udiug chapters arp et^Ulcd^ Hem to £fey 
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OliwtV— continued, ' 

Plants " and ffbw to Describe Plants. A rahiablt Glossary is 
appended to the volume. In the preparation oj this work free use 
has been Htade of the manuscript materials of the late Professor 
' ffmsUntf^ 

FIRST BOOK OF INDIAN BOTANY.. WiOi aiinieroQs 
Ittiutiatioiis. Extnlcap. Sm 

*• It contains a ivcll-eSgested summary of all essential kno7vled-re 
pertaining to Indian Botany y ivriyic^ht ont in accordance ivith the 
' best principles of icietU^ arrai^s;^n(^''-^hXi^^ Indian MaU. 

Pcnnington.—NOTES ON THE HAKROWS AND BONE 

CAVKS OF DERBYSHIR?:. Wiih an account of a Descent 
into Eldcn Hole. By RouKE PiiNNlNGTON, B.A., LL.B., 
F.G.S. 8vo. dr. • 

Penrose (F. C.)— ON A method of predicting by 

GRAPHICAL CONSTRUCTION, OCCULT ATIONS OF 
STAHb BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous methods 
for the Accurate Calcuktion of Loi^itodc By F. C. PB8B0M» 
F.ICA.S. With Chaiti, TabM» 4iou lat . 

Perry.— AN ELEMENTARY TREATISE ON STEAM. By 

ioHN Perry, B.E., Professor of Engineering, Imperial College of 
^Dgiaeerinff, Yedo. With numerous WoodcutSi Numerical Ex* 
amples, and Exercises. i8mo. 4^. td. 

**AIr. Perry has in this compact little volume brought together an 
immense amount of infor^nation, lUiu io/d, regarding steatn and 
its application^ not the least of its merits being that it is suited to 
the capacities alike of the tyro in engiueeriil^ sctefiee or the Utter 
grade of artisan,^ — Ironi. 

Pickering.— ELEMENTS OF PHYSICAL MANIPULATION. 
' By E; C PBCKBsniOy Thaver ProiiMior of Physics in the Massa* 
cbntetU Institote of Techm>lf^> Part L, medinm 8vo. lor. 6^. 

Part IT., los, 6d, 

" H'Vicn finished ^ Physic al Manipnhilion^ will no doubt be con- 
sidcred the best and most complete text-book on tlie subject of 
which it treats — Nature. 

Prestwich.— THE PAST AND FUTURE OF GEOLOGY. 
An Inaugural Lecture, by J. Prestwich, M.A.j F.K.S.A &c.» 

Professor of Geology, Oxford. 8vo. 2s. 

Radcliffe.— PROTEUS : OR UNITY IN NATURE. By. C. 
B. Radci.ikfe, M.D., Autlior of "Vital Motion as a mode of 
Physical Motion. Second Editiou. Svo. 7^. 6d, 
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Rendu.— THE theory of the glaciers of savot. 

By M. LE Chanoine Rendu. Translated by A. Wells, Q.C., 
late President of the Alpine Club. To which are added, the Original 
Memoir and Supplementary Articles .by Professors Tait and Rus- 
KIN. Edited with Introductoiy remarks Tqr Gbokgb Fokbbs, 
Profesicr of Natural Philoso^y in the Aiidenoiiia& UnhrecsilT, 
GlMgow. Svou- 7/. 

R08COe«-*Wor1» by Hbn&y E. Roscoi, F.R^S.* Protaor of 
Chemistry in Oweai Cdkg^ M— dierter ^ 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 

AND ORGANIC. With numerous Illustrations and Chromo- 
litho of the Solar Spectrum, and of the Alkalis and Allfalinp 
Juuihs. New Edition. Fcap. 8vo. 4J. (vH. 

CHEMICAL PROBLEMS, adapted to the above by Professor 
Thorps. Ftfkh Edition, with Key. 2/. 
We MMAesUoHtigfy prmouncc it the best 0/ aU HIT t tm a O m f 

treatises on Chemistry." — Medical Times. 

PRIMER OF CHEMISTRY. Illustrated. iSma I/. 

Roscoe and Schorloninen-^A treati&b on che.* 

MISTRY. BjrPEorKssoRs Roscoe mid Schoblsicmbr. 
Vol. T., The Non-metallic Elements. With numerous lUnstratioiis 

and PoiUait of Dalton. Medium Svo. 21s. 

Vol. II., Metals. Part I. With Illustrations. 8vo. iSx. 

" Regarded as a treatise on ilu Non-mttallic Elements^ there can he 

no dmtbt that this vohtme is incomparoMv the mm/ sattsfaetory mu 

if whkh we are in /0!J3Krl^lHf .''-—Spectator. 
" // would be difficult to praise the -work too highly. All the merits 

which icr noticed in the first volume are conspicuous in the second. 

The arrangement is clear and scientific; the facts gained by moderm 

research are fairly represented and jndieiously selected; assd ike 

sfyU(krm^hmtitf^itd9rfyMd,'*--lMx^ 

[Meteli^ Fact IL imthfAw. 

Rumford (Count).— THE life and complete works 

OF BENJAMIN THOMPSON, COUNT RUMFORD. With 
Notices of his Daughter. By GSORGE Elus, With PortniL 
Five Vols. 8vo. 4/. 14^. Od. 

Schorlemmcr.— A manual of the chemistry of 

THECARBON compounds or organic CHEMISTRY. 
By C. ScHORLEMMER, F.R.S., Leclttrcr in Oiiganic Chemistry iu 
Owens College Manchester. 8va 141; 

«• // appears tenstabest eamplett a manual of the metamrphoses of 
carbon as could be at present produced, and it nuutprwe eminentfy 
n^ul to the chankfd *Athai%um. 
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Shaim.*— AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM ENGINE. 
'Bf Gw Shamn, M. a. With lUastntioos. Crown 8va ^x, 6d. 

Smith.— HISTORIA FlUCUM : An Exposition of the Nature, 
Nnmber, and Organography of Ferns, and Review of the Prin- 
ciples upon which Genem are foiindcl, and the Systems of t^Ia'^sif:- 
cation of the principal Authors, with a new General Arrangement, 
&c. By J. Smith, A,L.S., ex-Curator of the Roi^al Botanic 
Garden, Kew. With Thirty Lithographic Plates by W. H. Fitch, 
F.L.S. Crown S\o. 12s. 6d. 

** A'o one anxious to 'work up a thorough knoiuledge 0/ JiTHS can 
afford to do without it^ — Gardener's Chronicle. 

South Kensington Science Lectures. — vd. L— Con- 
taining Lectures by Captain Auney, F.RS., rrofessor Stoki.s, 
Professor Kennedy, F. J. Bramwell, F.R.S., Professor G. 
Forbes, II. C. Sorby, F.R.S., J. T. Bottomley, F.R.S.E., 
S. H. ViMSSy RSt, and Professor Carey Foster. Crown 8vo. 

ds. [Vol. n. nearly ready. 

SpottiSWOOde.— POLARIZATION OF LIGHT. By W. 
SpottisWoode, President of tlic Royal Society. With numerous 
Illustrations. Second Edition. Cr. 8vo. 3^. dd. (Nature Series.) 
" Tht iUuUraHmi art exca-diu^ly well ada^Ud lo auisi in making 

the text comprehemnble,**^MDiesaBsm, "A eUar, trustworthy 

manual. "—Standard. 

Stewart (B.)— Works by Balfour Stewart, F.R.S., Professor 

of Natural Philosophy in Owens Collejje, Manchester : — 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and Chromolitlios of the Spectra of the Sun, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 4;. (ui. 
The Educational Times ealls this the beau-idial of a ^ientifie text- 

kW:, clear, acniratty and thormt^h.'''' 
PRIMER OF PHYSICS. With Illustrations, New Edition, with 
Questions. i8mo. I^. 

Stewart and Tait.— the UNSEEN UNIVERSE: or, 
Physical Speculations on a Future State. By Balfour Stewart, 
F.K.S., and P, G. Tait, M.A, Sixth Edition. Crown 8vo. 6x. 

*' The book is cue zvhieh well deserves the attention of thoui^JitJul ana 
relii^ious readers. . . . It is a perfectly sobrr vujniry^ on seientijic 
grouiuisy into the possilnliiies of a future exishnee.^' — Guardian. 

Tait. — IJXTURES ON SOME RECENT ADVANCES IN 
PHYSICAL SCIENCE. By P. G. TAiT, M.A., Professor ol 
Philosophy in tiie University of Edinhm)^ Second edition, 
revised and enlarged, with the Lecture on FotCC delivered before 
the British Association, Crown 8vo. 9f. 

B 
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Tanner.— FIRST principles of agriculture. By 

Henry Tanner, F.C.S., Ihrofenor of Agricaltnral Sdenoe, 

University College, Aberystwith, Examiner in the Principles of 
Agriculture under the Government Department of Science. i8mo* 

IS. 

Taylor.— SOUND and music : a Non-Mathematical Trea 
tise on the Physical Constitution of Musical Sounds and Harmony 
iacluding the Chief Acoustical Discoveries of Professor Helm 
holt& By SxDUy Taylor, late FeQoir of Trinity Col 
ledg^i Cambridge. Laige crown 8vo. Sr. ttL 

"Im mpreuious seimi^c treatise do we remember so exhaustive and 
so richly illustrated a deseription of forms ef vUfraiian and Of 
wave-moiion in Musical Standard. 

Thomson. — ^Works by Sir WYvnxB Thomson, K.C.B., F.R.S. 
THE DEPTHS OF THE SEA s An Account of the General 

Results of the Dredging Cruises of H.M.SS. "Porcupine" and 
"Lightning" during the Summers of 1868-69 and 70, under the 
scientific direction of Dr. Carpdtater, F.R.S., J. Gwyn Jeffreys, 
P.R.S., and Sir Wyville Thomson, F.R.S. With nearly 100 
Tllustrations and 8 coloured Maps and Flaos. Second F^ition. 
Royal 8vo. cloth, gilt. 6d. 

The Athenaeum says : '* The book is full of in f cresting matter, and 
is written by a master of the art of popular exposition^ It it 
excellently illustrated, both coloured maps and itmdcuts possessing 
hii^h 7nerit. Those who have already become interested in dredging 
operations luill of course make a point of reading this work ; those 
who wish to be pleasantly introduced to the subject^ and rightly 
to atpredaie the ne-us xuhich arrives from time to time from tko 
* CnO^et^er, should not fail to seek instruction from it." 

THE VOYAGE OF THE *' CHALLENGER."— THE ATLAN- 
TIC. A Preliminary account of the Exploring Voyages of II. M.S. 
** Cliallenger," during the year 1873 and the early part of 1876. 
With numerous lUustTations, Coloiued Maps ft Ouarts, ft Poitnit 
ofthe Aathoir,eogiaTed!byC. H. Jeens. 2 Vols. Medium 8m. 431; 
The Time'; ."^avs : — " /t is right thai the public should have some 
authoritative account of the i';cucral results of the expedition^ ami 
that as many of the ascertained data as may be cu:cepted with con- 
•fiance should speedily find their place in ike general body of 
scientific kno-ioledge. JVo one can be more competent than me 
accomplished scientific chief of the expedition to satisfy the public in 
this respect, . . . The papcr^ printing^ and esp&:ialiy the numerous 
^ustraOonSt are of the %igiesi quemty, , , • fVe kmm retrdy, if 
t-jer, seen more deautiful specimens of wood engraving than abound 
in this loork. . . . Sir IVyville Thomson's style is particularly 
attractive; fuis easy and graceful^ but vigorous and exceedingly 
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Thomson — tanUmui, 

happy in ike €h9k§ efUnguage^ and 0irtmghout the work there are 
touches whkk shffw ihat stmm hat net oamshei seaiimeHt/hm 
his hesom" 

Thudichum and Dupr6 — a treatise on the 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Bei^a Complete Manual of Viticulture and CEnology. By J. L. 
W. l^UDiCRiiii, and August Duvr^ FluD., Leobuer on 
ChcBiistiy at W«itaiuiisber HospitaL Mfdimn 8vo. doUigOt. 35;. 

IrmHse almeamnique for Us usefulness either te ike w Sm egr 0am\ 

the vendor^ or the consumer of tome. The analyses of wine are 

the most complete we have yet seen, exhibiting at a glance the 
constituent principles oj nearly ail the wines known in this country, '* 
— Wine Trade Review. 

Wallace (A. R.)-*«Woilcs by Alfrbd Russel Waixacb. 

•CONTRIBUTIONS TO THE THEORY OF NATURAL 
SELECTION. A Series of Essays. New £ditioii| with 
Corrections and Additions. Crown 8vo. 8j. 6d, 

Dr. /looker, in his address to the British Association, spoke thus 
of the author: Of Mr. JVallace ami his many contributions 
to philosophical biology it is not easy to speak without enthu- 
siaem; ptUimg aside their great merits, he, throughoeit his 
writings, with a modesty as rare as I believe it to be uncon- 
' scions, forgets his orvn unquestioned claim to the honour of 
iuiving originated independently of Air. Darwin, the thanHes 
wMeh he so ably defends,''^ The Saturday Revkw sofs: **He 
kits eombisted an ahtmdanee of fresh attd or^gftust facts with a 
liveliness and sagacity of reasoning whkk are not ^ftm dispiayed 
so ^ectively on so smaU a scale. 

THE GEOGRAPHICAL DISTRIBUTION OF ANIMALS, 

with a study of the Relations of Living and Extinct Faunas as 
Elucidating the Past Changes of the Earth's Surface, 2 vols. 8vo, 
with Maps, and numerous Illustrations by Zweckcr, 42^. 

The Times says: Altogether it is a wonderful and fascinating 
story, whatever objections may be taken to theories founded upon 
it, Mr, IVaUaee has not atteit^ to add ^ its interest lyat^ 
• adornments of style : lie has gh>en a simple and clear statement of 
intrinsically interesting facts, and what he considers to he legiti- 
mate inductions from them. Naturalists ought to be grateful to 
him for hatdtuf undertaken so toilsome a task. The work, indeed, 
is a credit to all concerned— the author, the publishers, the artist — 
unfortunately noru no more -of the attractive illustrations — Uist 
but by no means Uastt Mr, Stanford's mop'designer" 
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TROPICAL NATURE : with other Essays. 8vo. I2s. 

** Nowhere amid the many descriptions of (he tropics that have been 
gwm is to be fnmd a summary of the past mshry and adsul 
phenomena of the tropics which gives that luhich is distinctwe 
the phases of natttre in them mufte sUarly^ shortly Mtd impnt' 
* sively" — Satiirday Review, 

Waringtofi^THE week of creation ; OR, THE 

COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George Wae- 
INGTON, Author of " The Historic Character of the Fentateudi 
Vindicated." Crown 8vo. 4/. 6d, 

Wilson.— RELIGIO CHEMICI. By the late George Wilson, 
M.D., F.R.S.E., Regius Professor of Technolo^;y in the University 
of Edinburgh. With a Vignette beautifully engraved after a 
design by Sir Noel Paton. Crown 8to. ts. 6d, 

**A mmr JasdnaHng voJume^*^ tit Spoctator jo^/j, "Iw M§m 
fattm uUo our hoMos" 

Wilson (Daniel.)— CALIBAN : a Critique on Shakespeare's 
Tempest" and "Midsummer Night's Dream." By Dan1£L 
Wilson, LL.D., Fxofessor of Hbtory and English Literature ia 
Univeisity College^ Toronta 8to. lor. 6«/. 

*• The whole volume is most rick in the eloqtunce of thought and 
imagination as well as of words. It is a choice contribution at 
once to scietice, theology^ religion, and literature," ^British 
Qiarterly Review. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
AITLICATIONS. By C. Ai.der Wright, D.Sc, &c., Lec- 
turer on Chemistry in St. Mary's Hospital School Extra fcap. 
8vo. 3t,6d, 

WurtZ.-— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the ])resent time, liy An. WujiTZ. 
Translated by Henry Watts, F.R.S. Crown 8vo. 6s. 
** The discourse^ as a resume of chemical theory and research, unties 
singular luminousncss and grasp. A few judicious notes are added 
by the translator."— Vail Mall Gaitettc. " T/'w trcatvi.-nt cf th: 
subject is admirable, and the translator has evidently done his duty 
most e^iently.'' — Westminster Review. 
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WORKS ON MENTAL AND MORAL 
PHILOSOPHY. AND ALLIED SUBJECTS. 

Aristotle. — AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. CoPB, Tdnity College, Cambridge. 8m 14^. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 

ELENCIII. With a Translation and Notes by Edward Posn, 
M.A., Fellow of Oriel College, Oxford. 8vo. &r. 6^. 

Birks.— Works by the Rev. T. R. Biucs, Pnteor of Moral Pbilc 

sophy, Cambridj^c : — 

FIRST PRINCIPLES OF MORAL SCIENCE ; or, a Firs 
Course of Lectures deltrered in the University of Cainbridge. 
Crown 8va Sc. 6t£ 

This work treats of three topics all prdiminary to the direct exf-oai- 
tioii of Moral Philosophy. Tluse are the CertairUy arid Dignify 
of Moral Science^ its Spiritual Geography^ or relation to otiier 
mom stdtje^ of kuman thoughty mid iib BormaUM Principles^ or ' 
some demetUary truths om wktek its whde deodeipmmt must^ 
depend. 

MODERN UTILITARIANISM; or, The Systems oi Paley, 
Bentham, and Mill, Examined and Compared. Crown Svo. 6s. 6d. 

MODERN PHYSICAL FATALISM, AND THE DOCTRINE 
OF EVOLUTION ; including an ^miafttion of Herbert Spen- 
cer's First Principles. Crown Svo. 6s, 

Boole. --AN INVESTIGATION OF THE LAWS OF 

THOUGHT, ON WHICH ARE FOUNDED THE 
MATHEMATICAL THEORIES OF LOGIC AND PRO- 
BABILITIES. By George Boole, LL.D., Professor of 
Mathematics in the Queen's University, Ireland, &c Svo. 14s. 

Butler.— LECTURES ON THE HISTORY OF ANCIENT 
PHILOSOPHY. By W. Archer Butler, late Professor of 
Moral PhOosophy in the University of Dublin. Edited from the 
Antlior's MSS., with Notes, by WlLUAlC Hepworth Thomp- 
SOOfy M.A., Master of Trinity College, and Regius Professor of 
Gredc in the University of Cambridge. New and Cheaper Edition, 
revised by the Editor. Svo. 12*. 

Caird. — a critical account of the philosophy 

OF KANT. With an Historical Introduction. By E. Cairo, 
M. A., Professor of Moral Philosophy in the Universi^ of Glasgow. 
Svo. iSf. 



Digitized by Google 



SUENTIFIC CATALOGUE. 



Calderwood. — Works by the Rev. Henry Calderwood, M.A., 
LL.D., Professor of M(»al Philosophy in the Univexsitjr of £din- 

PHUjOSOPRY op the INKINITK: a Tteatiie on ICaa't 
Knowledge of the InfiaHe Beisc^ in mver to Sir W. Hamiltao 

and Dr. Mansel. Cheaper Edition. Svo. *J5. 6d. 

**A book of grmt ability .... mrdKM in a cUar styUy and may 

be easUv understood by even thou who are net versed in such 

duemstmuT^^bBSaiDk. Qnnterlj Revinr. 

A HANDBOOK OF MORAL PHQX)SOPHy. New Edition. 
Crown 8vo. 6^^. 

^Jtis, wefed convincedy the best handbook on thi subject, intellectually 
tmd morally f and does indsnte credit to its author,** — Standard. 
**A €om^aet and useful werik, going^ over a great deed of gvmmd 

in a manner adapted to suggest and facilitate further study. . . . 
His book unll be an assistance to many students outside his own 
University of Exiinburgh. — Guardian. 

THE RELATIONS OF MIND AND BRAIN. \Nearly ready. 

Piske. — OUTLINES OF COSMIC PHILOSOPHY, BASED 
ON THE DOCTRINE OF EVOLUTION, WITH CRITI- 
CISMS ON THE POSITIVE PHILOSOPHY. By John 
FiSKB, M.A., LL.B., formerly Lecturer on Philosophy at 
Harvard University. 2 vols. 8vo. 25X. 

•* The work constitutes a very ej^ective encyclopcedia of the evolution' 
ary philosophy^ and is well worth the study of all who wish to see 
at once the entire scope and purport of the scientific dogmatism oj 
the Sntuday Retimr. 

Herbert.— THE realistic assumptions of modern 

SCIENCE EXAMINED. Bf T. U. Hsbbert, M.A., Irte 
Professor of Philosophy, &e., in tlM Lniciahim In d epen d en t 
Collage Manchester. 8m 141 . 

Jardine.— THE ELEMENTS OF THE PSYCHOLOGY OF 

COGNITION. By Ropf.rt Jardine, B.D., D.Sc, Principal ol 
the General Assembly's College. Calcutta, and Fellow of the Uni- 
versity of Calcutta. Crown Svo. dr. 6d. 

Jevons*— >Works by W. Stanuy Jevons, LL.D., M.A, F.R.S., 

Professor of Political Economy, University College, London. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientiiic Method. New and Cheaper Edition, revised. Crown 

^ No one in future can be said fo have any true knovdUigie of what 
has been done in the way of logical and scientific method in 
England without [ having carefully studied \Professor Jevons^ 
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THE SUBSTITUTION OF SIMILARS, Uie True Principle of 
Reasoning. Berivad fiom a Mollification of Aristotle's Dtctmn. 

Fcap. 8vo. 7.S. 6d. 

ELEMENTARY LESSONS IN LOGIC, DEDUCTIVE AND 
INDUCTIVE. With Questions, Examples, and Vocabulary of 
Logical Tenns. New Edition. Fcap. 8vo. y, 6d, 

PRIMER OF LOGIC. New Edition. iSmo. is, 

MaCCOH. — THE GREEK SCEPTICS, from Pyrrho to Sextus. 
An Essay which obtained the Hare Prize in the year 1 868* By 
Norman Maccoli, B.A., Scholar of Downiqg College, Cam- 
bridge. Cxown 8va 3f. 

M'Cosh.— Works by James M'Cosh, LL.D., President of Prineeton 

College, New Jersey, U.S. 

He certainly shi'^i vs himself skilful in that afplicctioii of logic to 
psychology y in that inductive scit-ncc (f the human nn'nd ivhich is 
the fine side of English philosophy. His philosophy as a whole is 
WQfikif 1/ oMm^."-- Itevne de De^x Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 

and Moral. Tenth Edition. 8vo. los. 6d. 

** This work is distinguished from other similar ones by its being 
based upon a thorough study of physical science y and an accurate 
knamledge of its present condition^ and by Us entering in a 
dee^mtd m or§mt^ktnid manner than its predecessors upon thedis* 
cussion of the ap/'rofrintefsychologiral, ethical, and theological queS" 
tions. The author keef^s aloof at o)k\- from the \ priori idealism and 
dreaminess of German speculation since Scheliingf and from the 
tmaidedmss mid natrmntu cf tit mj^kridsm mid pas&ivism 
wkkh have so prevtdUdm JSnffimd.'^^'Dt. Ulrid, in "Zeitadirift 
fiir Philosophic." 

THE INTUITIONS OF THE MIND. A New Edition. 8vo. 

cloth, los. 6d, 

** The undertaking to adjust the claims of the sensational mid im* 
tnUhnal philosophies^ and of the k postoriori andk pnon methods^ 

is accomplished in this work with a great amount of sitccess. " — 
Westminster Review. **/ value it for its large accjuaintancc 
with English FhUosophy^ which hcu not led him to fieglect tlu 
^reat Getmmi works. ladndn Uii Modavtiom mid eUm^ness, at 
well as comptketuhnmtf of 0k mtff^t vttm.^^-Tis^ Dtoer, of 

Berlin. 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY: 
Bein^ a Defence ol Fundamental Truth. Second editiooi with 
additions. lor. f»d, 

**Suek a voorkgreeUly needed to he duu, mtd the author was the man 
to doit, Tmtvokime it important, not merdy in refarenee to th 
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vieivs oj Afr. ATilly hut of the ivholc school of ^on'/iTS, past and 
present y British and Continental ^ he so ably represents.^^ — Princeton 



THE LAWS OF DISCURSIVE THOUGHT ; Being a Text- 
book of Formal Logic. Crown 8ira p. 

" 7%e amount of summarized information vihich it contains is very 
great; and it is the only work on the very important sttbject with 
which it deals. Never was such a work so much ueaUd <xs in 
ike present day/* — ^London Qttaiteiiy Review. ' 

CHRISTIANITY AND POSITIVISM : A Series of Lectures to 
the Times on Natand Theology and Apologetics* Qtown 8vo» 

TIIK SCOTTISH PHILOSOPHY FROM HUTCHESON TO 
HAMILTON, Biognpbical, Critical, ISs^Xxuy. Royal 8vo. its. 

Masson.— RECENT British philosophy: a Review 
with Criticisms ; including some Comments on Mr. MitPs Answer 

to Sir William Hamilton. By DaVID Masson, M.A.. T'lofessor 
of Rhetoric and English Literature in the University of Edinburgh. 
Third Edition, with an Additional Chapter. Crown 8vo. 6s. 

*^ IVe can nowhere point to a work which giues so clear an exposi' 
Hon of the course of philosophical speeutaHm he BfUaiH dwing 
the peisi century, or which indicates so instructively the mutual in* 
jkteKceseffhmsopkkandscien^^wiighL**-^ti^^ Review, 

Maudsley. — Works by H. Maudsley, M.D., Professor of Medical 

Jurisprudence in University College, London. 

THE PHYSIOLOGY OF MIND ; being Uie First Part of a Third 
Edition, Revised, Enfauged, and in great part Rewritten, of "The 
Fhysiologj and Pathology of Mind.^ Crown lot. 6i/. 



BODY AND ^^ND : an Inqt^vy into their Connexion and Mutual 

Influence, specially with reference to Mental Disorders. An 
Enlarged and Revised edition. To which are added, Psychological 
Essays. Crown Svo. 6j. dd, 

Maurice. — Works by the Rev. Frederick Denison Maurice, 
M.A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For otlier Works by the same Author, see Theulogical 
Catauogvb.) 

SOCIAL MORALITY. Twenty-one Lectures dellteiwd la the 
University of Cambridge. NewandCheB|itrSditioBu CkownSfo^ 




THE PATHOLOGY OF MIND. 



{InHUPiress. 
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WkUsinadin^ it we are eharmed by tJu freedom from exehidveness 
and prejuSce^ the large charity , the loftiness of thought^ tJu eager- 
ness to rccpiinizc and appreciate rchatroer there is of real zuorth 
exiaut in (licivorld^ luhick animates if from one end to the other. 
fVegain new thoughts and ntiu ways o/' viaving things , even fno}\\ 
parhaps^ from be^ brought firaibiit mubr ike mfittence of so 

THE CONSCIENCE : Lectures on Casuistryi delivered in the Um- 
▼eiBityoC Cambridge. New and Cheaper Edition. CrawnSvo. 5^. 

The Saturday "Rentw j»yv: **tFif rise pirn them with dsiestation 
of all that is selfish a$td mean, and with a Hinng impressum that 
there is such a thit^at ^feoditese after ail" 

MORAL AND METAPHYSICAL PHILOSOPHY. Vol. L 

Ancient Philosophy from the First to tlie Thirteenth Centuries ; 
Vol. II. the Fourteenth Century and the French Revolution, with 
a glimpse into the Nineteenth Century. New Edition and 
Pmuse. 2 Vols. 8vt>. 2$s. 

Morgan. — ANCIENT SOCIETY : or Researches in the Lines of 
Hiinuin Progress, firom Savagery, through ^arbaxism to Civilisation. 
By Lkwi$ H. Morgan, Member of the National Academy of 
Sciences. 8vo. 

Murphy,— THE SaENTIFIC BASES OF FAITH. By 
Joseph John Mu&phy, Author of " Habit and Intelligqice.'' 

8vo. 14^. 

" The book is not ivithout substantial value; the writer continues the 
•work of the best apologists of the last century^ it may jbe with less 
force and clearness, but still with commendable persuasiveness amd 
taet; and with a» intelligent feeling for the changed conditions of 
the prehlem,**^hiatjUmy, 

Paradoxical Philosophy.^A Stt^ to ''The Unseen Uni- 
Ycrse." Crown 8vow 7«« ii* 

Picton. — THE MYSTERY OF MATTER AND OTHER 
ESSAYS. By J. Allanson Picton, Author of ** New Theories 
and the Old Faith." Cheaper issoe with New Preface. Crown 
Svo. 6r. 

CONTSNTS :— The Mystery of Matter — The Philosophy of Igno- 
rance— The Antithesis of Faith and Sight^The Essential Nature 
of Rdi^ion — Christian Pantluism, 
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Sidgwick.— THE METHODS 0;F ETHICS. By Henry 
SiDGWiCK, M.A., Prielector in Moral and Political Philosophy in 
Trinity College^ Cambridge. Second Edition, ronied thxoashovt 
with important ad^tlons. 8m 141. 

A SUPPLEMENT to the First Edition, containing all tlft in|Nirtaat 
additions and alterations in the Second* Svo. 29* 

** TJiis excellent and very welcome volume Leavtnz fneta- 

physicians any further discussion thai may be fieeded respecting the 
already over-^Hsemsed problem of the origin of the moral faeuliy^ Me 
takes it for granted as readily as the geometrician takes space for 
}^ranted, or the physicist the existence of matfcr. Put he tiiJu\< little 
else for granted, and defining ethics as ' the science of conduct , ' be 
carefully examines^' not the various ethical systems that have been 
propounded by Aristotle and AristMt foSenmt d omm mm 'd tp hit 
the principles upon which, so far as they confine themsdvat9 tke 
strict province of ethics, they are based.** — Athenaeum., 

Thornton.— OLD-FASHIONED ETHICS, AND COMMON- 
SENSE METAPHYSICS, with some of their Applications. \\\ 
William Thomas THORNXOiN, Autliorof "A Treatise on Labour.^* 
8vo. ICS, 6d, ^ 

The present volume aeals with problems wkkh are agUatUig ike 

minds of all though fjul men. The follorving are the Contents ;— 
/. Ante-Utilitarianism. II. History's Scientific Pretensions. III. 
David Hume as a Metaphysician, IV. Huxlcyism. V, Recent 
Phase ofSdenHfie Atheism, VI. Limits ofDemmutraHe Tlkeitm. 

Thring (E., M. A.)— thoughts ON LIFE-SCIENCE. 
By Edward Thring, M.A. (Benjamin Plcce)» Head Ifaiterof 
IJ^ingham School New Edition, enlaiged and reviaed. CrawB 
8to. 7^. '6d, 

Venn.*— THE logic of chance : An Essay on the Founda- 
tions and Province of the Theory of Probability, with esnecial 
reterence to its logical bearings, and its apj^lication to Moral and 
Social Science. By John Venn, M.A., bellow and Lecturer of 
Gonville and Cains CdUege, Cambridge. Second Edition, re- 
written and greatly enlarged. Crown 8vo. lor. 6^. 
*• One of the most thoughtful and philosophical treatises on any sub- 
ject connected tviiJi lo^c and rjtdence which has been produced %n 
this or any other country for many years** — Mill's Logic, voL ii. 
p. 77* Seventli KcBtton. 
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8CISNCB PRIMERS FOR ELBMENTARY 

SCHOOLS. 

Uader the joint fiditorship of Professors HuxiAT, ROSCOB, and 

Balfour Stewa&t. 

Chemi8try.~By H. E. Rosgob, F.R.S., P tofa isor of Chfio^btiy 
in Owens College, Manchester. With nniaeroiis lUniftrtttaQs. 
i8mo. i^. New Edition. With Questions. 

Physics — By Balfour Stewart, F.R.S., Profes or of 

Natural Philosophy in Owens College, Manchester. ^Vilh numer- 
ous illustrations. iSino. is. New Edition. With Questions, 

Physical Geography. —By Archibald Geikie, F.R.S., 
Marohisoii PRtfesnr of GeoIoQf tod Mineralogy al Edlnbiirgh. 
With munerons mnstnlions. Kew Edition with Questions, 
i&no. IS. * 

Oology — By Professor Geikie, F.R.S. WiA numoroas Ulus- 
trations. New Edition. iSmo. cloth, is. 

Physiology.— By Michael Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. iSmo. is. 

Astronomy — By J. Norman Lockyer, F.R.S, With munerous 

Illustrations. New Edition. i8mo. is. 

Botany.—By Sir J. D. Hooker, K.C.S.L, C.B., F.R.S. With 

numerous Illustrations. New Kdition. i8mo. is. 

Logic — By Professor Stanley. Jevons, F.RJS. New Edition. 

i8mo. is. 

Political Economy.— By Professor Stanley J evojis, F.R.S. 
iSmo. u. 

In preparation'. — 
INTRODUCTORY. By Rfofeasor Huxley. &c &c. 



£Lr£M£NTARY SCIENCE CLASS-BOOKS. 

Afttronomy.— By tlie Astronomer Royal. POPULAR AS- 
TRONOMY. With Illustrations. By Sir G. B. Airy, K.aB., 
Astronomer Royal. New Edition. iSmo. ^6d. 

Astronomy.— ELEMENTARY LESSONS IN ASTRONOMY. 
With Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous lUustwtions. By J. Norman Lockyer, 
F.R.S. New Edition. Fc%p. 8vo. $s. 6d. 
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Elementary Science Class-books— rMvi^mMdl 

QUESTIONS ON LOCKTER'S £L£ICENTARY LESSONS 

IN ASTRONOMY. For the Use of Schools. By JOHN 
FoRiJES RoHERTSoN. iSmo, cloth limp. u. 6d. 

Physiology — t.kssons in kleiMentaryphysiologv. 

With numerous Illustration . By T. II. HUXLEV, F.R.S., Pro- 
fessor of Natural liibtory m the Royal School of Mines. New 
Edition. Fcap. 8vo. 4^. 6d, 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. B7T. Alcock, BCD. tSmo. 

Botany — lessons in ELExMENTARY BOTANY. By D. 

Oliver, F.R.S., F.L.S., rrofcs>or of Botany in University 
College. London. Willi nearly Two Hundred lUustrations. New 
Edition, Fcap. 8vo. 4.^. GJ. 

Chemistry — LESSONS IN ELEMENTARY CHEMISTRY, 
INORGANIC AND ORGANIC. By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in Owens College, Manchester. 

^Vith numerous Illustrations and Chromo-Litho of the Solar 
S[>cctrum, and of the Alkalies and Alkoliae £arth& New luiitioK. 
Fcap. 8vo. 4J. Gd, 

A SERIES OF CHEMICAL 'TOOBLEMS,- prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science, Leeds. 
Adapted for the prc))aration of Students for the Government, 
Science, and Society of Arts Examuiations. With a Preface by 
Professor Roscoe. Fifth Edition, with K^. iSmo. 31; 

Political Economy.— POLITICAL economy for be- 
ginners. By MiLLiCBNT G. Fawcbtt. New Edition. 

l8mo. 2s. 6d. 

Logic — ELEMENTARY LESSONS IN LOGIC ; Deductive and 
Inductive, with copious Questions and Examples, and a Vocabulary 
of Logical Terms. By W. Stanley Jevons, M.A., Professor of 
Political Economy in Untvmity Colkgc^ London. New EdMon. 
Fcap. 8Ta 3f. 6d* 

Phy8iC8._LESS0NS IN ELEMENTARY PHYSICS. By 

Balfour Stewart, F.R.S., Professor of Natural Philosophy in 
Owens College, Manchester. With numerous Illustrations and 
Chromo-Litho of the Spectra of the Sun, Stars,^and NebaUe. New 
Edition. Fcap, 8vo. 4r. 6d. 

Practical Chemistry.—THE OWENS COLLEGE JUNIOR 

COURSE OF PRACTICAL CHEMISTRY. By FranCIS 
Jones, Chemical Master in the Grammar School, Manchester. 
With 1 reiace by Professor R08COE, and Illustrations. New 
Edition. i8mo. ar. 6£ 
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Elementary Science Class-books— (mummi. 

Anatomy.—LESSONS IN ELEMENTARY ANATOMY. Ey 

St. George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital. With upwards of 400 Illustrations. Fcap. 
8vo. 6s» od. 

Mechanics — an i^lementary treatise. Bv a. b. 

W. KsifNnyr, C.£i> Professor oC Applied Mechaxiicsia unimsitsr 
CoUc^ London. With lUaBtiations. [JnpnparmHon, 

Steam — an elementary treatise. By John Perry, 
Profes'^or of Engineering, Imperial College of Engineering, Yedo. 
With numerous Woodcuts and Numerical Examples and Exercises. 
i8mo. 4r. 6</. 

Physical Geography. — elementary lessons in 

PHYSICAL (^X)GKAPHY. By A. GSIKIB, F.R.S., Murdii- 
ion Professor of Geology, &c., Edinbofgh. With namerous 

Illustrations. Fcap. 8vo. 4J. 6d. 

QUESTIONS ON THE SAME. is. 6(f. 

Geography — clasS-1500K of GF.OCiRAPHY. By C. B. 
Clarke, M.A.. F.R.G.S. Vc?i\\ Svo. 2s. 6d. 

Natural Philosophy.- natural PinLOSOPiiv FOR 

beginners. By I. Todhunter, M.A., F.R.S. Part L 
The Properties of Solid and P luid Bodies. i8mo. 3^. 6d, Part 
II. Soimcly Liji^ and He«t. xftno. 

Sound.— AN ELEMENTARY TREATISE. By W. H. Stoke, 
M.D.«F.R.S. With UhistnttODS. i&oa irntkePnss, 

Oihtrs m PrtparaHon. 



MANUALS FOR STUDENTS. 

% 

Crom 8vo« 

Dyer and Vines— the structure op plants. By 

Professor Thiselton D\ier, F.R.S. , assisted by Sydney 
Vines, B.Sc., Fellow and Lecturer of Christ's College, Cambridge. 
With numerous Ilkistrations, [/;/ prfparation^ 

Fawcett — a manual of pouttcal economy. By 

Professor Fawcett, M.P. New Edition, revised and enlarged. 
Crown 8V0, VIS, 6d, 

Fleischer.— A system of volumetric analysis. 

Translated, with Notes and Additions, from the second German 
Edition, by M. M. Pattison Muir, F.R.S.E, With lUttstra- 
tions. Crown Svo. Js, 6(/, 
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Manuals for Students — continued. 

Flower (W. H.)_an introduction to the oste- 
ology OF THE MAMMALIA. Being the Substance of the 
Course of Lectures delivered at the Royal College of Smfeons of 
England in x8^. By Professor W. H. Flo\vb«, F.R.S., 
FiRX.S. With numerous niastratifns. New Editioii, enlarged. 
Crown 8vo. los. 6d. 

Foster and Balfour the elements of embry- 
ology. By Michael Foster, M.D., F.R.S., and F. M. 
Balfouk, M.A. Part I. crown 8vo. 7x. 6rf. 

Foster and Langley a course OF ELEBIENTARY 

practical physiology. By Michael Foster, M.D., 
F.R.S., and J. N. Langley, B.A. New Edition. Crown 8vo. 6.r. 

Hooker (Dr.)_THE STUDENT'S FLORA OF THE BRITISH 
islands. By Sir J. D. HOOKER, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe Svo. los. 6d. 

Huxley — physiography. An Introduction to the Study of 
Nature. By Professor HUXLSY, P.R.S. With asmerous 
Illustrations^ and Coloured Plates. New Edition. Crown Svo. 
7j. Sd. 

Huxley and Martin a COURSE OF PRACTICAL in- 
struction IN ELEMI'.NTARY biology. By Professor 
Huxley, F.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Editioa, revised. Oown Svo. 6s, 

Huxley and Parker.— ELEMENTARY BIOLOGY. PART 

II. By Professor HVXLZY, F.R.S., assisted by — Parker. 

With Illustrations. [/« preparation. 

Jevons — THE PRINCIPLES OF SCIENCE. A Treatise on 
Logic and Scientific Method. By I'rofessor W. STANLEY Jevons, 
LL.Dj, F.R.S., New and Revised Edition. Crown Svo. I»; 

Oliver (Professor) ^first book of Indian botany. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of the 
Herbarium and Library of the Royal Gardens, Kew. Widl 

numerous Illustrations. Extra fcap. Svo. 6s. 6d. 

Parker and Bettany.— the MORPHOLOGY OF THE 
SKULL. By Professor Parker and G. T. Bettany. IUus- 
trated. CroiWn Svo. lox. 6d, 

Tait— AN ELEMENTARY TREATISE ON HEAT. By Pro. 
fessor Tait, F.R.S.E. Illustrated. [Inthe JPireu. 

Thomson zoology. By Sir C. Wyville Thomsok, 

F.R.S. Tllustrated. [In preparaium, 

Tylor and Lankester — ANTirROPOLOGY. By E. B. 
TvLOR, M.A., F.R.S., and Professor E. Ray Lankester, M.A., 
F.R.S. Illustrated. [In preparothn. 

Other volumes of these Manuals will follow. 



NATURE SERIES. 



THE SPECTROSCOPE AND ITS APPLICATIONS. 

By J. N. LOCKYER, F.R.S. With Xllustntioiis. Stcond Sditun. Grown 
8vo. . 3*. 6d. 

THE ORIGIN AND METAMORPHOSES OF IN- 

SECTS. By Sir JOHN LUBBOCK, M.P.« F.R,S. With lUustrattons. 
OrawnSvo. 31.6^. Sfcond Edition. 

THE TRANSIT OF VENUS. By G. Forbes, B.A., 

Professor of Natuxal Philosophy w the Andersoniaa UnWenity, Glasgow; 
Widi numeroits nhtttradons. Crown 8«io. 3^. 6d, 

THE COMMON FROG. By St» George Mivart, 

F.R.S. lUosttated. Crown 8vo. 3f. 6d, 

POLARISATION OF LIGHT. By W. Spottiswoode, 

LI»D., Vftsflidaft of Royal Sodetjr. Illuatrated. Secoi$d BdiHoH, Oown 

ON BRITISH WILD FLOWERS CONSIDERED IN 

RELATION TO INSECTS. By Sir JOHN LUBBOCK, M.P., F.R.S. 
liliistmttd. Swamd £dUiem» Gcown 8vo. ^. ed. 

THE SCIENCE OF WEIGHING AND MEASURING. 
By H. W. CBJSHOIM, Wvdep of tke Stavlanta. IButtiRMd. Orowa 8vo. 

HOW TO DRAW A STRAIGHT LINE : A Lecture on 

IMkygm. ByA. B.KKBIPB, B.A. inoatnited. ChywnSvo. ts.6d. 

LIGHT : A Scries of Simple, Entertaining and Useful 

Experiments in the Pheaomena of Light for the Use of Students of every Aac. 
By ALFRED M. MAYER and CHARLES BARNARD. WUh lUustntions. 
CEOwaSvo* M*6d, . 

SOUND : A Series of Simple, Entertaining and Inex- 

pensive Experiments in the Phenomena of S imd, for the Use of Stodents of 
every Age. By A. M. >TAYER. Pr fc^^-^ r r f Physics in the Stevens Institute 
of Technology, &c. With numerous liluhtratiouii. Cruwn Svo. 3s. 6d. 

{(UMers tofottew.) 
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AN ILLUSTRATED fOLRNAL OF SCIENCE. 

Nature expounds in a popular and yet authentic manner, 
the Grakd Results of ScutMnnc Ressarch, discnmif 
the most recent scientific discoveries, and pmntmg out 

tlie bearing of Science upon civilisation and progress, and 
its claims to a more general recognition, as well as to a 
higher place in the educational qrstem of the ooimtiy. 

It contains original arddes on all subjects within the 
domain of Science ; Reviews setting forth the nature and 
value of recent Scientific Works ; Correspondence Columns, 
forming a medium of Scientific discussion and of intercom- 
municatioa among the most distngwslied men of Sdenoe ; 
Serial Columns, giving the gist of the most important 
papers appearing in Scientific Journals, both Home and 
Foreign ; Transactions of the principal Scientific Societies 
and Academies of the World, Notes, &c 

In Schools where Science is included in the regular 
course of studies, this paper will be most acceptable, as 
it tells what is doing in Science all over the world, is 
popular without lowering the standard of S^ence^ and by 
it a vast amount of information is brought withfti a small 
compass, and students are directed to the best sources for 
what they need. The various questions connected with 
Science teaching in schools are also fully discussed, and the 




best methods of teaching are Indicated. 
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